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Preface 


Since the great majority of students study algebra primarily to 
learn its mechanics, this book emphasizes technique in order to 
meet their needs; but in addition, the book is sufficiently rich in 
interpretation and general problems to develop the student s 
powers of analysis. Also, the author has attempted to write an 
algebra textbook which is sufficiently self-directive so that the 
student can be independent of the teachers close supervision. 
This is accomplished by giving complete directives for each algebraic 
operation, and by giving an abundance of illustrative examples 

with directives for the complete solution of each. 

The twenty-one chapters of this book contain all the conven¬ 
tional material found in most college algebras. The book con¬ 
tains an abundance of material of all kinds with many applica¬ 
tions to business and engineering and has been prepared for the 
first-year students in liberal arts colleges and engineering and 
technical schools. 

The first sixteen chapters contain all the material usually found 
in any intermediate algebra. In these early chapters the material 
found in high-school algebra textbooks is presented in a compre¬ 
hensive manner with much of the related material correlated and 
presented under a common heading. Even though some of the 
early chapters may be omitted in a course in college algebra, they 
nevertheless give the poorer student a means of reviewing his 
high-school algebra. 

At the beginning of most chapters there is a brief outline of the 
important formulas which are developed in the chapter. At the 
end of every unit of work, there is a set of questions and a set of 
exercises. Answers to the odd-numbered exercises are given on 
page 431. The questions are intended to bring out and stress for 
the student the important definitions and principles found in the 
lesson. Through the use of these questions the student can 
develop self-reliance by checking to see whether he has learned 
the important facts covered in the lesson. 
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PREFACE 


All technical terms are carefully defined as they are introduced, 
and stress is laid upon fundamental concepts. These discussions 
are followed either by illustrations or by examples. I he material 
is presented with logical rigor but no attempt is made to give 
proofs that are above the level of college freshmen. In such cases 

a discussion is given but not the proofs. 

To add to the cultural maturity of the student, many brief yet 
complete and accurate historical sketches of elementary mathe¬ 
matics are given. These historical sketches were taken from many 
reliable sources and they will add interest to the study of algebra 
and will give the student a better understanding of the develop¬ 
ment of mathematics. 

Whenever possible the material is presented in a sequence that 
will motivate the student to study the material to follow. For 
example, in the chapter on Theory of Equations, the theorem on 
rational roots is given early in the chapter so the student sees 
that the remaining theorems are given to aid him in solving 

algebraic equations. 

The author washes to acknowledge his indebtedness and appre¬ 
ciation to the following mathematicians for their many helpful 
suggestions: to Professor Emeritus E. J. Townsend, formerly Head 
of' the Department of Mathematics at the University of Illinois, 
and Professor H. R. Brahanna, of the University of Illinois, for 
reading the manuscript critically; to Professor Emeritus G. A. 
Miller, of the University of Illinois, for reading the historical 
notes; to Professor H. P. Rogers, formerly of Kent State Uni¬ 
versity, for using the text in mimeograph form in the classroom; 
and to his colleagues at Rhode Island State ( ollege. 


Harry A. Bender 
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CHAPTER I 


Our Number System 



College algebra consists primarily of the application of the five 

fundamental operations (addition, subtraction, multiplication, divi¬ 
sion, and the extraction of roots) to the numbers m our algebra. 

These numbers are called complex numbers. 

The complex numbers are divided into real and imaginary 

The real numbers are divided into rational and irrational numbers. 
The rational numbers consist of all positive and negative integeis, 
zero, and all positive and negative fractions. 

1. POSITIVE INTEGERS 

We are all familiar with the process of counting. The numbers 
so used are called the positive integers , or whole numbers, or the 
cardinal numbers. Thus 1, 2, 3, • • • , and so on, constitute 
all the positive integers and all the cardinal numbers. 

The positive integers are used to denote the number of objects 
or things in a group, but they cannot be used to denote the oidei in 
which these objects appear in the group. Hence, if we wish to 
denote the order in which the objects appear in the group, it is 
neeessarv to use a different kind of numbei, as first, second , third , 

. . . , and so on, which are called the ordinal numbers. 

If we applv the five fundamental operations (addition, subtrac~ 
lion, multiplication, division, and the extraction of roots) to the 
positive integers, we may obtain numbers that aie not positive 
integers, as —2, -f, V26, yet these numbers do have a place in our 
everyday experiences. Hence, if our algebra is to be complete, it is 
necessary to include in our number system all numbei s that will 
result when the five fundamental operations are applied, not only 
to the positive integers, but to any of the resulting numbers. 

When addition and multiplication are applied to the positive 
integers we do not get any new numbers, for the result is a positive 
integer. 
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An integer p is a prime if p is not 0 or ± 1 and if p is divisible 
only by ±1 and ±p. 

2. NEGATIVE NUMBERS 

Subtracting a larger number from a smaller number leads to a 
negative number; for example, 5 — 8 = — 3. It is convenient to 
represent a debit balance by a different kind of number from that 
used to denote a credit balance. This is done in representing 
a debit balance by a negative number and a credit balance by a 
positive number. It is also convenient to represent 20° below 
zero by the negative number -20° (read -20° above zero, to 
contrast with +20° above zero.) A negative number has the 
opposite meaning to that assigned to a positive number. That is, if 
positive numbers are used to represent distances measured to the 
right, then negative numbers are used to represent distances 

measured to the left. 


3. FRACTIONS 


The operation of division when applied to the integers may lead 
to numbers other than the positive and negative integers, as 

3 17 _ ± f which are ca iied fractions. A fraction is a symbol of 

4 15 11 


the form | which expresses the quotient of two integers, where a is 

called the numerator and b the denominator of the fraction If a 
group of objects can be partitioned into smaller groups of equa 
number, then each smaller group is a fraction of the oiigina gioup. 
Fractional results may or may not admit of an interpretation in a 
particular problem. Thus, 5 boys cannot be separated into two 
equal groups; however, the equation 2x = 5 has for its solutio 

X = 

4. ZERO 

The value of x which satisfies the equation a + x = a is defined 
to be zero, thus, 


n 


j_ n = 


The number 0 has characteristic properties that no other number 
has. For example, zero can be added to, or subtracted from, a 
given number without changing its value, thus, 

a — 0 = a, 0 + a = a. 


a 4- 0 = a, 


OUR NUMBER SYSTEM 


But 




If an account of zero dollars is doubled, the account will not ^e 
changed; that is, 0 • 2 = 0. Also, 

(3) 


0 • a = 0 


a • 0 = 0. 


The product of zero and any number is zero. 

If zero pennies are divided equally among 20 boys, each boy 
receives zero pennies; that is, oq = Also ’ 


? = 0. (a 0)* ( 4 ) 

a 


Zero divided by any number different from zero is zero 4 

However, it is impossible to divide 20 pennies among zero boys 

The ratio ^ does not have a numerical value. 

It is impossible to divide any number by zero. 

By observing the following ratios, 


we see 



that the numerical value f of the ratio 


20 

.01 


= 2 , 000 , 


20 . 


x 


increases without 


bound as x is made to approach 0. 

It is customary to represent the ratio ^ by the symbol co, which 

is read “ infinity”; however, « is not a number. That is, we write 


a 

0 




which means the numerical value of the quotient ° is increasing with¬ 
out bound as x is made to approach 0. 

The following are a few meaningless operations: 



• Read is not equal to zero." 

t By numerical value we mean the value without regard to sign. 
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However, it is usually possible in each such case to study the* 

limiting value of the expression and thus avoid the meaningless 

2 _ 

operations. For example, what is the value of - _ .y when J = 2? 

4 “ 4 = -, which is meaningless. But for all valu« B 


Here we have 9 _ 9 


0 


of x different, from 2, ^4 = x + 2. Hence, we say that the 


a* 


value of —-^ approaches 4, the value of x 4- 2, as the \alue of 

J ' ~ ~ x z - 4 _ 3.61 - 4 

.r approaches 2. For example, when * = 1.9, jzTo “ 1.9 - 2 



= 3.9; when « = 1.99, = 3 '" ; and S ° ° n ' ThUS ’ 


x 2 — 4 . 

lim-^ = 4, 

r —*2 •*' " 1 

2 _ 4 


( 6 ) 


rliieh is read "the limit of X - Jzr ^ os x approaches 2 is 4.” 

5. RATIONAL NUMBERS 

A rational number is defined to be any number that can be written 
* Hl „ ,, ti o of two integers. Thus, all positive and negat le 
ntegers, zero, and all positive and negative fractions constitute .e 

be defined as any nund™«^ 

a.J *~'»") “ *’ “x" , PP . a .a 

rriwra* ’«f 

will be a rational number.* 

6. IRRATIONAL NUMBERS 

The fifth fundamental operation, the extraction of roots d 

applied to the for 

numbers ''^l ch y e guch num b e rs are called surds and 

S’caM Irrational numbers: All the irrational numbers of 


* The proof is omitted in this book. 
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the form <fA are called surds, where A is a positive rational integer 
not the nth power of a rational number (n being an integer greater 

^necessity of including such numbers as V2 in our algebra is 
at once apparent if we wish to find the length of the diagonal of a 
unit square, that is, a square of sides 1 unit long. W e shall s o 
that the number representing the length of this diagonal cannot be 
represented as the ratio of two integers, and therefore it is not a 
rational number, but is the irrational number V2. To show la 
vA5 is not a rational number, we suppose that it is possible o 
express V2 as the ratio of two integers a and b, where the fraction 

- is in its reduced form, and hence a and b do not have a common 

b 

factor. 

Thus, if 

V2 =?. 


then after squaring both members of the equation and clearing of 
fractions we have 

2 b 2 = a 2 . 

This equation cannot be satisfied for a and b integers, because a 
must be an even integer since a 2 = 2 b\ and b must be an odd 
integer since a and b do not have a common factor, how a- is 
divisible by 4 and 26 2 is only divisible by 2, hence the equation 
26* = a 2 cannot be satisfied for a and b integers. This is contrary 

to the assumption that cl and b were integers. 

However, not all irrational numbers are surds. For example, the 
number representing the ratio of the circumference of a circle to 
its diameter is a real number but it is neither a rational number nor 
a surd. The irrational number representing this ratio is denoted 
by the symbol tt and it can be shown that this ratio cannot be 
expressed as the ratio of two integers nor can it be expressed by a 
finite number of radicals.* Thus, there are two kinds of irrational 
numbers. All irrational numbers that can be leal loots of some 
algebraic equation (Article 42) with rational coefficients are called 
algebraic irrational numbers (this includes all the suids), and the 
remaining irrational numbers are called transcendental numbers. 
The German mathematician G. W. Leibniz (1646—1716), in 1686, 

* The proof that r is a transcendental number is beyond the scope of this book. 
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was the first to define transcendental numbers. The French 
mathematician J. Liouville (1809-1882), in 1844, was the first to 
prove the existence of transcendental numbers; that is, to prove 
the existence of real numbers that cannot be roots of an algebraic 

equation whose coefficients are rational numbers. 

In trigonometry we have other examples of irrational numbers 

that are transcendental numbers. 

Another example of irrational numbers that are transcendental 

numbers is found in the following illustration. The value of x 
that satisfies the equation 10* = 2 is an irrational number and is 
called the logarithm of 2 to the base 10. It can be shown, but it is 
beyond the scope of this book to do so, that the value of x that 
satisfies this equation cannot be made the root of an algebraic 
equation with rational coefficients, and hence is neither a rational 
number nor an algebraic irrational number but is called a tran¬ 
scendental number. The rational number that gives approxi¬ 
mately the value of z is 0.301030. This class of irrational numbers 

will be studied in Chapter V. 

7. REAL NUMBERS 

A real number is defined to be any number that can be written 
as a decimal, either finite or infinite. Thus, the real num ers 
consist of all the rational and irrational numbers. Rational 
numbers may be defined as all the real numbers that can be written 
as a finite decimal and all the real numbers that can be written as a 
repeating decimal, as 5.34 and 0.242424 •. ^he l atter num “ 

her is the repeating decimal for 

An irrational number may be defined as a real number that 
cannot be written as a finite decimal or as a repeating decima . 
Thus, all the real numbers that are not rational are called irrationa 

numbers.^ straight line W e choose a fixed point called the 

origin, or the zero point, and if we also choose a fixed unit oi e 
measurement of lengths, then the eniire system of real numbers may 
be represented by the points of the line , by taking, to correspond to 
each number, that point whose distance from the origin or zero 
point is represented by the number. The positive numbers are 
represented by points to the right of the zero point and the negative 
numbers are represented by points to the left of the zero poin • 
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It can be shown, but it is beyond the scope of this book to do so, 
that the distance of any point on the line from the zero pom , 
measured in terms of the fixed unit, is a real number, and that 
conversely, for every real number, there corresponds a point on 
the line whose distance from the zero point is represented by tins 

number. 

8. IMAGINARY NUMBERS 

If we are to admit the five fundamental operations (+, X 
_ 5 _ ) i n to our algebra, then it is necessary to include all number s 

that may result from these operations when they are applied 
not only to the positive integers but also to any of the numbers 
<o derived. For example, the square root of a negative number 
does not appear in our system of rational or irrational numbers. 

An even root of a negative number is not a real number but is 
called an imaginary number , as V—l, v^-3, —5 V —1. For 

brevity, we represent V— 1 by i, thus, bi = b V — 1, and we 
define this to be a pure imaginary number where b is any real 
number. If a real number is added to a pure imaginary number, 

the sum is an imaginary number, as: -2 + 3 V^T, which can 
also be written as -2 + 3i. Imaginary numbers are not spoken 
of as being positive numbers or negative numbers, even though the 
plus and minus signs are used when writing them. 

Any number of the form 

a + bi f 

m 

where a and b are real numbers, is called a complex number. All 
complex numbers are either real numbers oi imaginary numbers. 
For b = 0, the complex number <i + bi is the real number a ; lor 
6^0, the complex number a + bi is an imaginary number, and 
for a = 0 and 6^0, the complex number a + bi is the pure 

imaginary number bi. 

Imaginary numbers are necessary if we are to include numbers in 
our algebra that will satisfy the equation x 2 + 1 = 0. 1 he only 

values of x that wall satisfy this equation are +i and — i ( i ^/ — 1). 
Our attention should now be called to the fact that, when the 

Jive fundamental operations (+, -, X, ) are applied to the 

system of complex numbers , the result will be a complex number 
(division by zero excepted); that is, under these operations the 
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system of complex numbers forms a complete or closed number 
system in our algebra.* 

9. GRAPHICAL REPRESENTATION OF COMPLEX 

NUMBERS 

A geometric representation may better serve to picture in our 
minds the real numbers and the imaginary numbers. The 

Norwegian surveyor Caspar Wessel (1745-1818), in 1798, was 

the first to publish a satis¬ 
factory graphic representa¬ 
tion of the complex num¬ 
bers. To make such a 
representation, suppose we 
divide a plane into tour 
equal parts by two inter¬ 
secting straight lines X'X 
and Y'Y perpendicular to 
each other. See Fig. 1. 
We may let the points on 
the horizontal line X'X 
represent the real numbers, 
and the points on the verti¬ 
cal line Y’Y represent the 
pure imaginary numbers; 
the remaining points in the 

plane represent the imaginary numbers, if in a given discu^ion the 
same unit of length is used to measure all distances. T 
X'X is called the axis of reals , and the line 1 3 is called the 
of imaginaries. The totality of points in the plane represents a 
the complex numbers, and the plane is called the amplex ^me^ 
The point of intersection of the perpendicular line- P 
zero: the points to the right of zero on the horizontal line repre¬ 
sent the positive real numbers, and the points to the left of zero 
on the horizontal line represent the negative real numbers. > 

the number 4 is represented by a point 4 units to t e rig • 

ured on the horizontal line, and the number 2 V§!is represe “_ ' 

by a point 2 VZ units to the left measured on the horizontal • 
' The pure imaginary number 3 i is represented by a point 3 umt 
up from 0 on the vertical line, and the pure imaginary number 

* The proof of this is beyond the scope of this book. 
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-3i bv a point 3 units down from 0 on the vertical line. The 

maginary number 4 + 3i is represented by a point 4 units to the 

right of the vertical line and 3 units above the orizon a in . 
LlgliU ^ • __ + Uxt n 7-101111, a 


line, measured up if b is positive and down if b is negative. 

10. SUMMARY 

The system of complex numbers is divided into two systems: 
the system of real numbers and the system of imaginary numbers. 
These systems are mutually exclusive; thus, if a complex num er 
is not real, it is imaginary, and vice versa. The system of rea 
numbers is divided into two systems: the system of rational num¬ 
bers and the system of irrational numbers. These systems are 
also mutually exclusive; thus, all real numbers which are not 
rational are irrational, and vice versa. The rational num ers 
are all the positive and negative integers, zero, and all the positive 
and negative fractions, and the remaining real numbers are called 
the irrational numbers. The irrational numbers are divided into 
two classes: algebraic irrational numbers and transcendental 
numbers. These two classes are also mutually exclusive, thus, 
all irrational numbers which are not algebraic irrational numbers 
are transcendental numbers. (Algebraic numbers also include 

all the rational numbers.) 

The following is the classification of the numbers appearing in 


our algebra. 


Complex Numbers 


Real 

Numbers 


Imaginary 

Numbers 


Rational 

Numbers 


Irrational 

Numbers 


Positive Integers Algebraic Irrational 

Positive Fractions Transcendental (Real) 

Zero 

Negative Integers 
Negative Fractions 


Pure Imaginary 
Imaginary (the 


* * * * 


remaining imagi¬ 


nary numbers) 
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The concept of positive numbers, including common tractions, 
and for simple cases the methods of adding, subtracting, multiply¬ 
ing, dividing, and the extracting of roots are very ancient, dating 
back more than twenty centuries before Christ. 

During the development of our number system, many symbols 
were used from time to time for the ten digits. During certain 
periods, lor centuries at a time, some 01 the symbols 0, 1, 2, 3, 4, 
5. 6, 7, 8, 9 were used, but would later be replaced by other symbols 
and then adopted again. It was not until the sixteenth century 
that all the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 were used for the ten 
digits, as well as their combinations to represent larger numbers 

as we use them today. 

The signs + , X, ■**, V, = were introduced during the 
fifteenth and sixteenth centuries. However, the sign -5- was 
originally used for subtraction and was used for division for the 

first time by Rahn, in 1659. 

The Greek mathematician Diophantus, who lived during the 
third century, was the first to mention negative numbers, but he 
had no conception of the meaning of negative numbers in the 
abstract, nor did any of the mathematicians for the next thousand 
years; they all considered negative numbers as absurd numbers 
and believed it impossible to have numbers less than zero. They 
knew, however, the laws of operation with negative numbers. 

The Italian, Leonardo (Pisano), in 1225, seems to have been 
the first to give an interpretation of negative results. In a financial 
problem he interpreted a negative result to mean a loss and not a 
gain. It was not until the seventeenth century that distances 
were reckoned as positive or negative, and it really was not until 
the nineteenth century that a satisfactory theory of negative 

numbers was set forth. 

Example. Classify —9. 

The number —9 is a complex number and is a real, rational, negative 

JE 

integer. 

QUESTIONS 

1. Define a rational number. 

2. Define an irrational number. 

3. Define a real number. 

4. Define an imaginary number. 

5. Define a complex number. 

6. Define zero and give its properties. 
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7 . Give the classification of complex numbers. 

s'. How are complex numbers represented graphically? 


Classify each 
graphically. 

1. -3. 

5 . 0 . 

9. -2 - 3 i. 
13 . -4t. 


EXERCISES 

of the following numbers and represent each number 

* 

2 . 3 — \/ 2 - 3. i- 

6. V- 7 ‘ “ 2| * 

10. i \/5. fi- 7 - 

14 . 3.23212621 • • • . 15 . 2.353535 


4. - \/5- 

8. V25- 

12. -5 + V=2. 
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CHAPTER II 

Fundamental Operations 



It is assumed that the methods for carrying out the four rational 
operations on the positive integers are known. The method for 
extraction of square roots and cube roots is illustrated by examples 
in Article 22, Chapter III. It is necessary to define in a consistent 
manner what is meant by the five fundamental operations when 
applied to negative numbers, to fractions, and to imaginary 
numbers. (For imaginary numbers, see Chapter X.) 

11. DEFINITION OF ALGEBRA 

Our elementary arithmetic consists of the application of the five 
fundamental operations ( + , X, -s-, vO to the positive rational 

numbers only, where the commutative and the associative laws 

hold for addition, and the commutative, associative, and distribu- 

* 

tive laws hold for multiplication as explained below. 

We may think of college algebra as a gradual generalization of 
arithmetic governed by the three fundamental laws exhibited in 
ordinary arithmetic. That is, algebra deals with the general 
theory of those operations with quantities of which the operations 
of ordinary arithmetic are a particular case. The quantities con¬ 
sist of numbers and of letters ot the alphabet used as general 
symbols of numbers to which any particular value may be assigned. 

The three fundamental laws are the commutative law, the 
associative law, and the distributive law. The commutative lav and 
the associative law hold for addition and multiplication but do not 
always hold for subtraction and division.* 


* For subtraction: (1) The commutative law: a — b ^ b — a, given a ^ b (read a 
not equal to b). (2) The associative law: a - (b + c) ^ (a - b) + c, given c 
For division: (1) The commutative law: a -4- b b -5- a, given a ?= _o. I 
The associative law: a -f- (be) (a + b)c, given c ^ ±1. However, (3) the dis¬ 
ci b 

tributive law : (a + b) + c = a + c + b + c = - + 
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For addition: 

(1) The commutative law: a + b = b + a. 

(2) The associative law: a + (b + c) = (a + b) + c. 

For multiplication: 

(1) The commutative law: a ■ b = b ■ a. 

(2) The associative law: a (be) = (ab)c. 

Multiplication is distributive with respect to addition; that is, 

(a + b)c = ac -f- be. 

12. ADDITION AND SUBTRACTION OF NEGATIVE 

NUMBERS 

If a man has $5, we say his resources are 5 dollars, and if he is m 
debt $5, we say his resources are - 5 dollars. Thus, if A’s resources 
are 10 dollars and J5’s resources are -4 dollars, then their combined 
resources are 6 dollars. Hence in general symbols we write 

a _j_ (_5) = a - b and (-6) + a = -b + a, (1) 

and state the following law or assumption: 

Adding the negative number ( — b ) to the positive number a is 

equivalent to subtracting the positive number b from a. 

Furthermore^ A J s resources exceed B’s resources by 14 dollars, 
but B ’s resources exceed A J s resources bj 14 dollars. Hence in 

general symbols we write 

a — ( — 6) = a -\~ b 

and 

( — 5) — a = —b — a = — (cf + 6), 

and state the following laws or assumptions. 

Subtracting the negative number ( — 5) from the positive number 

a is equivalent to adding the positive number b to a. 

The result of subtracting the positive number a from the negative 

number ( — 6) is the negative number —{a + b)» 

13. MULTIPLICATION OF NEGATIVE NUMBERS 

If A lost 5 dollars and B lost 3 times as much, then B lost 15 
dollars; or, if A’s resources are —5 dollars and B s iesouices aie 3 
times as much, then B’s resources are —15 dollars. Hence in 

general symbols we write 

( — a)b = —ab and a( — b) = —ah, 

and state the following law or assumption: 



( 3 ) 



Thr jtroduri of a wgatitt numbtr and a posit:u number \s a 
nt^alin number trhosi fi unu tu a a ! u< is iht ; > i\ ni u I <. tJ. r n..vieftcoi 
•ritur«of t)u two numbtra, ('Hienumerical valu< of — I5is 1«0 

ago tu* mu it 1 1 : v «* h <i 15 dollars*; or xvc inuj aav i' '• a ix»sou~eo> ur«* 

1 iiTiw’itig by "5 (lollm^ per ciay t then ’«» ~d days his roource-" 

will \v 15 dollar*. I fan*, expired in pneral eymfals w write 




and -’ate the following law or assumption: ! 

7 tu pr/x/i \ei •! t < * n-ftiUt' umh.rs > a po*it\ r 'turner v twm 
*.nrr.Ji ■<. If i ;»rt i f «>/ Ou n\ me ru al ml u< s of the two 


ii. DIVISION OF NEGATIVE NUMBERS 

If A t r» aar< i« --I'i dollar m<l * hub A equally among 
n( , n tll< a the i* oum of 1 It* »n will h«" — * dollars, 
in fp’Dernl *y mboU we write E 

T l <S) 

and aUte the following law or neaumptiem 

TU <7*14/ rl)( of « n,||Oir< ryr.d n ;nM»f • > f fl < Pu6rf»S d IWgOlW 

Iron* the l‘W I»f «J*uh»plirrt1l«>»» of in gative immlcM, ami tue 

t 15 -15 -16 J| 

fart that if i * * then n hi, we We t|*» ; ^ _ 5 ’ 5* ’ 

.. .. • e I K 



\n U /•»<> «/ »Af l/ir" <•/ « /r-rr(».M. nnmr/,/, nu mrm»or, 

.1. nttnmiiil-tr. tltttl Ihr fr’litwn, r.l« 6* u>tl by — J «*• 
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of the numerator and denominator, or numerator and fraction, or 
fraction and denominator, without changing the value of the fraction. 

15. ADDITION AND SUBTRACTION OF FRACTIONS 

If A has i of an apple and B has ^ of an apple, then 
how much do the two together have? To determine this, let us 
suppose that an apple has been cut into 6 equal parts and that A 
has 3 of these parts or i of the apple and B has two of these parts 
or 1 of the apple. Hence A and B together have 5 of these parts, 
or ^ of an apple. There are two fundamental ideas involved here. 
The first is that is the same as |- and -g- is the same as -f. The 
numerator and denominator of a given fraction can be multiplied oi 
divided by the same number which is different from zero without 
changing the value of the fraction. To illustrate: 


a _ a • c _ ac 
b ~~ b ’ c be 


also 




The second fundamental idea is that i + 3 = t + t = '$• The 
algebraic sum of several f ractions having the same denominator is a 
fraction whose numerator is the algebraic sum of the numerators of 
the given fractions and whose denominator is the denominator that 

is common to all of the fractions. 

To add or subtract fractions with different denominators, the student 
will find it advantageous to first express each of the different fractions 
as equivalent fractions all having the same common denominator. 
This is accomplished by finding the smallest number or expiession, 
called the least common denominator, which contains each of the 
separate denominators as a lactorj then, for each fi action, ve 
multiply the numerator and the denominator by the quotient 
obtained by dividing the common denominator by the denominatoi 


of this fraction. Thus, l n *1“ dfb > sma ^ es ^ rmm l )er mto 

which ac and ab can be divided without a remainder; dividing abc 
by ac the quotient b\ multiplying both m and ac by b, we have 

sS-ifc* Similarl y> Tb = S5T Hence we have 



mb + nc 
~ -- -—-“ * 

abc 


( 9 ) 
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16. MULTIPLICATION OF FRACTIONS 

If A has of an apple and B has ^ as much as A, then how much 
does B have? As before, let us suppose that the apple has been 
cut into 6 equal parts and that A has 3 of these parts or § of an 
apple; then if B has - 3 - as much he has 1 part or -g- of an apple. 
Thus i ’ i = i, and for the general case 




The product of two or more fractions is a fraction whose numerator 
is the product of the numerators and whose denominator is the product 
of the denominators of the several fractions. 

17. DIVISION OF FRACTIONS 

Suppose we wish to separate 6 objects into 3 equal groups. We 
may divide the 6 objects into 3 equal groups or we may form 3 
groups and place in each group ■g' of the number of objects. Thus, 
dividing 6 by 3 is the same as multiplying 6 by i, or 6 3 = 6 • 

For the general case, we have 

= = — • ( 11 ) 
b ’ d be be 

To divide one fraction by another fraction, multiply the dividend 
by the divisor inverted. 

18. ADDITION AND SUBTRACTION OF ALGEBRAIC 

FUNCTIONS 

An expression formed from letters and numbers by the aid of the 
signs of addition, subtraction, multiplication, division, and the 
extraction of roots, each operation being used a finite number ’ of 
times, is called an algebraic expression, or an algebraic function. 

The addition and subtraction of algebraic functions differ 
slightly from the addition and subtraction in arithmetic. Foi 
example, 12 + 25 = 37 but the sum a + b can be indicated only 
as a + 6 = a + b unless we know more about the numbers a 
and b. However, 2*3 + 5- 3 = 7- 3 and likewise 2a + 5a 

= 7 a. ( 2 a means 2 • a.) 

Coefficient. If an algebraic expression is composed of the 
product of several factors consisting of letters and numbers, then the 
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product of some of these factors is the coefficient of the product of 
the remaining factors. For example, in 63 a~b(x + y) t 63 is the 
coefficient of a 2 b(x + y); 9 is the coefficient of 7a-b{x + y ); 63 a-b is 
the coefficient of (x + y); (x + y) is the coefficient of 63a 2 6; and 
so on. In the simple case of x - y, the coefficient of x is 1 and the 

coefficient of y is — 1. 

Term. If an algebraic expression is written as the sum and 
difference of several expressions, then each of the latter expressions, 
together with the sign immediately before it, is called a term. 

Thus in 

26 + * - ox* + jg - (12) 


the terms are 
26, x , 



a 


x + y' 


and 




If an algebraic expression is written as 

3a(x - y) + 

the terms are 

, a-b 
3 a(x — y) and 


x + y 


but if this expression is written as 


3ax — 3 ay + 


a 


x + y x + y 


the terms are 


3ax, —3 ay, 


a 


x + y 


> and — 


x + y 


(14) 

(15) 

(16) 
(17) 


To add or subtract algebraic functions , we add or subtract the 
numerical coefficients of like terms for the new coefficient of the term. 
By like terms we mean terms of the form kx a ifz y • • • , which 
are alike with reference to all the letters x, y> z, • • • and their 
respective powers. For example, 

5 ab~ ~b 6a6 — 3a6 2 + 2 ab = 2ab 2 + Sab. (18) 


The terms oab 2 and — Sab 2 are like terms, and 6a& and 2 ab are like 
terms. 

It is more convenient to add several functions if the work is 
arranged in column form so that like terms are in the same column. 
Thus, to add 7 y 3 — 3 xy 2 — 4 x 2 y + x 3 , — 5x 3 — 11 xy 2 — 12 xz 2 — y 3 , 
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4 x iy _ X z 2 -if - 5 xy 2 , and -4xz 2 4 y 2 - z 3 4 6 x </ 2 4 10 x 3 , we 

have, after arranging, 

7y 3 - 3 xy 2 - 4 x 2 y 4 x 3 

— - 11 xy 2 - 5x 3 — 12 x 2 2 


- 5 xy 2 4 4 x 2 y - xz 2 - - 2 


y 


(19) 


6i/ 3 — 13 xy 2 


6xi/ 2 4- 10x 3 - 4xz 2 + ?/ 2 - 2 3 

" -3 


-}- 6x 3 — 17xz 2 



If the coefficients are letters instead of numbers, as ax + bx, 
then this function may be written as (a + b)x. This is usually 
called factoring instead of adding. However, the ordinary addi¬ 
tion, as 5o6 2 - 3a6 2 = (5 - 3)a6 2 = 2ab 2 , might be called a 

special case of factoring. , 

In case there are no terms alike, as in (a + b) 4- (c — a), then 

we can indicate the sum only as a + b + c — d. 

19. PARENTHESES v'jtj I 

Parentheses are used for grouping and hence are used to inclose 
terms each of which is to be multiplied by the coefficient of the paren¬ 
theses, as 2(o + 6) = 2a + 26 and -(« — b ) - ( >W 
(_X)(_6) = - a + b. Thus, the terms within the parentheses 

are to be regarded as a unit. , , A Q . 

Observe that 2(3-4) equals either 6 • 4 or 3 • 8 but not 6 • 8 
that is, 2(3)(4) = (2 • 3)(4), or (3)(2 • 4). To multiply the product 
of several pairs of parentheses by a given number, mul ip y ea 
term, within but one pair of parentheses by this given number. 

illustrate: 

3(a 4 b)(x — y) = (3a 4 36)(x — y) 


or 


3(a + b)(x — y) — (a + 6) (3a: — 3 y). 


( 20 ) 

In case we wish to reduce the number of pairs of parentheses by 
one pair, inclose the product of any two pairs of parentheses by a 

single pair. To illustrate: 


2 y) 


or 


And 


Dr 


(x + y) (3x - y)(x - 2 y) = (3z 2 + 2xy y 2 ){* 

* 

(x + »)(3* -»)(*- 2y) = (3* - V )(** - *V - 2!/ 2 )- ( 21 > 

-{x - y)(a 2 + ab- 6 2 ) = (-* + ?/)(« 2 + ab ~ ^ 

„ha 2 + oft - 6 2 ) = (a - y)(—~ ab + fe2) - (22 ' 


— (x 
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the value of the expression. To illustrate. 

a 

aXb — c + d + e 


can be written as 

(a) X (b) — (<*) + (d) -*• («) 


and thus is 


(i ab ) — (e) + (d) 



or 


ab — c + " 


This fact is very important when simplifying problems con- 

J numbers and letters connected by the four signs of opera- 
taming nu^ For we see that the operations of mulhphca- 

(lon'arid du^on should be performed before the operations of addition 
and subtraction. Observe .he errors in thefollowingmethod f 

rrr r ss? ssivfc-. -#5" - 

14 X 4 — 16 _ j. 
not-o ' — °• 


From the commutative law it follows that 



(23) 


a 


and not r~* However, 


a -5- (6 X c) = 


a 

6c 


(24) 


Instead of writing one pair of parentheses within another pair, 
other symbols that have the same meaning as parentheses are used, 
such as l ], called brackets; ( (, called braces; and , called the 

bar or vinculum. 

When removing parentheses, it is usually desirable: first, to 
remove the innermost pair, or pairs, and collect like terms; second 
to remove the next innermost pairs and collect like terms; and so 

on. Thus, 
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2x - 3[12x - \x - 4(2x - 3x + 4)} - 2(5x - 2)] 

= 2x - 3[12x - 1* - 4(2x - - 4)) - 2(5x - 2)] 

= 2x — 3[12x — {x + 4x + 16} — 2(5x — 2)] 

= 2x — 3[12x — 5x — 16 — lOx + 4] 

= 2x -}- 9x -}- 36 

= llx + 36. ( 25 ) 

However, it is not necessary to collect like terms after removing 
each pair of parentheses; like terms may be collected after all the 

parentheses have been removed. 


QUESTIONS 


1. Define algebraic function. 

2. Define coefficient. 

3. Define term. . 

4. What is meant by adding or subtracting algebraic expressions. 

5. Give the order of performing the operations +, —, X, -5- when they 
appear in the same expression. 

EXERCISES 

1. Discuss each of the six following expressions. 


(a) 0 • 25; 



(b) -25 • 0; (c) 0 - 150; 

(e) 4-y « 5' 


2. Give the terms in each of the following expressions: 


(a) 6 ab 3 x 2 + 5x 3 c 2 — 78 ab 7 + 5(2x 3 a — 7 y~z)\ 

(b) 2(z + 3?/ 2 ) - + V* 2 - t + — 


X 


_ ax — 6 by 2 + 7 
y + z 5 az — 6 y 1 + 7 


3. Give the value of each of the twelve following expressions: 


(a) -10-5; 


(b) -10-(-5); 

(- 6) (3). 


(d) (— 2)(— 5)(6)( —3); (e) 


(g) |- 


( 3 ) 


3 

5 ; 


(h) 5-2; 



(k) 


3 

(IK-i). 
(f)(1) ’ 


(c) 

(f) 


0) 7 


( 1 ) 


( — 6 ) ( 3 )(— 2 ); 

( — 2 )(- 1 6 ). 

(D(- m 

(2) (-3) + ( 4) (f) 

5 


4. For eacli of these expressions, 

6 ax 2 y, f x 2 ay, 4x 2 — 5 ay, — 3x 2 i/, ax 2 — 2 ya, 
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do the following: (a) Give the coefficient of a. (b) Give the coefficient of 
(c) Give the coefficient of y. 

5. Find the value of 2 X 3'- 4 + 6 -i- 3 and of 3 - 2 X 4 .+ 10 -s- 

5 _3 

6. Find the value of 12 -r 3 X 2 - 7 X 16 2 + 6andof22 - 10 + 

2 + 7-36-t 2X9. , ' . i • .u 

Collect in parentheses the coefficients of x, y, and z, respectively, m the 

next two exercises. 

7. 3x — 2y + ax — z — 4 ay + 3 az + 2x. 

8. —2 y — ax -f- 52 — cy -I--2X 5ai/ cz 3az. 

9. Express each of the following as the product of two pairs of paren¬ 
theses: —2(x - 20(a - b); -(x - y)(x + y)(a - 6); — (— 2)(3)(— 4)(5). 

1ft rivpn the fraction ( x ~ ~ 6) j n each of the 

10. Given the traction _ 5y + 2 )( a - b)(c - d ) 

six following expressions supply the missing part or parts so that the 
resulting fraction is equivalent to the original fraction. 




(x - 

y) (3x 2 

- 2 y ■ 

“6). 


W 


( 

)( 

)( 

) ’ 


IV%\ 



( 

)( 

) 

• 

\P) 


(x 2 — 

- 5 y + 2) (a - 

b)(c - 

-d)’ 

(c) 

+ 

(x - 

y) (6 + 

2 y - 

3x 2 ). 


' ( 

)( 

)( 

) ’ 


(d) 

+ 


( 

)( 

) 

m 

'(% - 

- 2 — x 

w - 

• a)(d ■ 

-cy 




(y - 

*)( 

) 

m 

{e) 


(x 2 - 

-5 y + : 

2 )(b - 

• a)(c - 

-d)> 


i 

(y - 

x)(6 + 

2y — 

3x 2 ) 


v) 


( 

)(b - 

a) (d - 

~c) ' 



In Exercises 11 through 20, remove parentheses and collect like terms. 

11. a - 3[2 + 3(a - 2b) + 2a] - 36. 

12. a - 3[a + 3 - 2(a - 5 + 2a) + 5{2 - 3a(2 - T^3)} + 3]. 

13. 2x — }3 + 2x — 5 [y — 2(x + 4y — 3) + 2x] — 3x — 

[2 + 5(x - y)] - 5}. _ 

14. 2x — 3{x — 2y + [3x — 7 + 2(x — Sy + 4 — 2x) — 6x + 2] — 
5} + 6 y. 

15. a - {2b + 3[c - 2b + 5(a - 3) + 6 - 2(a - 6 + 3c)]}. 

16. 3x — 2{2x — 5 — [x — 4(3x — 2) — 2] — 3x — 2(x — 4) — 5x} — 
3x — 2(x — 3) — 4. 

17. x - [3x + (2x - 4x)] - 2x - {3x - [(2x + 3) - 9x]}. 
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18. 2x - 3 y + 2[z - 3x + 2 - (3* - 2y + 42 - 5) - y - 
4 y + 2 z — x + 3 — 2y] + 32 — x — 3(:c — 2y + z) — 7. 

19. 3x - 3[2a - (3y - 2) - 2y + 2{3x - (4a - y - 3*)}]. 

20. | - - £(1£ “ 4f • t) - 3f] + i 

21. Combine like terms in — 5x + 6x' 2 — 2x — Sax + 5x 2 and in 
a + 3 ax — 4a - 5a 2 x + ax. 

22. Add 3s 2 - x 2 y + y\ 2 xy' 1 - Sx-Y ~ 5 ^‘ “ 2 ^°“ " 7 ' r ^ 2 ’ 

6^2 _ 2xy 2 + Sx^y, and 2?^ 2 - 7x 2 y 2 - 2xy 2 + 3x 2 y 2 - 5x 2 . 

23. Add 3a 2 + 4 - $6, 4a + 6b 2 - 36, 5a + 26 2 - 9, 2a 2 - 2a - /, 
and 26 — 36' 2 + a 2 . 

24. Add 3ax — a 2 x + 2x 3 a, — 5ax 2 + 2x 3 a — 3xa 2 + 2ax, 3a 2 * — 

2xa 3 '- 4ax 3 + 5x 2 a, and 3a 3 x - 4x 3 a - 2ax 2 + xa - §a 2 x. 

25. Add x 2 - ax + 3x - by, x - y, 7 y + 2x 2 + 3ax, and -3x - 


^^•2 _ 2ax. 

26. Add 6a 2 - 2x 2 + 3 y\ Sab + 2 xy - Say , 4a 2 + yx - 2ya, 3x 2 - 

2 xy — 7 y 2 , 6a6 — 7ax — 2 y' 2 , and 2 xy + Say - 4 ax. 

27. From 5a - 6a6 - 7a 2 - 26, subtract -2a + 36 - 6a 2 + 7a6. 

28. From 3ax - 2x 2 a + 5ax 3 - 7a 2 x, subtract 5xa + 6a 2 x - 3xa 3 + 


2x 2 a. 

29. Subtract 3 xy — 6x + 2 y — 5 from Ox — Ay + xy 

30. From a* - 3 a>b + 2a 2 !) 2 - 4 ab 3 + ib\ subtract 36* + 2ob 3 - 

7a 2 6 2 + 2a 3 6 + 7a 4 . 

31. From 3 x*y + 2 x*y* - 5 xy\ subtract 2 x 2 y - Sx z y 2 -4 xy . 

32. Subtract 6a 2 - 2xy + 3x*y - 4i/_+ 7 ay- 2yb + 7*i/ ! from 3r 2 - 
4ay + 2i/ 2 x — 3 xy — 7a- + '2hy — t$yx-. 

33. Subtract or 2 - a 2 * - ax + aV from ox - aV - a 2 x + ox . 

34. Subtract 2x 2 - 3xy + 4y 2 - 6y + 7 from the sum of 2 y x + 
— 4y — 10 and 2x 2 — xy — 4 y 2 + 2y — Sx + 7. 

35. From the sum of Oa — 56 + 4c — 2ab + 3ac — 56c and 2c 
46c - 6a - 3ac + 3a6 - 7, subtract 2a - 46 + 6a6 - 7c + 1 . 

2 . 9 „ 5 „ _ ? y _j_ il f rom the sum of 

4 3 


~ 2 9 t) 

36. Subtract ^ x 2 - ^ xy + ^ y2 “ 3 x 


3* 


4 ^ 


+ 7x — e y + O an( ^ 


2 ‘ r 


3 1 7 1 

4 xlJ + 3 ^ 
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CHAPTER III 


Exponents and Radicals 



20. EXPONENTS AND POWERS 

It is convenient to represent the product of several numbers that 
are the same by using that number once with the appropriate 
exponent. Thus, 5 • 5 • 5 • 5 = 5 4 . We shall define a m when m is 
a \positive integer greater than 1 ,tobe the product of m a’s (for m = 1, 
a 1 = a). Thus, 

• * 

a m = a- a'a'a'a'' - a (m factors in all). (1) 

The symbol a m is read “a to the mth power ” or “a exponent m” 
and is called “ the mth power of a.” The integer m is called the 
exponent of the power a m . In 5 4 , the exponent of 5 is 4. 

21. LAWS OF EXPONENTS 

Multiplication and division of algebraic expressions differ 
slightly from multiplication and division in arithmetic. For 
example, 5-3 = 15, but in algebra sometimes we can only indicate 
the operation and at other times we can carry it out. In case all 
the letters are different, we can only indicate the multiplication 

25 
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and division, as (a * b • c) -s- (d - e • f) — 


abc 

daf 


In case some of the 


letters are repeated, we have the following laws of combination for 
multiplication, division, and powers. 


a • a) = a 3+4 = a 7 . 
a n is the 'product of 
Thus, we can write 


a n = a m+n 


Laws of Operation 

The product of a 3 • a 4 = (a* a* a)(a* a* 

For positive integral values of m and n, a m 
m a’s by n as, or the product of (m + n) a’s. 

Law I: 

(I) <* m 

The product of the mth power of a number by the nth power of 
the same number is equal to the (m + n)th power of this number. 

Ct * Cl * Cl * Cl * CL 

If we divide a 5 by a 3 we have — - . - . ~ = a- a - 1 ■ 1 • 1 

= a 2 ; or that is, the quotient is the product of as many a’s as 
the number of a’s in the numerator exceeds the number of a’s 
in the denominator. For positive integral values of m and n, 

ig iJiq product of as many a s as m exceeds n. (It is 

necessary to assume m >n when deriving this law; however, 
together with the definitions to be given later, this law is valid or 
any rational values of m and n.) Thus we can write Law II: 


m 


a 

n m a n — - 

a . a n 


= a 


m—n 


(id 

The quotient of the mth power of a number divided by the nth power 
of the same number is equal to the (m - n)th power of this number. 

The value of (a 3 ) 4 according to definition is a 3 ■ a 3 ■ a 3 • a 3 and by 
Law I equals « 3+3+3+3 = a 12 - For positive integral values of m 
,,„d n (,n n = o”‘ • (» factors), which is the prod¬ 

uct of’ as many a’s as the sum of n m’s. Thus, we can write Law 

III: 


III) 



(a m ) n = a mn 


| JL f 

The nth power of the mth power of a number is the. mnth (m times 

^Sin Zfal!)" h Lfb' n ab r 'ab ■ ■ • ab (» factors) is the product of 
, a’s and n 6’s, we can write Law IV: 


IV) 


( ab) n = a"b". 
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The nth power of a product of two or more factors is equal to the 

product of the nth power of each factor. f 

•Observe that (a ± b) n *a n ±b n ; that is, the nth power of a 

sum or difference does not equal the sum or difference o ie n i 

power of each number. To illustrate, (3 + 4) 2 = 7 2 = 49 and not 

32 4 . 42 = 9 + 16 = 25. 

Definitions 

The definition for a m given in Article 20 becomes meaningless 
when m is negative or is a fraction. Thus, it is necessary to define 
a m differently for negative or fractional values of m. Since the 
foregoing laws of operation were developed for positive integral 
exponents only, it would be convenient if a meaning could be 
assigned to a m for negative and fractional values of m so that the 
same laws of operation would hold for negative and fractional 
exponents as hold for positive integral exponents. 

If we wish Law III to hold when m = then it is necessary that 

lb 

r a vn^n _ a n/n _ a Hence, a yn must be a number that when 
raised to the nth power gives a. Therefore, we define a yn to be an 
nth root of a so that the foregoing laws of operation hold for 
fractional exponents, and by definition we write 

(I) a yn = Cf a. 

Thus , a yn is defined to be the nth root of a (n being a positive 
integer). 

In Article 68 , Chapter XII, we shall see that the equation x n — 
a = 0 has n roots, real or imaginary, and hence, if a is different 
from zero, there are n distinct nth roots of a. However, we shall 
define a yn .to be single valued and the principal nth root of a if a is 
positive , or if a is negative and n is odd. 

The principal nth root of a, when a is positive and n is any positive 
integer , is defined to be the positive nth root of a. 

The principal nth root of — a , when a is positive and n any positive 
odd integer, is defined to be the negative nth root of a. 

No attempt is made to define any of the nth roots of a negative 
number to be a principal nth root when n is even, nor do we attempt 
to define any of the nth roots of an imaginary number to be a 
principal nth root. 
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For negative numbers we thus have 

n') ( —a) v " = -(a) v ” = = - 'v / a 

(for n odd and a > 0). If« is even and a positive, then (-a) 1 '" is 
imaginary and is not defined to be single valued but will be studied 

in Article 54, Chapter X. 

From Law III, 

a m/n _ = (a Un ) m . 


Then by Definition 1 we have 

( 2 ) a m/n = VG™ = 

For positive values of a, a mn is defined to be the nth root of the mth 
power of a, or the mth power of the nth root of a. The fractional 

exponent ^ should be reduced to its simplest form; that is, m and 

n should not have a common factor other than 1. 

For fractional powers of negative numbers, we have 



for n odd, but if n is even and a is positive, (-a)”'" is imaginary 

and is not defined to be single valued. 

Next consider what meaning must be assigned to a”* lor m a 
negative number, if the four laws of operation are to hold for 
negative exponents. If Law I is to hold for negative exponents, 

we have a m • a~" = a m ~ n , and from Law II, we also have a m ■ 


= a 


m —n 


Hence it is necessary to define a 


t o be equal to since 

f C 


their products by a m are equal. Therefore, 



Thus, a' n is defined to be the reciprocal of a". 

The symbol «° still remains to be defined. Since 1 = 
= a 0 , we define it as 

a 0 = 1. 


(ft 7^ 0) 

(.b * 0 ) 


a* 

a n 


= a 


n—n 


(4) 


(a 0) 
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The zeroth power of any number different from zero is defined to 

be 1 , as: _ 

50 = x, ( 2 )° = 1 , or {y/x + 1 )° = !• W 

With the four definitions (1), (2), (3), and (4) established foi the 
meaning of a m for m a fraction, or a negative number, or zero, the 
four laws of operation (I), (II), (III), and (IV) hold for any rational 
values of m and n. Thus, with these four definitions we can use t le 
four laws of operation whether the exponents are integers or frac¬ 
tions and whether they are positive or negative. 

Some of the laws of operating with exponents were known to the 
Greek mathematician Archimedes (287-212 B.C.), although at 
that time exponents were not used; other representations were used 
to express the exponent idea. Chuquet, a Frenchman, in 1484, 
used what is equivalent to our negative exponents as well as the 
zero exponent, but without having a clear conception of their 
meaning. In 1637 the French mathematician Ren 6 Descartes 
(1596-1650) was the first to use exponents. The English mathe¬ 
matician John Wallis (1616-1703), in 1655, was the first writer to 
set forth with any completeness the meaning of negative and 
fractional exponents but did not actually write them. It was the 
English mathematician Sir Isaac Newton (1642—1/2/) who, in 
1666, introduced the general literal exponent notation. 


22. RADICALS AND SURDS 

In the expression b v^ci, the symbol \ /r a is called the radical; the 

sign \T is called the radical sign; the integer n is called the index 
of the radical; the number a which is under the radical sign is 
called the radicand; and b is the coefficient of the radical. 

If x n = a, then x is called an nth root of a, n being any positive 
integer. 

Since 

(2 ) 2 = 4 and (— 2) 2 = 4, (3) 


we see that there are two square roots of 4, either +2 or —2. 

However, the radical sign \/ does not carry with it both the plus 
and minus sign; that is, 


\/4 = 2 and 


— V4 = —2. 


(4) 
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then we write 
or 


x 2 = 4, 
x = ± a/4, 

x = + a/ 4 or 



Then 



or 




Addition of Radicals 

First simplify each radical, then find the algebraic sum of the 
coefficients of like radicals for the new coefficient of this radical. 
By like radicals we mean radicals with the same index and the 
same radicand. In case some of the radicals aie unlike, we merely 

t 

indicate the sum. 

Example 1. Add 2 a/ 6 + 3 v 2 — 3 a/24 + a/8. 


Solution. 

2 y/Q -f 3 a/2 — 3 \/24 + V 8 = 2 a/6 + 3 a/2 — 3 y/4j 6 + y/4 * 2 

= 2 a/6 + 3 V 2 — 6 a/6 + 2 a/2 
= — 4 v 6 "i" 5 a/2. 

This example may be simplified by replacing each term by a rational 
number which approximates this term, then finding the sum of these 

rational numbers, as: 


2 a/6 + 3 a/2 - 3 a/24 + a/8 

= 2(2.449) + 3(1.414) — 3(4.899) + (2.828) 

= 4.898 + 4.242 — 14.697 + 2.828 

= -2.729. 

An approximation to each of these radicals can he found in Table I 
page 407. 


Multiplication of Radicals 

From the laws of exponents, </a- </b = a' ,n b' ,n = (a ) 

= a Yab. Hence 

( Y) \ a • a/ b = v a b ; 

except when both a and b are negative and n is even.. 

The product of two or more radicals with the same index n and 

with positive radicands is equal to the nth root of the product of 
the radicands. 
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jjjj iiArt/A i « 

Uw V holds for both positive and negative radicands if n is odd; 
krta-Avpr Taw V IS tio< (rw /or negative radicands when n is even. 


however, Law 
To illustrate: 


= (V^r = («> 0) (6) 


and does not equal 


y/{ — a)( —fl]) — X^(i — o • 


Since \f zr a = iVfl, we have 


Likewise, 


(\/^a)* = (i Va)* = Ca = -a. 
y/—a • X r —b = i \ « * i Vb 

= i s \/a6 

= - Vab (a > 0, b > 0) 


hut 


^Ta . x’ATfc = (- ^a)(- v 6 ) or x / (-a)(-b) 

= ^6. 


(7) 


( 8 ) 


(9) 


(101 


Division of Radicals 

From the laws of exponents, we have 

V 

_ a"’ _ fay _ ’la 

~ t"' W > s; 

Hence, 

•la 

^ 1 ] xb ^ 

7’/jc quotient of two radicals with the same index n and with 
positive or negative radicands is equal to the nth root of the quotient of 

the two radicands. 

Radicals cannot be multiplied (or divided) by multiplying (or 
dividing) the radicands when the indices are different. 

Laws Y and VI are also true when read from right to left; that 

is: 

The nth root of a product of several factors is the product of the 
nth roots of these factors , and 

The nth root of a quotient of two numbers is the quotient of the 
nth roots of these numbers. 
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However, the nth root of a sum or a difference does not equal the 
sum or difference of the nth roots; that is, 


v^a ± h 7 * v'a ± 



( 11 ) 


To multiply or divide radicals with different indices, it is neces¬ 
sary to express all radicals with the same index . T his can be 

done by observing that ■v'F = a”'" = a"*'”* = Va"*, and hence, 


(VII) 


1/a”' 


The exponents of the factors in the radicand can he either multiplied 
(or divided) by the same constant without changing the value of the 
radical provided the index is multiplied (or divided) by this constant. 


Example 2. Find the product y/Z 
Solution. Since 

V3 = 'V // 3~ 3 and 


\/ 2 2 


then, 



y/Z • y/Z = ■ y/V 


Example 3. Express 3 v / 5 under a common radical. 


Solution. 


3 = y/Z* ■ <Tb = V27 • 5 = \/l35. 


To solve equations of the form 


X 


m/n _ 


= a 


( 12 ) 


for x 7 observe that the ^th power of x m,n is *. Thus, taking the 

-th power of both members of Equation (12), we have 
m 


rn/n^n/m = d n ^ m • 


(x m/n ) 


therefore, 


x - a 


n/tn 


(13) 

(14) 


Example 4. Solve (x)" ,s - 81 for x. 


Solution. 


(ar**)-K = ( 81 )-^, 


x 


= (3 4 )-^ = 3" 3 = 


1 

27 


hence, 
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LAWS OF OPERATION 
i a* a* = or*'; example, x*x~* = * • 

II. a* r fl' = example, — T - J 

Ill. («-)• = fl"'; example (x"*) 6 = J " 4 * 

IV abr = a f *bV example, (8x*|T 4 ) v * = 8V4xH V~ J !/ * 

IV * . J »/T51 __*> ftt • .-M ‘ ^6 - ^24 


V 11 


\Vx* 


DEFINITIONS 4 

j fl r« = a; example, 10 1 * — \/l6 = 2. 

w |_^>t* s — \ o (given ii odd, a = 01» 

example. (-8)» = -2. but (-10)* is imaginary. 

2 gm/m = n -T- = (v'ar; example, 64* = (\^04) • = 2 s = 32. 

<y ,_ a) — = v F'or = (v"—<*)" (given n odd); 

^ example. (-8)* = = (~2) 2 = 4. 


3. o 


i— A 



example, 3x 4 
4. «• = 1; example, 5x° = 5 


= —: and 


/a 2 \ * _ _ L 9 

VW ” VV fl* 


Finding the Square Root 

The method for finding the square root of a given munbci is 
illustrated by the following example. 

Example 6. Approximate the (principal) square root, of G98.4 to the 

nearest hundredth. 


Solution. 


2*2-4 
26 • 2 = 52 


2 6. 4 3 

2 6 98.40 0d 

4 (2*2 = 4) 

46 2 98 

” 2 76 (46 • 6 = 276) 

52/1 22 40 

‘ 20 96 (524 • / = 2090) 

5282 1 44 00 

1 58 49 (5283 • 2 = 15849) 


264-2 = 528 
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Therefore V698.4 = 26.43 (correct to the nearest hundredth). 

Finding the Cube Root 

The method for finding the cube root of a given number is 
illustrated by the following example. 

Example 6 . Find the principal cube root of 42,144,192. 


Solution. 




3 2 = 9 


3 _4 _ 8 

9)42,144,192 

27 


(9 • 3 = 27) 


2700 

360 

16 

3076 


15 144 


12 304 


(3,076 • 4 = 12,304) 


300 • 34 2 
30 • 34 • 8 
$ 2 


346800 

8160 

64 

355024 


2 840 192 


2 840 192 


(355,024 • 8 = 2,840,192) 


Therefore \/42,144,192 — 348. 

This is apparent from the fact that if the given number is (10a +0) , 
then ,. , T , 

(10a + by = 1,000a 3 + 300a 2 & + 30a6- + b 

= 1,000a 3 + (300a 2 + 30a6 + b 2 )b. 

QUESTIONS 

1. Define exponent. 

2. Give the seven laws of exponents. 

3. Give the four definitions pertaining to exponents. 

4. When can radicands be multiplied? 

5. When can radicands be divided? 

6. When can radicands be added? 

7. How may the equation x m/n = a be solved for x . 

EXERCISES 

1. Perform the indicated operations in the following twenty-five 


expressions*. 





(e) (a 3 ) 7 ; 

(a) a 7 • a 3 ; 

(b) 

-V (c) 

a 3 

a 3 

(d) (a 1 ) 3 ; 

(f) x Za • x 3 ; 

(g) 

x Za 'X a ) (h) 

x z \ 

X 3 ’ 

^*3a 

(i) (x te ) 3 ; 
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(p) 64 - **; 

(u) \/I; 
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(1) 64*; (m) 64*; (n) 64 ?i ; (o) 

(q) 25-*; (r) 81*; (s) 2?-*; (t) 27-*; 

(v) VI; (w) 1-*; M —; (y) 


VI 


1 


O’ 


2. Perform the indicated operations in the following twenty-five 


expressions: 

(a) x* • x"*; 

(b) 


(c) 

xW -T- \/ x 2 ; 

(d) 

VVi; 

(e) 

a*. 

a W 

(f) 

X 2 

(g) 


(h) 






(k) 

4 x~^y^* 

(1) 

2- 1 a -2 6 -3 

(i) 

a;”* • x *; 

(j) 

(a 6 )* -5- (a 3 )*; 

t7 • 

5 x^y~ 7/ ^ ’ 

3a 3 b 2 ’ 

(nO- 

2 3 • 3 3 ; 

(n) 

2 3 ■ 3 2 ; 

(o) 

2° * 3°; 

(P) 

(i)“ 

ta) 


(r) 

(r> 

(s) 

32~*; 

(t) 

—64; 

(u) 

(0.01) 3 ; 

(v) 

(0.01)*; 

(w) 

(0.001)*; 

(x) 

(10,000)-*; 

(y) 

(0.0001)*. 







3. 


Perform the indicated operations in the following six expressions: 

(a) (—64)*; (b) (1,728)*; (c) (0.0081)"*; 

(d) (—64)*; (e) (729)*; (f) (0.000064)*. 

4. Perform the indicated operations in the following six expressions: 


(a) (-64)*; (b) (64)°; (c) (x 2 f 3 ) 0 ; 

(d) (225)*; (e) (j) ; 0) (144)-*. 


6 . Express each of the following twelve expressions under a common 
radical: 


(a) (b) ay/a\ 

(e) 2^5; (f) -2 \/3; 



^ 30 . 

#1' 



^/^30 
— 5 ’ 


(c) 

(g) 3V2-2 a/3; 



(d) 

00 

( 1 ) 



6 . Simplify each of the following twelve expressions: 

(a) \/~i • \/2; (b) v' —4 * \/ — 2; (c) -\/64 • 64; 

(d) V^-V^W; (e) (2 V2) 5 ; (f) (— i V3) 2 ; 
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(g) 2 Vl * 3 
(i) 



3 2 . 

Tj 


3/3 



V~2 




(h) 3 • -^4 • \/l08; 
(j) 3v^T8-s-f^5 
(1) \/l2a5W>. 


For each of the following (Exercises 7 through 12) find a value of x 
which will satisfy the given equation. 

25 

7. *H = 3. 


8 . x* = 8 . 


9. x^ = 


16 


10 . a :" 5 = 32 . 


11. x~* A = 


1 


27 


12. xr* = 8. 



Perform the addition of radicals in Exercises 13 through 28. 

13. \/l2 — \/75 + 2 y3. 

14 . \/80 — 5 \/20 + 3 \/l25 — 4 \/320. 

15 . 3 \/ 125 — 2 \/303 + 4 v 243 — 2 a/ 147. 

16 . a /16 ~ 3 \/54: + 2 \/250. 

17 . \/45 — V 150 + 2 Vt- 

18. 3 v2 - 2 >/3 + 4 \/3 - 5 \/2. 

19 . a/I — 3 a /600 + 5 a /864 - a/|; 

20. a/ 6 — i A/ 7 ^ — 5 V 2 + 2 \/2. 

21. a/? — 3 a/to + 4 a/H- 

22. 4 a/2 — 3 a/6 + 2 \/2 + 3 a/3 — 4 a/6 — 5 a/2 + a/2. 

23. ^pOO + 4 ^375 + ^192- 

a/I + Vi 


24. 


27. 


a/| ” a/I _ 

3 \/45 - 2 a/20 + 3 a/6 - 4 a/125 + 6 v'SO- 

161 a/I - I a/¥ + i V¥- 
2 '- 3 




+1 _ I 4 _ A. 

* - 1 \ * 2 

Simplify the expressions in Exercises 29 through 40. 


29 . (a /2 - l) 2 - 

31. (1 + 2 a/ 3) 2 - 

33 . (a /2 - 1 )(a /2 + !)• 

35. (1 - 2 a/3)(1 + 2 a/3) 


30. (a /3 + a/ 2 )(a /3 - a/ 2). 
32. \/2a a/IO06. 

34. (a /2 + a/ 3 )(a /2 “ a/ 3). 
36. (a /3 4 " a/ 2 ) 2 . 
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37. (- V3 - V2)(“ V3 + V2) 2 . 

38. (3 + 2 V3)(3 - 2 \/3) 2 . 

39. (Vz + y - Vx - y) 2 - _ _ 

40. (Vx + y — Vx — y)(Vx + y + Vx - y). 

Arrange the expressions in each of the following four exercises in order 
of magnitude. 

41. V% V3, l/l. 42. V*, V*. 

43 . VI, Vn, V™- 44 . V 2 , V3, V9. 

45. Compare the values of \/9 + 4 and V§ + Vi - 

46. What is necessary to make V’a 2 + ( ) + b- equal to a + b? 

47. Find the value of each of the following twelve expressions and 
check the results (a) through (i) by the use of the table: 


(12) 3 
(97) 2 


(a) 

(e) 

(i) ^62; 


(b) (120) 2 ; 
(f) (87) 3 ; 

(j) ^620; 


(c) (0.67) 2 ; 

(g) V324; 
(k) \/(p00; 


(d) (0.67) 3 ; 

(h) V+500; 

(1) V^062. 


48. Find the value of each of the following twelve expressions and 
check the results (a) through (i) by the use of the table: 


(a) (190) 2 ? 

(d) v'lOO,000; 
(g) v"0.00089; 

(j) V^396; 


(b) (32) 

(e) \/9800; 

(h) s/aocm; 

(k) a/7+529; 


(c) s/ 5,400; 

(f) \/0.0024; 

(i) -v/0.00076; 

(1) \/ 41,421,736. 


23. SIMPLIFICATION OF ALGEBRAIC EXPRESSIONS 

By simplifying an algebraic expression involving different 
powers of the same number or letter combined by multiplication 
and division, we mean combining the exponents of the same num¬ 
bers and the same letters according to the laws of operation for 
exponents. 

Since the laws of operation hold for all rational values of the 
exponents, whether they are integers or fractions and whether 
they are positive or negative, the laws of operation, rather than 
the definitions, should be used whenever possible. Perhaps the 
most important use of the definitions is to change radicals to 
fractional exponents before applying the laws of operation, and to 
change the form of the answer to a required specified form. 
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The laws of operation are commutative, thus they can be applied 
in any order. However, usually the work may be simplified by 
applying Law I before Laws II and III, or by applying Law II 
before Law III whenever possible. To illustrate, 



is preferable to 



(x h y r °) H 

X%y~% 

= = 


= xy \ 


xy \ 


(15) 

( 16 ) 


In Equation (15), Law II (division) was used before using Law III 
(removing parentheses). In Equation 16, Law III (removing 
parentheses) was used before Law II (division). 

If an expression containing a power or a root of a sum or differ¬ 
ence is to be simplified, an attempt should be made to represent 
the expression as a product or quotient before simplifying; then, 
apply the laws of exponents to each factor. To illustrate, 

[(a + b) 2 (x — ?/)“d 3 = (cl + b) 6 (x — y)~ 15 , (17) 

and_ 

Va 6 — a 4 6 2 = V a'Ha 2 — b~) = a 2 va 2 — b 2 . (18) 

t 

When simplifying expressions containing numbers, it is some¬ 
times helpful to express each number as a product of powers of its 
different prime factors before simplifying. For example, write 
36 as 2 2 3 2 , 48 as 2 4 3, and so on. 

When simplifying an algebraic expression involving multiplica¬ 
tion, division, roots, and powers, the result can be expressed in any 

one of the following three forms: 

FIRST FORM. Express the result as a product only , using 

positive and negative exponents , so that all the different powers of 
the same numbers or letters are combined into a single power of these 

same numbers or letters; as: 


Example 1. 


Example 2. 



(z _ v)“ H = x y~ l - 


a 7 // 2 
1 (>a 2 6 4 


(2- 4 a 6 6 -2 )^ = 2 -tfcMr* 4 . 
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Example 3. 

■^48aW* = v / 2 4 * 3a 2 b 3 c 12 = — 2^3^o^6^c . 

Example 4. 

= (2-3) H = 2 

Example 5. 

a/48xV (2 4 • 3 • x 3 y 5 )^ 2 2 • 3^ • _ 2KZ»x*y-*z- 1 A 

J/4 X yty " (2*zyV)* 2 

SECOND FORM. Express the result as a quotient, using 
positive exponents only, so that the different powers of the same num¬ 
bers or letters are combined into a single power of these same numbers 
or letters. To illustrate, the foregoing examples may be simplified 

as follows: 

Example 1. 

(yf\ H _ y~ l _ x . 

\x h ) x _1 y 

Example 2. 

3 r~afb r ( a 5 V s _ a* 

XT6a*b 4 ~ \2 4 6 2 / 2*%*’ 

Example 4. 

5 /T _ A\ w J_ 

\2 3 \2*/ 2«* 

Example 5. 

\/48xV __ (2 4 • 3 • sty 5 )* 4 _ 2 2 • 3# ■ x **yH _ 2• 3^x^ 

V / 4xy 8 2 7 (2 2 xy 8 z 7 ) 54 2 ^x^y^z 7/i y'^z'^ 

m 

THIRD FORM. Express the result in radical form so that: (a) 

the index of the radical is a positive integer; (b) there are no fractions 

under the radical sign; (c) there are no radicals in the denominator; 

(d) there are no factors under the radical sign with (1) a negative or 

fractional exponent, (2) an exponent greater than the index of the 

root; (e) the exponents of all the factors in the radicand do not have 

a common factor which is a factor of the index. 

The process of changing a fraction with one or more radicals in 

the denominator to an equivalent form where the denominator is 

free of radicals is called rationalizing the denominator. 

To rationalize a radical of index n of a fraction, multiply both 

numerator and denominator of the fraction by an expression that 
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will make the denominator a 'perfect nth power; that is, make the 
exponents of every factor in the denominator a multiple of n. See 
the following Examples 2, 4, and 5. 

To rationalize the denominator of a fraction containing a radical 
of index n in the denominator , multiply both numerator and denomina¬ 
tor of the fraction by a radical having an index n and a radicand 
so chosen that the product of this radicand by the radicand in the 
denominator of the given fraction is a perfect nth poiver. See Exam¬ 
ple 4'. . 

We shall now simplify according to radicals the foregoing 
examples containing radicals. 



Example 2. 


3 



a 7 b 2 
1 Qa 2 b 4 


3 



a- 


2 4 b 2 



a- 


5 2 2 b 3 ia 4 2 2 a 2 b a 3 


2 4 b 2 2 2 b 


-V 


2 «b 


2 2 b 


V 2 2 a 2 6. 


Example 3. 


Example 4. 



Example 4'. 


7l = 

\2 3 


\/48a 2 b z c 12 = c 2 \/ 48a 2 6 3 . 

7 iT 2 = 5 /E = = 1 V02 

\ 2 3 ’ 2 2 V 2 5 2 2 V ^ ‘ 

1 _ 1 ^ 2 2 _ </2 2 _ 1 5 / 0 ^ 

^/ 2 3 f/2f ' \/ 2" 2 2 2 


Example 5. 



\/48xV _ \/2 4 3x 3 y 

V // 4.ri/ 8 2^ 2 2 a:7/ 


; 3 ?/ 5 _ 6 j 2 l2 3*x g y 15 = 6 [2*SW 
,5^7 \2 4 x 2 y l6 z 14 \ yz u 


(i j2W 

\ 7/e 14 


y 6 z 4 

?/ 5 z 4 



2 % 3 z x 7 y z 4 2x 6 /™q 3 — TT 

W^ 18 7/2 3 


Example 6. 


•y/ic' 2 ?/ 6 = = a: r?/ 2 . 


Let us observe the difference in meaning between the sum of 
powers of numbers and a power of a sum of numbers. For 
example, observe the difference in the meaning of a 2 + b 2 and 
(a + b) 2 ; (a~ ] + b ) and (a + b)~ l ; (a + b ) -2 and (a 2 + b 2 ) 

and so forth. 

In the case of a sum or difference of powers, simplify each term 
of the sum separately, as: 

aT v + b ~ 1 = ^ ( 19 ) 


l 
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a 


—2 


+ b 2 ~ O 2 + i> 2 ’ 


( 20 ) 


and 


a* 4 — = Va — VF. 


( 21 ) 


In the case of a power of a sum or difference, the sum must be 
treated as a single quantity as: 

(a + b) 2 = a 2 + 2ab + b 2 , 

and 

(a + b)~' = ^T b ’ 


( 22 ) 


(23) 


and 


1 


(“ + & ) 2 = (a + 6?’ 


(24) 


and 


(a — &) w = Va — b. 


(25) 


Example 7. Fractions like ^ y -- 2 can be simplified by either of the 

x y 

following two methods. 

Solution. First Method. Apply definition 3 for negative exponents to 
all of the terms, in both the numerator and the denominator, that contain 

negative exponents. Thus, 


l + i 

X -1 + y-' _ X y _ 


xr 2 — y~ 2 


i _ i 

x 2 y 2 

V A x 
xy 


y + x 

xy 

y 1 — x 2 


x 2 y 2 


x 2 y 2 


y 2 — x 2 


_ xy 
y - x 


Solution. Second Method. Fractions containing sums and differences 
of negative powers of numbers and letters can be simplified by multiply¬ 
ing both numerator and denominator by such an expression as will make 
all the exponents in the new numerator and the new denominator positive. 


Thus, 


.-i 


+ y~ l 


ar 2 - y 
denominator by x 2 y 2 . Hence, 

ar 1 + JT l _ xy 2 + x 2 y _ xy(y + x) _ 
xr 2 — y ~ 2 y 2 — x 2 (y - x)(y + x) 

Since 


can be simplified by multiplying both numerator and 


xy 


y 


x 


(Vo + Vb)(Va — Vb) 

= (Va) 2 + Va Vb — Va Vb — (Vb) 2 = a — 6, 

0 


f26) 
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we see that it is possible to get rid of the radicals in the denominator 
in the following manner. 

To rationalize the denominator of a fraction whose denominator is 
composed of the sum (or difference) of two terms, one or both of which 
contains a square root, multiply the numerator and the denominator 
of the given fraction by the difference (or sum) of the two terms in 
the denominator. 

\/3 

Example 8. Rationalize the denominator of —-= - — • 

y/l + 3 \/2 

Solution. Multiplying both numerator and denominator by a/5 — 

3 V% we have 

a/3 _ VI . a/5 — 3 V2 _ Vl5 - 3 vq 

\/5 + 3 a/2 V5 + 3V2 a/5 - 3 \/2 5-9*2 

\/l5 — 3 V b 1 /TR I ^ /a 
- -^13- = “I3 vl * + l8 v5 - 


If a fraction has for its denominator the sum of several radicals, 
or the sum of radicals with indices greater than 2, the process of 
simplification becomes very complex and may be impossible. 

In a few special cases, we can obtain an alternate expression for 
radicals, as in the following manner. 


V 5 + 2 VO = ^2 + 2 V6 + 3 = (V2 + VS) 2 = V2 + V3. 


When simplifying a radical with a large number for the radicand, 
it is best to write the radicand as the product of powers of its 
prime factors. One way to do this is to divide the radicand by one 
of its prime factors and repeat with the quotient until all the prime 
factors are found. To illustrate, simplify 

v'MSO. 

The prime factors of 6,480 can be determined as follows: 


51 6,480 
2 | 1,296 
2]648 
21324 
2|162 
3|81 
3|27 

3 


* 


I 
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Therefore, 

•>^6^480 = v^2 4 • 3 4 *~5 = 2*3 </'l • 3 • 5 = 6 ^30. 

QUESTIONS 

1. What is meant by simplifying an expression involving multiplica¬ 
tion, division, and powers of letters and numbeis? 

2. What is meant by simplifying an expression containing sums am 

differences of powers? 

3. How is the denominator containing one radical rationalized.. 

4. How is the denominator consisting of the sum or difference of two 

square roots rationalized? 

EXERCISES 

Simplify each of the following (Exercises 1 through 72): 


1- ( 

^x 2 y 3 \ 1 


2. 1 

/ x~ 3 l/ 2> 

\*2T 5 , 

)'■ 

3. 

/x-y\ M 

\x 4 y~ 2 J 


(*“»)* 


6 

/ x- 4 y 3 ' 

)- 

6. 

3 [a 2 b 4 

%/ x & y 2 

9 

u« 

V* 4 */" 3 , 

; 


\a 5 b 3 ' 

7. 1 

fx-yy / 
\Py~~J * 

VyV“ 

Jcfjr*/ 

8. 

(2x w y 


9. 

aH-K 

a~ l b^ 4 

in * x y . 


11. 

/ xy"* 4 ' 

r* 

12. 

x~ l y~ 2 

i ■ * 

0 1 

AW* 



\ 

/ 


ar 2 i/ 1 

13. 

(v^ 3 */ 2 ) 6 . 




14. (x^y 



16. 

(?y * 

(?)■ 



16. (x 3 y“ 

Z Z a'j 1/3a 

* 

17. 

2 n+1 

( 2 »)n-l * 

(2 n_ * 1 ) n+1 



18. (x n y" 

1/n 

■ 

19. 

(x 10 ° • X” 1! 

l/(2a—3)^ 



20. {x 

4 y 8 )^. 


21. 

1 

[(z°) a ®]V<«+o. 



22. (x 1 ^' 

i-i) . x 

l/(»+l) Wl. 


23. x* 



(**) 



x~ j 




24. a* 


\ o» J ' 


26. 


9 n+l 


3 n+l 


(3")"- 1 * (3 n “ 1 ) n+l 


26. 


»• cw * &>t 
»■ ugr 


28. 


(a -,2 6) -3 . (a 2 b -3 ) -2 
(a -1 6 3 ) 2 * (o- 3 6 2 )- 3 ' 

(x"**yW)-V 



^x~ 2 



y 


-H 


/ \x“**yfc / 
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31. Va y/a 3 . 

33. Vx'y/x. 


36 



64 a 7 6 



8 \a 7 6 

37. y/12 • y/M>. 

39. y/arHf • V ab ~ 3 . 


41. 


y/ r xh/*z 

~^/x f, y 1 z 


43. 



V§ 


46. V 


. 4„.9*25 


47. 


x'y*z 

/16x 4 V * 

\8iirv ' 


49, 



x 2 y yjxy l z 3 x 2 z° 


61. 


x 3 y~ l z~ 3 yfx 

3/ 54 ~xSfz z 
24 a6 2 c s 


53. v / 4z‘W*. 
66 . y/a*b-*c*. 
58. (x ?4 x~* 4 ) - *' 4 . 

61. 12,000. 

64. + 6“^ 



32. V^ 2 

34. V 7 a: 2 Vs*. 

^V* Vi. 

2 y/Sy 

/xy-*Y» 

\y/xz 0 / 


36. 


38. 


40. 



42. 


x 


44. 


JJ^a 


a 3 b~ 

W 


3 V* • /^Y* 

“7 : W 1 / 



46. \/16a 2 x 3 — 64a 4 x 4 


48. 


50. 


-2 


52. 


54. 


66. to 10o ) H . 

69. v 9)000. 
62. V 15,552. 


65. 


x 


-3 


148xy 3 
8x _ ""?/ :,< 

Vxi/~ t z~ 3 x 5 z ~ 3 Vzz 7 j / 5 

L V (x 2 2/) 2 2 _3 x 2 (x2/" 1 ) 3 

V20x 4 

v^Tox 2 

V3,l11,696 x*2/® 

57. \/53,361aWd° 

60. >^432. 

63. x -3 — 2T 3 - 

a -2 + 6' 2 


x~ 3 — 2 T 3 


66 . 


a 2 + b 2 


67. 


1 


70. -- 


x -3 — 2 /~ 3 

3 




69. (x - 2/) -3 . 


4 - 36“ 2 


71. 


1 


1 — x“ 3 


72. 


2“ 1 a“ 2 6“ 3 
3 a 3 b 2 


Rationalize the denominator in each 

through 94): 


of the following (Exercises 73 


73. v A- 


77. VH' 


74. 


1 


V5 


76. 


3 ' 

T<J- 


76. VI 


78. VI- 


79. Vi 


80. 


1 


v& 
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81. 

<rt 


on 2^9 

82 ' 6 VS 

83. 


84. 

85. 

$ 


86 * \F" 

\a 

87. 

2 

1 - V2 

88. 

89. 

V3 + 
V3- 

4 

4 

% 

90. 

1 - \/2 

1 + V2 

91. 

2 \/‘ 
3 v: 

92. 

\/2 + 

VS 


1 

-94. 


\/2- 

vs 

i/O* 

2 + \/2 + V3 

l - 


V* 


l + \/2 


1 


>N AND DIVISION OF ALGEBRAIC 
PYPPESSIONS 


To multiply two algebraic expressions composed of sums of terms , 
multiply every term of the one expression by each term of the other 
expression ; then add the coefficients of like terms. For example, 

2(x 4 — 3x + 1) = 2x 4 - 6x 2 + 2, (27) 

and 

a(x 4 - 3x 2 + 1) = ax 4 - 3 ax 2 + a, (2b) 

and 

(x 2 — 2x — l)(x 4 — 3x 2 + 1) 

= x 4 (x 2 — 2x — 1) — 3x 2 (x 2 — 2x — 1) + 

_ 2jj — 

= x 6 - 2x 5 - x 4 - 3x 4 + 6x 3 + 3x 2 + x 2 - 2x - 1 
= x 6 - 2x 5 - 4x 4 + 6x 3 + 4x 2 - 2x - 1. (29) 


For convenience in adding, the work may be arranged as fol¬ 
lows. It usually facilitates the work if both the multiplier and 
multiplicand are arranged in either descending or ascending powers 
of some common letter. 


Example 1. Multiply (x 2 — 2x — 1) by (x 4 — 3x 2 + 1). 

Solution. 

x 2 — 2x — 1 
x 4 — 3x 2 + 1 
x 6 — 2x 5 — x 4 

- 3x 4 + 6x 3 + 3x 2 

x 2 — 2x — 1 

x 6 — 2x 6 — 4x 4 + 6x 3 + 4x 2 — 2x — 1 


It is always possible to check the product of two algebraic 
expressions by assigning values other than 1 or 0 to each of the 
letters in the multiplier, the multiplicand, and the product. 
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To illustrate, let x — 2 in Example 1, then 

(x 2 — 2x — l)(x 4 — 3x 2 + 1) = x 6 — 2x 5 — 4x 4 + 6x 3 + 4x 2 — 2x — 1 
becomes 


(4 — 4 — 1) (10 - 12 + 1) = 64 - 64 - 64 + 48 + 16 - 4 - 1 
or 

(_1)( 5 ) = -5, 


which indicates that the multiplication is correct. 


To divide two algebraic expressions composed of sums of terms, 
it is highly recommended that both dividend and divisor be arranged 
in descending powers of some comm,on letter before dividing .* 

Divide the first term of the dividend by the first term of the divisor 
for the first term of the quotient. Then multiply all the terms of the 
divisor by this term of the quotient and subtract the product from the 
dividend. Repeat for the remaining terms of the quotient until the 
remainder is either zero, or of lower degree in this common letter 

than the divisor. 


Example 2. Divide 5x — 3x 2 + 2x 4 by x 2 + 3 — 2x. 

Solution. After arranging the terms in descending powers of x, 

have 


2x 4 - 3x 2 + 5x 

2x 4 — 4x 3 -f~ 6x 2 _ 

4x 3 — 9x 2 + 5x 


x 2 — 2x H~ 3 
2x 2 + 4x — 1 


4x 3 - 8x 2 + 12x 

— x 2 — 7x 

— x 2 + 2x — 3 

- 9x + 3 


we 


Hence, the quotient is 2x 2 + 4x - 1 and the remainder is -9x + 3. 
We can now write Example 2 as 


2x 4 — 3x 2 + 5x 
x 2 - 2x~+ 3 


2x 2 + 4x - 1 + 


— 9x + 3 
x 2 - 2x + 3’ 


or, since 

dividend = (divisor) (quotient) + remainder, 



wq can write Example 2 as 

2x 4 - 3x 2 + 5x = (x 2 - 2x + 3)(2x 2 + 4x - 1) + (-9x + 3). 

* In case there is no remainder, then both dividend and divisor can be arranged in 
either ascending or descending powers of some common letter. 
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Let us check these results by letting x - 2; then, 

32 - 12 + 10 = (4 — 4 + 3)(8 + 8 — 1) + (~ 18 + %)> 


or 


30 = (3) (15) - 15, 


which indicates that the results are correct. 

Caution ■ When checking division by assigning values to the 
leUers iHs best to express the result in the form given m Equation 
'(30) and not to assign values to the letters that will make the 

divisor zero. 

Examole 3. Divide x 3 - 3xyz + y 3 + z 3 by z + y + *. 

Solution. After arranging the terms in descending powers o x, w 

have 


x 3 — (3 yz)x 

x 3 + (y + z)s 2 


+ (y 3 + 2 3 ) | x + (y + z) 

| x 2 - (y+z)x+ (y : 


-yz + z 2 ) 


- (y + z)x 2 - (3 yz)x 

— (y -\r z)x 2 — (y + z)-x 


(y 2 - yz + z 2 )x + (y 3 + z z ) 

(y 2 - yz + Z-)X + (y 3 + Z 3 ) 

since (y + z) 2 = y 2 + 2yz + 2 2 andT”[y + z) (y 2 - y z + 


y 3 + z 3 . 


In the case of the quotient of two expressions containing two or 
more letters, the remainder not being zero, it is possible to obtain 
the result in different forms by using different arrangements of 
the letters. To illustrate, we can divide x 2 + y 2 by x + y if we 
arrange both the dividend and divisor in descending powers of x, 
or if we arrange both in descending powers of y- Thus, 


X- 


4- y 2 s + y 


x 2 + xy 


- xy + y 2 

- xy - y 2 


x - y 


y 2 

y 2 + yx 


+ 3 2 | y + x 


y - x 


— yx + x 2 

- yx 


— x 2 


2 y 2 

Both results are correct because 


2x 2 


x 2 + y ! 
x + y 


= x - y + 


2y ; 


or 


y - x + 


2x 2 


x + y 


x + y 

t 

EXERCISES 

1. Arrange each of the following five expressions in descending powers 
of x : 
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(a) 6x 5 — 4x + 5x 3 + 2 — x 4 ; 

(b) x 3 — x* + 5x — 2x* + 7; 

(c) 3x~ 3 — 4x 4 — 5.x -2 + x 3 — 2x 5 + 5; 

(d) 5x 2 - 3x + 2 - ax 2 + bx - c ; 

(e) 2x 3 — 3ax 2 + ax 3 — ox 2 — b 3 -j- 7 — ax + 2x + b. 

2. Arrange each of the following five expressions in descending powers 
x and of y : 

(a) 3xV — 2x 2 y + 3xy 2 + 5xy — 4x - 2y + 7; 

(b) 4x 3 y — 3x?/ 3 + 2x-y 2 - Ixy 1 - 5 x 2 y - 3x -H 2xy — y 2 — 8; 

( C ) 2xY - 5x 3 - 2xY - 3x 3 i/ 3 - 6x 2 ?/ + 7xy - 12y + 8 xy 2 - 9; 

(d) 6xv - 2xY - 5x Y - 2x y A - 5x *y* + 7 ~ l2x y 2 _ 2a;3 ^ 4; 

( e ) 3a 3 - 4x 2 ay 2 + Qxy 3 - 4a 2 x 3 - 7x 2 y - 5 axy - 3x 2 a 2 y 2 + 4x 2 y 2 - 
3x 2 a 2 + 5 a 2 y 2 . 

In Exercises 3 through 41, perform the indicated operations. (The 
results may be checked by assigning values to the letters.) 

3. (2x — 5)(3x + 2). 

4. (2x — 5y) (3x 4* 2y). 

5. (x + 2/ + 2 )( x “ 2/ + £ )- 

6. Multiply 3x 3 - 2x 2 + 1 by x 2 - 5. 

7. (3x 2 — 2xy + y 2 ){x 2 — y 2 + 2x — 3y). 

8. Multiply 2x 2 - xy + y 2 - 7x + 2y - 3 by 2x - 3y-+ 2, 

9. Multiply + 4^ “ f c by |a - lb 4- ic. 

10. Multiply x 3 ”+ 2 - x 2n+1 4- x n - x' 1 by * 2n+3 ~ 2 * n+2 ~ 3x • 

11. Multiply x Vi 4- x Yl ~ xh ~~ ^ by x h — 

12. Multiply x 9/ * - 2x% 4- 2x* - 3 by & - 2x^ 2 + x-». 

13. Multiply 5a 3 - 3ab 2 A 2 (Lb - 4b :i by 2a 3 - 3a 2 /> - 2b 2 . 

14. Multiply 2a 3 - 3a 2 6 4- 4b 3 by 3a 3 - 5a 2 b - 2b 3 . 

15. Multiply a** - 3a^ 4- 2a* - 3 by a* - 2 4* 3a'*. 

16. Multiply x 3 — x*y* 4* x r>/j y 3 — xy* by x 3 4- l f xl J 

17. Divide x 4 — 3x 3 — x 2 4- fix 4- 2 by x - 2. 

18. Divide Ox 3 - 3x 2 — 5x — 0 by 2x — 3. 

19. Divide 6x 4 - 7x 3 - 2x 2 4- x - 10 by 2 - x 4* 2x 2 . 

20. Divide 4x r> — 3x 3 4- 4x - 2 by 2x 2 - x 4- h 

21. Divide x h - y b by x - y. 

22. Divide x f> 4* y b by x 4" V- 

23. Divide x r> - x 4 ?/ - y h ~ % X Y by x 2 4- 2 xy 4- */• 
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24. Divide x 4 + x 2 y 2 + y 4 by x 2 - xy + y 2 - 

25. Divide 3x 5 - 2x 4 - 8x 2 + 5x by 2x 2 - 3x -f 1. 

26. Divide 12y 3 - 3 - y 4 "" 2 - 20y 3 - 4 + 19y 2 " - 10y" +1 by 4y 2 " - 


3y* +1 + 2y 2 . 

27. Divide x 5 + x 4 y - x 2 y - 2x 3 y — x 4 + xy - x n -y l + y by x 3 + 
x*y — y. 

28. Divide x 2 - 2x*y* + 3xy - 2x*y* + y 2 bv x - x»y* + y. 


29. Divide x* + x* - x* - 1 by x w - 1. 

30. Divide a- - 2a* + 5a* - 8a + 9a* - 6a* + 2 by a* - a* + 1. 


31. Divide 2x - 1 by 3x + 1. 

32. Divide 3x 2 + 8x - 10 by 5x 2 + 2x - 3. 

33. Divide x 4 y - x 3 y 2 - 2x 2 yz - x 3 y + x 2 y - xz 2 - y 2 - yz + x 3 z by 


x 1 — xy — y ~ 2 . 

34. Divide x 3 + 8y 3 + 2 3 — Gxyz by x- + 4y 2 + 2 - — xz — 2xy — 2yz. 
36. Divide 2x 4 + x 3 + 2x 2 + 1 by 3x 2 + x + 2. 

36. Divide x 2 - 4y 2 - 25z 2 + 20yz by x + 2 y - 5z. 

37. Divide x 4 yz — x 3 y 3 — x 2 y 4 + x 2 y 3 z + xy’z + xyz 4 — y 4 z~ — x 3 z 3 + 
x*y*z 2 - x 2 z 4 by x 2 z - xy 2 + xz 2 - y 3 . 

38. Write the quotient of X _ 

x y 

n _ i|yfl 

39. Write the quotient of - (n even). 

x + y 

n is odd? 

40. Write the quotient of - v ~ " ( n °dd). 

x + y 

n is even? 

X* i 

41. Write the quotient and remainder of 

x y 


What is the remainder if 


What is the remainder if 

m 







types of factoring 

I. ax + ay = a(x + y )• , 

2 a:c + ay + bx + by = a(x + y) + &(* + ») = (* + M 0 + b) ’ 

3. x 2 - y 2 = (x + y)(* _ v)- 

4. x 2 + 2xi/ + y 2 = (x + 2/) 2 - 

5. x 2 - 2xy + y 2 = 0 “ V) 2 - 

6. X 3 + y 3 = (® + y)(x 2 - x v + y^‘ 

7 . x z — y* = {x — y) (x 2 + xy + y 2 ). 

8. x 3 + 3x 2 y + 3xy 2 + y 3 = (x + y) s - 

9. x 3 - 3x 2 y + 3xy 2 - y 3 = (* - ^) s - 
10. x 2 + (a + b)x + ab = (x + a) (x + b). 

II . ^2 ( a -f b)xy + aby 2 = (x + ay)(x + &y)- 

12. acx 2 + (ad, + bc)xy + My 2 = (ax + W® + *'• 

is. + f + ’ 

14 + X 2yt + y* = X 4 + 2x 2 y 2 + y 4 - 

V = (x 2 + y 2 - xy)(x 2 + y 2 + xy). 

15 . x 2 + y 2 + z 2 - 2xy + 2 -> :2 - 2yz = (x - V + z) 2 - 


25. POLYNOMIALS 


+ CL n - + dn- 1 ® + a " 


function of x of the form 

aox" + d\X n ~ x + a 2 x n - 2 + • ‘ * 

, ot more than » + 1 terms), where n is a positive integer m^zero 

id the o’s are constants, real or imaginary, is ca a j 

tegral function of x or a polynomial m x. If a ° ^ 0 ( " ^' uch 
, zero) the function or polynomial is said to be of degr . 

cpressions as 

and 


: 2 - 3i 2 + 4x - 7, 6x 2 - 5, 


v ,j ^ + {X s — V —5 

50 
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are examples of rational integral functions of z or polynomials in 
x .' For an expression to be a polynomial in x, or a rational integral 
function in x, all the exponents of the x’s must be positive integers, 
while the coefficients may he any constants, real or imaginary. 

It is possible to have rational integral functions of several 
variables or polynomials in several variables. To illustrate, 

6x 2 y - 3 xyz 3 + 7 xy 2 

is a rational integral function of x, y,z or a polynomial in x, y, z. 

A polynomial in the variables x, 2/, *,•••» defined to be the 

algebraic sum of terms of the type 

# 

kx a y h zf • * * , 

where a, b, c, • * • , the exponents of x, y, z, * ■ • , aie nonuegative 
integers and the coefficient k is any constant, real or imaginary. 

The degree of a term of a polynomial with reference to specified 
variables is the sum of the exponents of these variables in this 
term. To illustrate, the term 

6 x 3 y 4 z 


is of the third degree in x, fourth degree in y, first degree in z, 
seventh degree in x and y, fourth degree in x and z, fifth degree in 
y and z, and eighth degree in x, y, and z. 

By the degree of a polynomial in specified variables is meant the 
degree of the term or terms of largest degree in these specified 
variables. To illustrate, the polynomial 

3x 5 + x 2 y 2 z 4 — 4 xy 2 z z + z 1 

is of the fifth degree in x, second degree in y, seventh degree in z, 
eighth degree in x, y, and z, and so on. 

Any expression that can be represented as the ratio of two 
polynomials is called a rational fractional function, where the 
polynomial in the denominator is not a constant, as: 

x + y _i, c t 9 i x 9 , x — y 

- ) x 1 + 5, and x 2 H- y 2 -\—= — - n - 

x - y ’ y x 2 + 2 

Algebraic functions which are not rational integral functions or 
rational fractional functions are called irrational functions, as: 

5 Vx + 3 and Sx H + 7x H — 2x 3 — 2. 
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26. FACTORING 


If a polynomial can be written as the product of two or more 
polynomials, then each of the latter polynomials is said to be a 
factor of the given polynomial. Thus, 3, x, and (x — y ) are each 
factors of 3z 2 — 3 xy, which can be written as ‘6x{x — y). 

The factors of x 2 — 5 are x -b V5 and x — \/5. These 
factors are polynomials in x. However, if x — y is written as 
(Vx -b Vj/)(Vx — V~y), these quantities are not considered as 
factors of x — y since Vx -b Vy and Vx — Vy are not rational 
integral functions in the two letters x and y. 

The term factoring is restricted to polynomials. If irrational 
numbers and imaginary numbers are permitted in the factors, then 
every polynomial 



a 0 x n + a ix n 1 + d 2 x n 2 -b • • • + a n 


can be written as the product of n linear factors as follows (see 
Equation 16, Chapter XII): 


a 0 (x - ri)(z — r 2 ) * • ' (x — r n ). 


However, in this chapter we shall restrict the term factor to mean 
a polynomial with integral coefficients. Thus in this chapter the 
factors of 6x 2 + 7x - 5 are (2s - 1) and (3rr + 5). (In Chapter 
XII it will be convenient to consider (x + -J-) and (x + -J) as factors 

of 6z 2 + 7x — 5.) 

By factoring , in this chapter, we mean writing a given polynomial 
with integral coefficients as a product of its prime factors, or as powers 
of prime factors, if some of the prime factors are repeated. A factor 
is a prime factor if it cannot be expressed as the product of two 
polynomials with integral coefficients other than unity and itself 

or the product of their negatives. 

Sometimes the methods that are used to factor polynomials can 

be used to write an expresssion that is not a polynomial as a 
product. To illustrate, since x 2 - y 2 = (x + y)(x - y), then 
e 2 * _ e - 2 * can be -written as (e*) 2 — (e"*) 2 = (e* + - e~*). 

Most of the fundamental types of factoring used are listed at 
the beginning of this chapter; a complete understanding of them 
by the student will aid in factoring. As an exercise, the stu¬ 
dent should verify each type by carrying out the indicated 

multiplication. 
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Some of the simpler types of factoring, such as Types 1, 2, 4, 
and 5, were known to Euclid three centuries before Christ. How¬ 
ever, it was centuries later before other factoring types were 

known, including the factors of x 2 - y 2 . 

A discussion of each type, of factoring follows. 

Type 1. Common Monomial Factor. 

An example is 

6 x 2 — I2xy 2 = 2 • 3x(x — 2 y 2 ). 


Type 2. Factoring by Grouping. 

An example is 

3 ax + by — ay — 3 bx — 3 ax — 3 bx — ay + by 

= 3x(a — b) — y(a — b) 

= (a - b){ 3x - y). 

Type 3. Difference of Two Squares. 

The difference of the squares of two numbers is equal to the product 
of the sum of the two numbers and the first number minus the second 

number. Thus: 

16a*x 4 — 25 y* = (4ax 2 ) 2 — (by 3 ) 2 

= (4ax 2 4* 5y 3 )(4ax 2 — by 3 ). 

Types 4 and 5. Square of a Binomial. 

The square of the sum of two numbers is equal to the square of the 
first number, plus twice the product of the two numbers , plus the 
square of the second number [in Type 5 the second number is —y]. 

For example, 

9x 2 — 12 xy 2 + 4 y 4 = (3x — 2 y 2 ) 2 . 

Observe that 

— 12 xy 2 = 2(3x)( —2 y 2 ). 

Types 6 and 7. Sum or Difference of Two Cubes. 

The sum (difference) of the cubes of two numbers is equal to the 
product of the sum (difference) of the two numbers and the square of 
the first number minus (plus) the product of the two numbers plus 
the square of the second number. As an illustration: 

27x« - Sy 3 z 9 = (3x 2 ) 3 - (2 yz 3 ) 3 

— (3x 2 — 2yz 3 )(9x 4 + bx 2 yz 3 + 4 y 2 z*). 

Type 8. Cube of a Binomial. 

The cube of a sum of two numbers is equal to the cube of the first 
number, plus three times the product of the square of the first number 
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and the second number, pins three tutus the produet of th* first number 
and the square of the second number , plus the cube of the second 
number. For example, if we factor 

x 3 4- 6x 2 y 2 4* 12xy 4 4- 8y # , 

we observe that x 3 = (x) 3 and 8y # = (2y 2 ) 3 , thus suggesting the 
following: 


x 3 4- (>x 2 y 2 4- 12xy 4 4- 8y 6 

= (x) 3 4* 3(x) 2 (2y 2 ) 4- 3(x)(2y 2 ) 2 4- (2y) 3 

= (x 4- 2y 2 ) 3 . 

Type 0. Cube of a Binomial. 

Observe that the signs alternate in the formula for the cube of a 
difference. 

Type 10. Factoring a Trinomial of the Form 

s 2 4- (a 4- b)x 4- ab = (x 4- a)(x 4- b). 

This type of factoring consists of finding a pair of numbers whose 
product is the constant term and whose sum is the coefficient of x. 
An example is 

x 2 — 5x — 66 — (x 4" — 11)* 


Here ab = (6)(—11) = -66, and a + 6 = 6 - 11 - -5. 

Type 11. This is very similar to Type 10. 

Type 12. Factoring a Trinomial of the Form 

acx ! + (ad + bc)xy + bdy* = (ax + byXcx + dy). 

This tvpe of factoring is accomplished by using a trial and error 
method. Examine the products of different possible factors until 
the correct factors are found. As an example, factor 

6x 2 - 31x 4“ 35. 


If this example has any factors they must be one of the following 
forms (since the factors of 6 are either 6 and 1 or 3 and - . 



or 



he^e take care of the possible choices for a and c. ^~ ex ' ^ 
der all the possible choices for b and d. These are 1 and 3- • 
r ±5 and ±7. Thus, if 6i 2 - 31x + 3o has any factor, the. 

mst be included in the following list of products: 
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(6# 

«(* 

35), 

(Zx 

l)(2x 

35), 

(6z 

35) (x 

1), 

(3x 

35)(2x 

1), 

(6z 

5)(z 

7), 

(3x 

5)(2x 

7 ), 

(6z 

7)(» 

5), 

(3z 

7)(2x 

5). 



Test each of these products to see which is such that ad + be 
= —31. It is evident that +7*3 and +5*2 can be combined to 
give —31, provided we choose —5 and —7. Therefore, 


6x 2 - Six + 35 = (Sx - 5)(2* - 7). 


It should be observed that this is the only combination of the 
products that can be used. 

Type 13. This type is reducible to the difference of the squares 
of two numbers in which one of the numbers is composed of a sum 
or difference. For example: 


x 2 — y 2 + 4 yz — 4 z 2 = x 2 — ( y 2 — 4 yz + 42 s ) 

- /Jj2 _ _ 2Z) 2 

= [x 2 + (y - 2 z)][x 2 - (y - 2 z)] 

= (x 2 + y — 2 z){x 2 — y + 2 z). 

Type 14. This type is also reducible to the difference of the 

# 

squares of two numbers, usually accomplished by adding and then 
subtracting the same number which is itself a perfect square. To 
illustrate: 

4x 4 — 5 x 2 y 4 + y s = (4x 4 — 4 x 2 y 4 + y 8 ) — x 2 y 4 

= (2x 2 — y 4 ) 2 — {xy 2 ) 2 
= ( 2x 2 + xy 2 — y 4 )( 2x 2 — xy 2 — y 4 ). 

Type 15. Square of a Polynomial . 

The square of the sum of three or more numbers is equal to the sum 
of the squares of each of the numbers, plus twice all the possible 
products of the numbers taken two at a time. As an example, factor 

x 2 + 4 y 2 + z 2 — 4 xy + 2 xz — 4 yz. 

Since X“, 4 y 2 , and z 2 are each a perfect square, it suggests the form 
(* 2 V z) 2 - Since the terms in y are negative, and the term in 
xz is positive, it suggests that the signs of the x and 2 terms are 

alike and the sign of the y term is opposite to the sign of x and 2 . 
Therefore, 

x 2 + 4 y 2 + z 2 — 4 xy + 2 xz — 4yz 

= (x - 2y + 2 ) 2 


or 


(— x + 2 y - z) 2 . 
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This can be verified readily by squaring either (x — 2y + z) or 
(~x + 2 y - z). 

QUESTIONS 

1. Define factor. 

2. What is meant by factoring? 

3. Give fifteen types of factoring. 


EXERCISES 


1. Give the degree of the polynomial x 3 — 6x 4 + 7x 2 - 2. 

2. Give the degree of the polynomial 4x 2 y — 2 yz 3 + 5x 2 yz 4 — 7 in x; 
in y; in z; in x and y, in x and z; in y and z; in x, y } and z. 

3. Give the degree of each of the following equations in x and y: 

(a) 6x 5 — 2x 3 + 1=0; (b) x 2 + y 2 = 16; 

(c) y 2 — 3x; (d) a 2 x 2 + bhy 2 = a 2 6 2 . 

4. Give the degree of each of the following equations in x and y: 


(a) 3x - 2y + 4 = 0; (b) xy = 5; 

(c) 5x 2 — Ixy + 4 y 2 = 10; (d) y = 2x + 4. 

In Exercises 5 through 24, perform the indicated operations. 


5. (2x — Zy){Zx — 2 y). 
7. (a 2 - 36) (a + Zb 2 ). 
9 . (ox + l)(x d). 

11 . (x - 2y + 3z) 2 . 

13. (x + 2 y 3z) 2 . 


6 . (x 2 — y 2 ) 2 . 

8. (x - 3)(2 - x). 
10 . (x + y — 3) 2 . 



15. (3x 2 - 4y)(5x - 6 y 2 ). 

17. (e* + e~ x ) 2 -‘ 

19. (x - 3)(x 2 + 3x + 9). 
21 . (x + y + z)(x - y + z). 
23. (2 \/^ + 3)(3 Vx - 5). 


16 . (x + y + z)(x + y — z). 

18 . (e* — e -1 ) 2 . 

20. (2a + 36) (4a 2 - 6a6 + 96 2 ). 
22. (2x - 3z/)(4x 2 + Qxy + 9 y 2 ). 
24. ( e x + e~ x ) (e x - e ~ x ). 


Factor each of the following (Exercises 25 through 72): 


25. (a) x 4 - x 3 + x 2 - x; (b) x 2 - y~ - ay + ax. 

26. (a) 3x 3 + 1 - x 2 - 3x; (b) x 3 - x 2 + x - 1. 

27. (a) x 2 - 16; (b) x 4 - 16. - 

28. (a) x 4 — z/ 4 ; (b) x 2 + 4 y 1 — 4 a 2 — 6- + 4 xy + 4a6. 

29. (a) x 2 — 10 xy + 25 y 2 \ (b) x 4 + 10 x 2 y 2 + 25 y 4 . 
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30. (a) 

31. (a) 

32. (a) 

33. (a) 


x 2 - 4 xy + 4 y 2 ; (b) (x - y ) 2 — 2x + 2y + 1. 

x 3 — 27; (b) 8x 3 + 27 y 6 . 

X® _ y6. (fo) a 12 — 646®. 

x 3 + 3x 2 + 3x + 1; (b) x 3 — 6x 2 + 12x — 8. 

34. (a) 8x 3 + 36 x 2 y + 54xy 2 + 27 y 3 ; (b) x 3 - y 3 - 3 x-y + 3 xy 2 . 

a 2 - 5a - 84; (b) 1 + x - 6x 2 . 

x 2 — 2x — 15; (b) (x 2 — 3x) 2 + (x 2 — 3x) — 12. 

6x 2 — bxy — 6 y 2 ; (b) 2x 2 + 5x — 12. 

4x 2 — llx + 6; (b) 3x 2 y 2 — 9 xy 3 — 12 y 4 . 

x 2 — 2 xy + y 2 — z-\ (b) x 2 + 2 yz — y 


35. (a) 

36. (a) 

37. (a) 

38. (a) 

39. (a) 

40. (a) 

41. (a) 

42. (a) 

43. (a) 

(b) 

44. (a) 

(b) 

46. (a) 

(b) 

(c) 

46. (a) 

(b) 

(c) 


,2 — (b) x 2 + 2 yz — y 1 — z 1 

6 2 — 46c + 4c 2 — 9a 2 ; (b) x 4 + 4 y 4 . 

x 4 + x 2 + 1; (b) 4x 4 + 3 x 2 ^ 2 + y 4 . 

25x 4 — 19 x 2 y 2 + y 4 ; (b) x 4 — 13 x 2 y 2 + 4 y 4 . 

x 2 — 2 xy + y z + 2x — 2y + 1; 

x 2 + 2 xy + y 2 — 4x — 4?/ + 4. 

x 2 + 4 y 2 -j- z 4 — 4 xy -j- 2 xz 2 — 4 yz 2 ; 
x 2 — 4 yz + z 2 + 4 xy + 4 y 2 — 2 xz. 

ax 2 -f x — a 2 x — a; 


ax 

ax 


2 _ 

2 _ 


a 2 x + a — x; 
a 2 + x — a 3 x. 


abx 2 + a 6 — 6 2 x — a 2 x; 
3a 2 + 3a6 — ac — be; 
x 2 — 3ax + 6a6 — 26x. 

47. 16x 4 + 4a 2 6 4 x 2 + a 4 6 8 . 

49. 6x 2 + 5 xy 2 — Gy 4 . 

61. 48x 4 — 243x 2 y 4 . 

63. x 2 y 2 — xyz — 90 z 2 . 

66. Gx 2 y 2 + 7xyz — 20 z 2 . 

57. x 4 y 2 + 6 x 2 yz 2 + 52 4 . 

59. a(x - y) — b(y — x). 

61. 4x 2 — 4 y 2 — 12 xz + 9^ 2 . 

63. x 2 — 4ax + 3a 2 — xy + ay. 
65. 3x® - 375a 3 6®. 

67. a 3 — 6 3 + 36 2 x — 36c 2 + c 3 . 
69. 4x 2 + 4 xy 2 — 15 y 4 . 

71. x 3 — 6 x 2 y + 12xy 2 — 8 y 3 . 


48. x*y 3 + 3 x 4 y 2 + 3 x 2 y + 1. 

60. a 3 x 6 — 8a®. 

62. x 8 — 16 y 2 . 

64. a 3 + 5a 2 6 + 6a6 2 . ' 

66 . x 6 y 2 — x 2 y 6 . 

58. 4x 4 + 8 x 2 y 2 + 9 y 4 . 

60. 2x 2 - Gy 2 + xy + 4x2 + 8 yz. 
62. 6 x 3 y — 15 xy 3 — x 2 y 2 . 

64. 6 x 4 y 2 + 19x 2 ya6 2 — 36a 2 6 4 . 

66. 4x 4 + a 4 y s . 

68. a 3 — 6 3 — 3a 2 + 3a — 1. 

70. 2x 2 + 4 xy + 2 y 2 + 2ax + 2 ay. 
72. 25x 4 - 60 x 2 y + 36 y 2 . 


73. Show why x* + x 2 + 1 can be factored and x‘ - x* + 1 cannot be 
factored. 
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74. Show why a 4 — 8 a 2 b 2 + 45 4 can be factored and a 4 + 8a‘ 2 6‘ 2 + 46 4 

cannot be factored. _ 

Write each of the following expressions (Exercises 75 through 92) as a 

product. 


75. x - xK - 6. 

77 . x 5 + 2x& — 8 . 

r 2 V 2 

79 ' '-t + 2 + F 

81. ar 2 + Gx- 1 + 9. 

83. e 2x + 2 + e" 2 *._ 

85. x + 2 — 2 Vz + 2 + !• 

87 i. + 2c + £. 

87 ' 55 ' < J & «' 2 


76. x* 4 + x* 4 - 6. 

78. x^ 4 + 6x % - 12. 

__ 4x 2 4x . . 

80. 7r—2 — Q- + E 

9?/ 2 3 y 

82. x“ 2 + 2(xy)~ 1 + yr 2 . 
84. e 2 * - e^ 2x . 

86 . x 2 + 5 + 4 \/x 2 + 1. 


88. - + - - 2. 

y x 

6 y , 3w 2 
90. 3- % + —: 4 " 

X 2 x 4 

92. (X* 4 - l) 2 + s* 


2 / 



89. x 2 - 


6 


x 


2 + 1 - 


X 




91. 2(x^ - l) 2 - + 1- 

97 HIGHEST COMMON FACTOR AND LEAST COMMON 

MULTIPLE 

Any polynomial with integral coefficients that is a factor of each 
polynomial of a set of two or more polynomials with mtegra 
coefficients is called a common factor or a common divisor of these 
polynomials. To illustrate, 2, x 2 , and x - y are common facto 
of the following set of polynomials which are written in factored 

form. w , . 

• Gx 3 (x — y){x + y)t . 

2 x\y — x) (x 2 + y' 2 )y * 

4x 4 (x — y) 2 {x + y) 2 - 

A factor is taken without regard to sign. Thus, «^b« * - » 
or y - x, but not both, is to be considered as a common facto 

{] VheTgl2t S common factor C H.C.F.) of two or more 

with integral coefficients is the polynomial of hig est egree an ^ 

the largest integral coefficients that is a factor o) each of t g 

'"’tv"polynomial that contains another polynomial as a factor 
is s*d to be a multiple of the latter polynomial Any polynomial 

that contains each polynomial of a set of tA ^ h 01 polynomials, 

as a factor is said to be a common multiple of t he set of po > 
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To illustrate, (x - y) 2 (x + y ) 2 is the common multiple of the 
following set of polynomials 

(x 2 - y 2 ), (x - y) 2 , (x + y) 2 . 

All polynomials are written in factored form. 

The least common multiple ( L.C.M .) of two or more polynomials 
with integral coefficients is the polynomial of lowest degree and with 
the smallest integral coefficients that has each of the given polynomials 
as a factor. 

The H.C.F. and the L.C.M. of a set of polynomials are most 
conveniently found when it is possible to factor each polynomial 
of the set into its prime factors; for then the H.C.F. is the product 
of all the common prime factors, each factor having for its exponent 
the smallest exponent this factor has in any of the given poly¬ 
nomials, and the L.C.M. is the product of all the different prime 
factors, each prime factor having for its exponent the greatest 
exponent this factor has in any of the given polynomials. To 
illustrate: 

Example. Find the highest common factor and the least common 
multiple of 2 • Zx z (x — y)(x + y ), 2 x 2 (y - x)(x 2 + y 2 ), and 2 2 .r 4 
(x - y) 2 {x + y ) 2 . 

Solution. The common factors of the set are 2, .r 2 , and (x — y). 
Hence, the H.C.F. is 2x 2 (x — y). 

The different prime factors of the set are 2, 3, x, (x — y), (x -f y), 
and (x 2 + y 2 ). Hence the L.C.M. is 2 2 • 32 ’ 4 (x* — y) 2 (x + y) 2 (x 2 + y 2 ). 

28. FRACTIONS 

The same properties hold for fractions having algebraic expres¬ 
sions for numerators and denominators as were developed in 
Articles 15, 16, and 17, Chapter II. 

Multiplication of Fractions 

To multiply fractions , factor each numerator and each denominator 
except perhaps those expressions that are common to some numerator 
and some denominator. Then, employ cancellation until no numera¬ 
tor contains a factor common with any denominator. After cancella¬ 
tion multiply the remaining factors in the numerator for the numerator 

of the product and multiply the remaining factors in the denominator 
for the denominator of the product. 
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Cancellation consists of dividing both numerator and denominator 
by the same factor. To illustrate, dividing both numerator and 
denominator by (x - y ) in the following, we have 


1 


(x — y) _ 1 ! 

“ 1 



and 



(x - y) = _1 

{x - p)*- 

{x - y)~ 


(x - y) z 


(4) 


In many cases the quotient 1 is not written but is understood. 


, , x 2 — 3x + 9 v xf 9 . 

Example 1. Find the product ■ 2 —"g" - x z + 27 

Solution. Factoring each numerator and each denominator, 

simplifying, we get 


and 


x 2 - 3 rr + 9 x 2 - 9 


2 x — 6 


-x 


x 3 + 27 
9 




X 



(®- 


1 

i 


Let us observe how to divide a product by a given number, and 

how to divide a sum or difference by a given number. 

When a product is divided by a given number, only one mem er 

of the product is divided by the divisor, as: 


4 * 14 -T- 2 = = 2-14 


or 


4*7, 


and 


ab 


ab a * 7 
c = T = c 


or 


b 

a 'c 


(5) 


When a sum or difference is divided by a given number, each 

jss jz »* - «* «' *>* <»«*”“ “"•* bt 

divided by the divisor, as: 

2 I 


4 + 44 . o j_ 7 = Q 

(4 + 14) 4- 2 = = 2 + / « 


2 


not 


7 

4 + U 

2 


or 


ii; 


and 


a + b _ a b 

(a + b) + c = -j- ~ c -r c 


( 6 ) 
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factoring and fractions 

to avoid any possible errors .n cancellation.iii^ 


before cancellation is employed. To illustrate, 

4 + 14 _ 2(2 + 7) _ g 


2 % 


is to be preferred to 


2 7 



Division of Fractions 


To divide fractions, factor all numerators and all denominators; 
invert all fractions in the divisor, and then, after cancellation, multiply 


the result. 


Example 2. Simplify 


x 2 + xy v x 2 - xy ' 

— —- —ZL o A / ~\9 


x 2 - 3 xy + 2y l ' xy - 2y- (x - y) 2 

Solution. Factoring each numerator and each denominator, inverting 
the divisor, and simplifying, we obtain 



(•£-y) (aH-y) w 2g) x(z^~y) = __y _ 

_ (*- 2y)(x ~y) a;(«-Hr) ® ” V 

Addition and Subtraction of Fractions 

To add or subtract fractions, the following seven steps should be 
followed carefully. 

Step 1. Rewrite the given problem so that all the numerators and 
all the denominators are arranged in ascending or descending powers 
of some common letter , and write each fraction with its denominator 

factored. 

Step 2. Express each fraction with the same common denominator. 
This is accomplished by multiplying the numerator of each fraction 
by the quotient obtained by dividing the least common denominator 
iL.C.D.) by the denominator of this fraction. It is best to indicate 
all such products. 

Step 3. Add the new numerators. This addition should be 
indicated. 
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Step 4. Enclose the separate products in parentheses unless the 
products are very simple. In case the products are simple, Step 4 
may he omitted. 

Step 5. Remove all parentheses. 

Step 6. Collect like terms. 

Step 7. Check result by assigning values to the different letters 
appearing in the given fractions and in their sum. 

When adding fractions, never fail to write the common denomi¬ 
nator of the sum, and be certain that this denominator is the least 
common denominator and not just a common denominator. 

Example 3. Add 

x 2 + 2 x + 2 3 — 2x ^ 

x 2 — 1 1 + x (1 — x) 2 

Solution. Arranging each numerator and each denominator in decend- 
ing powers of x, factoring each denominator, and observing that the least 
common denominator is (x + l)(x — l) 2 , we have 


x 


-j - 2 x d - 2 3 — 2x 


x 2 — 1 


x 


1 + X 
+ 2 




(1 — x) 2 
x + 2 


- 2 


2x - 3 

(x — l)(x +1) X + 1 (x — l) 2 
_ (x 2 + 2)(x - 1) _ (x + 2)(x — l) 2 


(x + l)(x — l) 2 


(x+ 1)(* - l) 2 
(2x — 3) (x + 1) 
(x + 1)(x - l) 2 


2(x + l)(x — 1) 



(x -{- l)|x 

(x 2 + 2)(x - 1) - (x + 2)(x - l) 2 - 1 

_ (2x — 3)(x H~ 1) — 2(x -|~ 1 )Qe 1) 2 J 

(x + 1)(x - l) 2 

(x 3 - x 2 + 2x - 2) - (x 3 - 3x + 2) - 1 

(2x 2 - x - 3) - 2(x 3 - x 2 - x + 1)J 

(x -f l)(x - l) 2 

3 - x 2 + 2x - 2 - x 3 + 3x - 2 - 

2x 2 + x + 3 — 2x 3 + 2x 2 + 2x 

(x + 1) (x - l) 1 


- I ) 2 



__ — 2x 3 - x 2 + 8x - 3 
(X + l)(x — l) 2 


(Step 1) 


(Step 2) 


(Step 3) 


(Step 4) 

(Step 5) 
(Step 6) 


The result obtained by adding or subtracting algebraic fractions 
may be checked by assigning a value to each ot the different letters 
involved and then substituting these values for the letters in each 
0 f the original fractions and in the obtained result. II the sum 
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and difference of the numerical fractions is the same as the value 
of the obtained result, the solution is probably correct Any 
values can be assigned to the letters except 0 and 1, and those 
values which will make any one of the given denominators zero. 
Thus, Example 3 can be checked by letting x equal any number 

except 1 or — 1. 


Let x - 2; then 


6 

3 





-16 - 4 + 16 - 3. 

-n i “ f 


(Step 7) 


adding, we obtain 



7 


which indicates that the sum is correct. 


29. COMPLEX FRACTIONS 

A fraction whose numerator or whose denominator, or both 
numerator and denominator, contain tractions is called a complex 

fraction, as: 


1 


We shall give two methods for simplifying complex fractions. 
FIRST METHOD. Express both numerator and denominator oj 
the given fraction as ordinary fractions , and then simplify as the 
quotient of two fractions. To illustrate: 

n 2x- 5 
L x — 1 

Example. Simplify , 2 _ . ■ - 

- _ 4 

X‘ — 1 

Solution. Adding the numerator and adding the denominator gives 


2 _ 2x — 5 2(x — 1) — ( 2x — 5) 3 

x — 1 _ x — 1 _ x — 1 

5x* — 3 _ , (5x 2 3 — 3) — 4(x 2 — 1) x 2 + 1 

x 2 — 1 x 2 — 1 x 2 — 1 

3 (x - l)(x + 1) _ 3(x + 1) 

x - 1 ‘ x 2 + 1 x 2 + 1 ' 


SECOXD METHOD. Multiply both numerator and denomina¬ 
tor of the given fraction by the L.C.D. of all the denominators in both 
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numerator and denominator. To illustrate,. in the same example 
multiply both numerator and denominator by x 2 — 1. 

2x — 5 


2 - 


Example. Simplify 2 _ ^ 


x — 1 


x■ 


1 


- 4 


Solution. 


2 - 


2x - 5 


5x 2 - 3 
2 - 1 


x - 1 = 2(x 2 - 1) - (2x - 5)(x + 1) 


- 4 





(5x 2 - 3) 4(x 2 - 1) 

2x 2 - 2 - (2x 2 - 3x - 5) 3x + 3 

, x - < 


5x 2 — 3 — 4x 2 -j- 4 

QUESTIONS 

1. What is meant by the least common multiple? 

2. How are fractions multiplied? 

3. How are fractions divided? 

4. How are fractions added? 

EXERCISES 


x 2 + 1 


Simplify the following fifteen expressions 


1. 


3. 


6 . 


3 


1 


3 


I 


9. 


3. 


x - 

- 3 

m 

> 

z + 2 


a 


1 

a 2 

— 

I ” 

o — l 

X 2 

-- 

25 

w X 2 - 9 

x 2 

+ 

3x 

x 2 — 5x 

a 2 

+ 

b 2 

a + 6 

■ 

a 2 

— 

b 2 

a — 6 

10 

• £ 

I • 8 

•7*6 

1 

• 2 

•3 

•4-5 

X 2 

+ 

xy 

— 6?/ 2 . x — 

6x 2 - 

- xy — y 2 * 2x 

(a 

2 _ 

- b 2 ) + x(a - 6) 


'• x - 3 
10ax 2 


X 


x + 2 
21 by 3 


-j- 1. 


2 ?/ 


8 


10 , 


12 


* 7 b 3 y ~ 45a 2 x 
27x 3 a . 18x 2 a 2 

'* i 56 v : 206 v 

6x 2 — 4x — 10 


16 • 15 • 14 • 13 • 12 • 11 -10 

l-2-3*4-5*6-7 

x 2 + 3x + 9 x 2 - 9 


- y 


3x H - 9 


a: 3 — 27 


a — b 


14, 


2x 4 — x 2 — 1 
x 2 — 1 


15. 


36 + 16 

4 + 8 ' 


Find the H.C.F. and the L.C.M. of each of the expressions in Exercises 
6 through 24. 

. 6 . 2 , 4 , 6 , 8 , 10 . 

l7. 12, 40, 80, 100, 120. 
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18. a 2 xy\ ax 2 y, bx*y\ b A xy\ 

19. 2 a 2 x 2 , 6a 3 x 3 , 12 ax 2 y, \Sa 2 xY- 

20. (x - »), (* 2 - </ 2 )> (* 3 " ?*>• 

21. (x 2 - y 2 ), (® “ 2/) 2 } ( x + ^ 2 - 

22. (x - y)(y - z )> (V ~ z ^ z ~ ^ “ X ^ X ~~ ^ ' 

23. 21 x(xy - y 2 ) 2 , 35(x«y* - xY ), 15 ^* 2 + ^ 

24. x 2 + y 2 - 2 2 + 2x 2/> x 2 - y 2 + z 2 + 2x ’ 2 > * t2 “ V 2 

In Exercises 25 through 84, perform the indicated operations and 
simplify the results. The results may be checked by assigning va ues 

the letters. 


— 7 2 — 


2 yz. 


25. 


3x — 2 y _ y 4~ 2x _ 3y 2.x 


27. 2x - 


6 

* - 1 * 


8 


26. 


2x 


x 


2x 


29 ' l- 2x + x~l 


1 — x 
3x 


28. 


x 2 — 4 
x + 1 
x 2 - 1 


4 - 


6(1 - x) 


30. 


■ x + y 


2 - x ' 2 + x 
1 — 2x 

(1 - x ) 2 

x — y y — 2x 


x — y x + y y 


2 — x 2 


31. 


32. 


X' 


y 2 xV + x 2 y 


2^/3 

6 ,,/F 


x 3 + y* x 3 - r * - y 
2x + y _ 3x - y _ 6x 2 - xy + y 2 
2 x-y 3x4-y 6 x 2 - xy - y 2 


33 . 5+4 _ iiL 2 + 1 


x — 2 x — 3 x 4- 1 
2 — 3x x - 2 _ 3 - 4x 2 4- 5 
34 ’ 3x 4- 2 + 3 - 2x 6x 2 - 5x - 6 

x 4- 2y _ x — 2y _ 8y 

x — 2y x 4- 2y (x - 2i/) 2 

x 2 - 3x 1 — x 2x - 1 x 2 - 2x - 3 
36. —«-r — - “r 


35. 


37. 


38. 


39. 


40. 


41 . 


x 2 — 4 2 — x 

3x 6a 

x 4“ a 


x 


2 - a 2 


x 


3 4“ x 


- 2x - 


+ 


x 


x 4- 2 (2 - x) 2 

3x 6a 


a — x x 2 4- a 2 


x — 3 


4 " 1 * 


+ 


+ 


a 


(a — b)(b — c) ' (5 — c)(c — a) 1 (c — a)(a 
a . b . c 


~b) 


4 " 


+ r 


(a — b)(a — c) 1 (6 — a)(6 — c) 1 (c — a)(c 
2 3 2x - 3 


~b) 


2x 2 — 3x 2x 2 


—3x 
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42. 

43. 

44. 

45. 







51. 

52. 










2 a — 36 2 b -f- 3a 6a 2 — 5 ab -|- 6 b 2 

2a+~36 + 26 - 3a Ga 2 + 5a6 - 66 2 ' 

2 _ / 3.t _ 2 — 3x\ 

x — 2 \4 — x 2 x + 2 / 

a — 6 a “I - 6 

(a — 6) 2 — c 2 (a — c) 2 — 6 2 

10a 2 30a6 ab + 216 2 

25a 2 - 96 2 + W~- 25a 2 


9a 2 — 6 2 6 + c _ b — c 

c 2 — 9a 2 c + 3a 3a — c 

a 2 - b 2 . (a - 6) 2 _ a 2 - b 2 

a 2 + 6 2 ‘ a + 6 X (a + 6) 2 * 

a; 3 — 8 y 3 . a; 2 + 2xy + Ay 2 a* 3 — xy 2 

x 2 — xy ' a; 2 — xy 4- y 2 x 3 + y 3 

a; 3 — 2a; 2 ?/ + ^2/ 2 _ x 3 — y 3 x 2 + xy + ?/ 2 

x 2 y — y z x 2 — xy xy Ar y 2 

(x + y) 2 ~ g 2 x a ,2 y 2 z 2 y 2 z 2 

x 2 ~|- xy — az x 2 + a;?/ + a:z * xyz 

2x 2 - a - 6 ^ 2s 2 + x - 3 x 3 + 1 
a 4 + a* 2 + 1 * a 3 — 1 x 2 — 3a + 2 


a z — b* b 2 — a 2 . a 2 6 + ab 2 + 6 3 
^ X ( a - 6) 2 a 2 + 2ab + 6 2 ' 

a 4 — 6 4 v a 2 - b 2 a + 6 
(a + (a - 6) 2 X a 2 + 6 2 ‘ 



a 2 + 6 2 \ 
a 2 — b 2 ) 


x 3 — y 3 x 2 + 3a;?/ + 2y 2 
a; + 2y * a 3 + y 3 


/* _ x - 2y\ /a 

\y x — y / ‘ \y 




1 


1 + a; 
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62. 



- lM 4 - 


63, 


2x \ 

xAV 

(a - b ) 2 - c 2 (a + b ) 2 - c ! 
2 — (b — c) 2 o 2 — (b + c) 

3 - 


a 


3 - 2x 2x 2 + 6^ ^ j_ 1 + 

“^T / ' V + 1 - 


+ 2x 2 + a; 2 
a; + 1 + x 2 


64. (2x - 5) 


2x + 5 


66 . (x 2 - 4 2 / 2 ) 


10 + x - 2x 2 

x — 2y\ 


66. 1 


x + 2y) 

X 


- -■)-(■- ?X‘ - 


67. 


69. 


1 

x- 

x 

^ * 
x + - 

X 

X 2 y 2 

y + s 

? 2/ 2 

*+s * 


2 - 


71. 


x - 2 


5 - 


2x 2 - 5x + 4 
2x 2 - 3x - 2 


73. 


1 

-x 

X 


X + - + 1 
X 


76. 


x + 


1 

X- 

X 


77. 


1 


X -I 

x + - 


X 


68 . 


70. 


a 

+ 1 



a 2 

i 



¥ 

— i 



a 

-}- b 

a 

- h 

c 

- d 

c 

+ d 

a 

— b 

a 

+ b 


72. 


c + d 

2 _ 
x 


c — d 


_ x - 1 X + 2 

x + 2 x — 1 

__ - -— i 

x x + 2 x — 1 
2-t- r + 


x — 1 
a 2 + b 2 


x + 2 


— a 


74. 


a 2 + 6 2 a£> — b 2 


a 


1 


76. 


78. 



r 3 — 

yZ 

1 _ 


X 

1 

x + 

yi 


X + y 

1 


3x 

X 

3x — 2 y 

3 + 

22/ 

1 

CO 1 

+ 

CO 


X 

X 

3 - 

2x 

2_§ 


2 / 


2 / 
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79. 1 


80, 


* 


2 - 


1 - £ 


£ + 


1 

¥ 


tV H—r 


1 

rz 


TTF + "2T 


81. 


( a 2 — x 2 ) 1 ^ + x 2 (a 2 — x 2 )"^ 
(a 2 - a 



83. 


84. 


82 


(x 2 — a 2 )^ — x 2 (x 2 — a 2 ) - ^ 

(x 2 - a 2 )** 

(a 2 — x 2 )^ — x • ^-(a 2 — x 2 )~^(-2x) 


a(x — a)^ — x(x — a)~M 


x — a 



a 2 — x 2 


— * 




























CHAPTER V 


Logarithms 


THEOREMS OF LOGARITHMS 
I. loga M • N = loga M + loga N. 

71 f 

II. logo jr = l°g<* M — logo N. 

III. logo M p = p logo M. 

IV. logo — \ l°ga AT* 

71 


30. PROPERTIES OF LOGARITHMS 

If the values of the different powers of a particular number are 
computed and put in table form, then by the first three laws in 
Article 21, Chapter III, the operations of multiplication, division, 
extraction of roots, and finding powers of numbers may be accom¬ 
plished by addition or subtraction or by simple multiplication, 
provided the result is a number in the table. For example, sup¬ 
pose we have a table of values of the powers of 2 and wish to find 
the value of the product 128 X 512; then, from the table we find 
128 = 2 7 and 512 = 2 9 . Hence, 128 X 512 = 2 7 • 2 9 = 2 16 , and 
from the table we find 2 16 = 65,536, which is the value of the prod¬ 
uct 128 X 512. Hence, the computation necessary to find the 
value of the product 128 X 512 has been reduced to adding 7 and 
9, and the product can be found in the table. These exponents are 
called logarithms, and the 2 is called the base. Thus, 7 is the 
logarithm of 128 to the base 2 and we write log 2 128 = 7; also 
log 2 512 = 9 and log 2 65,536 = 16. • 

Definition. The bgarithm of a 'positive number N to a given 

positive base a {a ^ 1) is the exponent of the power to which the base 

must be raised to equal N; that is, 

« 

a^ N = N, 

69 


( 1 ) 
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where the symbol log a N is read “the logarithm of N to the base a.“ 
Also if 

a x = N, (2) 

then x is the logarithm of N to the base a and we write log a N = x. 
Thus, 

a r = a'°*° N = N. (3) 

It is very important to be able to express a logarithmic equation 
as an exponential equation, and vice versa. That is, it is impor¬ 
tant to see that 

loga N = X (4) 

and 

a x = N (5) 


are two ways of expressing the same thing. For example, 



also means 


logs 125 = 3 


5 3 = 125 


( 6 ) 

(7) 


Since logarithms are exponents, then by applying the laws of 
exponents in Article 21, we have the following properties: 

(1) The logarithm of the base is 1. 

This is true because a 1 = a, and hence log a a = 1. 

(2) The logarithm of 1 to any base is 0. 

This is true because a° = 1, hence log a 1=0. 

(3) Zero has no logarithm. 

This is true because no value of x can be found which will satisfy 
the equation a x = 0. 

(4) For a positive base, a negative number has no real logarithm. 
This is true because if a is positive, a x is a positive number for all 

real values of x. 

Theorem I. The logarithm of a product of several positive 
numbers is equal to the sum of the logarithms of each of the numbers, 
all logarithms being taken to the same base. 

To prove this, let 

M = a x and N = a v ; (8) 

then by Equations (4) and (5), 

loga M — x 


and 


loga iV = y. 


( 9 ) 
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From Equation (8), 


M • N = a x • a v = 




then by Equations (4) and (5), 


logo M ■ N = x + y, 

and by Equation (9), 

X + y = l°ga M + logo N . 

Therefore, 

logo M • N = logo M + logo N. 



(ID 

( 12 ) 


Illustration: 

log (268) (3.14) = log 268 + log 3.14. 

Theorem II. The logarithm of a quotient of two positive num¬ 
bers, if the quotient is written in fraction form, is equal to the logarithm 
of the numerator minus the logarithm of the denominator , all loga¬ 
rithms being taken to the same base. 

Proof: From Equation (8), 


M a x _ 

— = — = n x v * 

N a v ’ 


(13) 


by (4), (5), and (9), 


Therefore, 


M 

logo jt = x-y = logo M - log a N. 


M 

logo = logo MI logo a. 


(14) 


(15) 


Illustration: 


375 


log -gg* = log 375 - log 26. 


Theorem III. The logarithm of the pth power of a positive 
number is equal to p times the logarithm of the number, all logarithms 

m 

being taken to the same base. 

Proof: From Equation (8), 

M p = ( a x ) p = a px ; (16) 

by (4), (5), and (9), 

logo M p — px = p logo M. 


(17) 
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Therefore, 

log« M p = p log a M. (18) 

Illustration: 

log (0.265) 4 = 4 log 0.265. 

For the extraction of roots, we may write Theorem III as follows: 
Theorem IV. The logarithm of any root of a positive number 
is found by dividing the logarithm of the number by the index of the 
root. Therefore, 

log (1 VM = loga M l/n = “loga M. (19) 

Illustration: 

log VT68 3 = | log 168. 


We shall illustrate the applications of the four preceding theorems 
to express the logarithm of a given expression in terms of the 
logarithms of the separate numbers that appear in the given 
expression. 


Example 1. 


Express log 


—- ^ in terms of the logarithms 

19 3 • \/W 4 • 5 7 


of separate numbers. 


Solution. 


log 



^13 


19 3 • \f\7 4 • 5 7 


1 


= g log 


11*- y/13 • 

W^W 4 • 5 7 


= I [log (ll 2 • v 7 13 * 7 H ) - log (19 3 • \/TT 4 • 5 7 )] 


i[(logll 2 + log ^13 
D 


(log 19 3 + log x/fT 4 + log 5 7 )J 


1 

5 


^2 log 11 + ^ log 13 + 2 ' 


3 log 19 + | log 17 + 7 log 5j. 


(Theorem IV) 
(Theorem II) 

(Theorem I) 

(Theorem III) 


However, one should be able to apply these theorems directly, and thus 
be able to write immediately 
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log 




^ 13 - 7 * 


19 3 • \/T7 4 • 5 7 

1 


^2 log 11 + ^ log 13 + | log 7^ - 


^3 log 19 + g log 17 + 7 log 5 


If the logarithm of a given quantity is expressed as a sum and 
difference of logarithms of other quantities, it is possible to write 
the functional relation connecting these quantities. To illustrate: 

Example 2. Given log" 7 1 = log 2 + log t i log Z - i log g. Find 
T. 

Solution. It is apparent that the formula for T is 



To solve for an unknown in a logarithmic equation, it is helpful 
to write the equation as an exponential equation and then solve 
for the unknown. To illustrate: 


Example 3. Find the value of log3 81. 

Solution. Let 

log 3 81 = x; 

* 

then the exponential form is 

3* = 81 = 3 4 ; 

hence, 

x — 4. 

Example 4. Given log a 32 = — 5. Find a. 
Solution. If 

loga 32 = -5, 
then the exponential form is 

a- 6 = 32 = 2 5 = (i)~ 5 ; 

hence, 

CL — + 



QUESTIONS 

1. Define logarithm. 

2. Give four properties of logarithm. 

3. Give four theorems for operating with logarithms and prove each 
theorem. 
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EXERCISES 

Find the. value of each of the following twelve expressions: 


1. logo 8. 2. logs 2. 3. logio 100. 4. logio 0.0001. 

5. log 2 £. 0. logs 7. log™ 1. 8. log™ 1,000. 

9 . log 4 8. 10 . logs 32. 11 . log™ 0.01. 12 . log™ 10. 

Find the value of the base in each of the following six expressions: 

13. loga 81 = 4. 14. loga 100 = -2. 15. log a 125 = -3. 

16. loga 4 — -J. 17. loga 125 = 3. 18. log a in? = 5. 

Give the value of the letter in each of the following exercises (19 


through 57): 

19. log 9 3 = x. 

22. log^ 8 = x. 

25. loga 125 — —|. 

28. loga 10,000 = 2 . 

31. logi 2 & 3 x. 

34. loga 16 = f. 

37. log 32 16 = x. 

40. log™ N — 5. 

43. loga i = — %• 
46. loga 0.008 = 3. 

49. logo 36 = 2. 


20. loga 9 = 3. 

23. loga 3 = 9. 

26. log 2 N = —5. 

29. logs 125 = x. 

32. loga 0.0001 = — 2. 

35. log™ 32 = x, 

38. loga 243 = 1- 
41. loga i = t- 
44. log™ N — "S'. 

47. log™ 0.1 = x. 

50. log™ y-QQQ = x - 


21. log 3 N = 4. 

24. log 4 i = x. 

27. log 3 9 = x. 

30. logo N = - 5 . 

33. log™ N = 4. 

36. log™ N — —3. 

39. log™ 0.001 = x. 
42. log™ 10,000 = x. 
45 . log™ 0.01 = x. 
48. log^ N = — 5. 

51. logs N = #. 


52. log 2 = x - 53. loga 2 1. 

54. logo.i 0.0001 = x. 65 - 1°§6 N = -2. 

56. logo.i 1,000 = x. 57. loga 0.0001 = -4. 

' Express the logarithm of each of the following expressions (Exercises 

58 through 84) in terms of the logarithms of the separate numbers. 


58. log (11) % (21)^ J . 

„ , 5 -n/35 

61. log J 22 


59. log ^ 7rr 3 . 


62. log 


71(15) 


4 3 


64. log y/1 ' 12. 


65. log (o7r) 2 . 


67. log (35 -h 22). 68. log 31 5 \/67. 


70. log 


8 • 13 


71. log 2ir 



60. log 7 3 \/T&- 


63. log 


i 


s \/ 19 5 (137r) % 


23 3 * 17 4 


1 


66. log 2 ^ 5 * 

, V / 23 4 47 

69. log 37 6 - 


17 8 


72. log 


>^65 

x /29 


25 
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73. log 
75. log 


15^71 
(201) (67) 2 * 

(U) 3 \/78 

(7)(5 6 ) 


77. log 
79. log 


8 • 11 • 107 • 205 
65-72 

-^(24 nw 

[(2i )VBF 


74. log 
76. log 
78. log 


17-^52 
( 112) 7 ' 

rs V211 6 

L6^T5J * 

(35) 2 (102)?^ 
(65) 5 (98)%' 


Qn , (23) 4 VW 

80. log j( 85 )2(9 1 )-%]5 


, (27) 4 (28) 2 (101)~ 3 

81 ‘ l0 S-(61)H84)^- 

f v / 275(678)- 3 (0.068) (0.02) 7 

82 ‘ g L[(98)*^67p : (2D ! ^37 


83. log 


84. log 


(^367 -h 231)(67 -h 23) 7 

^(lW - \^43l)" 3 
(28) 3 
\/66 

(M ) 4 ' (fiK 


In the next four exercises express x in terms of the given numbers and 
letters. 


85. log x = log 2 - 3 log 5 + log 7. 

86. log x — 2 log 37 + i(2 log 7 + 1 log 11 — f log 17). 

87. log x = 2 log a — f log b — i log c + 5 log d. 

88. log x = f(log a — 5 log b) — 1(2 log c — 3 log d). 

89. The area A of a circle is A = nr 2 . Find log A in terms of the 
logarithms of n and r. 

90. The time T of a complete swing of a pendulum of length l is 

fl 

T = 2x ^J-‘ (a) Find log T in terms of the logarithms of the other 

letters, (b) Find log l in terms of the logarithms of the other letters. 

91. The velocity V with which gas effuses through an opening is 

V = -j, where p is the difference of pressure on the two sides of the open¬ 
ing and d is the density of the gas. Find log V in terms of the logarithms 
of p and d. 

92. The stretch S of a wire of length l and radius r by a weight m 

mol 

is S = where k is a constant for a given material and is called 
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Young’s modulus, (a) Find log S in terms of the logarithms of the other 
letters, (b) Find log r in terms of the logarithms of the other letters. 

93. Poiseuille’s law states that the quantity Q of liquid passing through 

a narrow bore is Q = ' l ~ T, where the difference of pressure between the 

o Lti 

two ends is p, the length of the tube is l, the radius of the bore is r, the 
time is T, and the coefficient of viscosity is n. (a) Find log Q in terms of 
the logarithms- of the other letters, (b) Find log T in terms of the 

logarithms of the other letters. 


31. COMMON LOGARITHMS 


Any positive real number except 0 and 1 can be used as the base 
of a system of logarithms. Zero and 1 cannot be used as the base 
of logarithms because any power of zero is zero and any power of 1 
is 1. In numerical calculations, because of our decimal system, 
it is more convenient to have all numbers represented as powers of 
10. Such logarithms are called common logarithms. Another 
very important system of logarithms is that of natural logarithms, 
which have as a base the number e, where 2.7182818 • • • is an 
approximation to the transcendental number e and we write 

e = 2.7182818 


The natural logarithms are used extensively in scientific discussions. 

For convenience when writing logarithms to the base 10, we 
shall omit writing the base. Thus, we shall write log 36 instead of 


S Xn Article 6, our attention was called to the fact that the value of 
* which satisfies the equation 10* = 2 is an irrational number. 
This value of x is the logarithm of 2. The logarithms of mos num 
bers are irrational numbers. Thus, only an approximation ^ 
logarithms can be found when they are expressed as decimals, 

but this approximation can be found 

decimal places as we please, (bee Article 36.) ^ 

computation a logarithm table of five or six decim I' ^ 

sufficient Computation of products and quotien y ^ 
■Snot give results correct to any more digits than the number of digits 

in the decimal part of the logarithms used. of 

In this course we shall explain the use of a -p , 

logarithms. It will not be difficult to adapt these methods to 
use of a five-place or a six-place table of logarithms. 




logarithms 

Every logarithm consists of two parts, an integral part ^ 

STSL *„ «i~ in «y UM. .< — £ 

fhpv are the logarithms of numbers between 1 and 10. 
characteristic is the number that must be ad ded to, ot su rm e 
from the mantissa to give the logarithm of a number g.(atc 
than'10 or the logarithm of a positive number less than 1, an 
must be supplie/by the student. The following d-ussion w 
illustrate some of the properties of the characteristic Let us 
assume that log 2.36 can be found in a table of logarithms, and 

thus assume for the time being that 


then 


log 2.36 = 0.3729; 


9 3ft = 1 f) 0,372! \ 



Since 


2,360 


it follows that 


= 2.36 X 10 s = 10° 5,29 X 10 s = 10°- 3,29+3 , 

« 

log 2,360 = 0.3729 + 3 = 3.3729. 



Thus the logarithm of 2,360 is found by adding 3 to the logarithm 
of 2.36. The 3 is the characteristic and .3729 is the mantissa of 

the logarithm of 2,360. 

Furthermore, since 


2,360 = 2.36 X 10 3 = 10°- 3729+3 , 

. 236 = 2.36 X 10 2 = 10°- 3729+2 , 

23.6 = 2.36 X 10 1 = 10°- 3729+1 , 

2.36 = 2.36 = 10° 3729 , (21) 

0.236 = 2.36 X HT 1 = lO 0 3729 " 1 , 

0.0236 = 2.36 X 10 -2 = 10°- 3729-2 , 

0.00236 = 2.36 X 10" 3 = 10 0 3729 “ 3 , 


it follows that the logarithms of these numbers are 


log 2.36 = 0.3729, 

log 23.6 = 1.3729, 
log 236 = 2.3729, 

log 2,360 = 3.3729, 


log 2.36 = 0.3729, 

log 0.236 = 0.3729 - 1, 

log 0.0236 = 0.3729 - 2, (22) 

log 0.00236 = 0.3729 - 3. 


It is customary to write a positive characteristic to the left of 
the mantissa, as log 2,360 = 3.3729, but it would be confusing to 
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write a negative characteristic to the left of the mantissa. For 
example, if log 0.00236 is written as —3.3729, one is likely to 
think of this as meaning —(3.3729) instead of —3 + 0.3729. 
Thus, a negative characteristic should always be written to the 
right of the mantissa, as log 0.00236 = 0.3729 — 3. However, 
since we can add to and subtract from the characteristic any num¬ 
ber we please without changing its value, it is possible to write a 
negative characteristic in many different ways. To illustrate, the 
following are a few of the different ways log 0.00236 may be written. 

log 0.00236 = 0.3729 - 3, 

= 1.3729 - 4, 

= 5.3729 - 8, 

= 7.3729 - 10. 

4 

This last representation is used very frequently. 

A number is said to be expressed in scientific notation if written 
as a number between 1 and 10 multiplied by an indicated power of 

10 . 

Example. Write 2,360 in scientific notation. 

Solution. 

2,360 = 2.36 X 10 3 . 

The numbers appearing in the center column of Equations (21) 
are the numbers in the first column written in scientific notation. 
From the preceding discussion we observe that: 

The mantissa of log N depends only on the order of the digits in 
the number N and is independent of the position of the decimal point. 

The characteristic of log N depends only on the position of the 
decimal point in the number N and is independent of the digits 

representing N. 

The characteristic of log N is equal to the exponent of 10 when the 

number N is written in scientific notation. 

Two rules for finding characteristics may be stated as follows. 
Rule I. The characteristic of the logarithm of a number N greater 
than 1 is positive and is 1 less than the number of digits in N to the 

left of the decimal point. 

Rule II. The characteristic of the logarithm of a positive number 
N less than 1 is negative and is -k if the first significant digit m 

is in the kth decimal place. 
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32. THE USE OF THE TABLE 

a tab le of logarithms gives only the mantissas of the lo ? arlt ^ 
f't m er° That is, a logarithm table gives the logarithms of 

i - ■«, >»d «'•»“*« ”“ 

obtain the logarithm of a given number by adding P P 

^SinceThere are an infinite number of numbers between 1 andU), 
it is impossible to have a logarithm table for all num er 
mantissas of the logarithms of numbers with no more than three 
significant figures* can be read directly from a four-place table oi 
logarithms. A four-place table of logarithms is given on pages 

408 and 409 (Table II). 


How to Find the Mantissa 

To find, from the table, the mantissa of the logarithm of a num¬ 
ber with three significant figures, locate the first two sigmfican 
fieures of the given number in the column headed n then the 
mantissa is found to the right of these two digits and in the column 
headed by the third digit. To illustrate: 

Example 1 . Find log 2,3G0. 00 . ,, 

Solution. In the table of logarithms, locate the number 23 in the 

column headed n. 'in the row with 23 and in the column headed 6 is 

found the mantissa .3729. Since the given number 2,360 has four digits 

to the left of the decimal point, then by Rule I, the characteristic is 3. 

Thus, 

log 2,360 = 3.3729. 

If the given number has less than three significant figures, we 
can form a sequence of three figures by adding zeros to the right 
of the sequence of figures in the given number. Foi example, the 
mantissa of the logarithm of a numbei with the sequence 24 
is the same as the mantissa of the logarithm of a number with the 

sequence 240. 

To find the mantissa of the logarithm of a number with four or 
five digits by using a four-place table of logarithms, it is necessai\ 
to use a process called interpolation. To interpolate, we assume 

* In this connection by significant figures or significant digits we mean all the digits 
from the first one that is not zero to the last one that is not zero. 
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the change between two successive mantissas to be uniform and 
hence proportional to the change in the corresponding numbers. 
We shall illustrate the process of interpolation by the following 
example. 

Example 2. Find the logarithm of 23.65. 

Solution. Since there are two digits to the left of the decimal point, 
the characteristic of the logarithm of 23.65 is 1. The mantissa of the 
logarithm of 23.65 is midway between the mantissa of the logarithm of 
23.6 and the mantissa of the logarithm of 23.7, since 23.65 is a number 

mid wav between the two numbers 23.6 and 23.7. From the table, the 

** * 

mantissa of log 23.6 is .3729 and the mantissa of log 23.7 is .3747. The 
difference D of these two mantissas is 18.* To obtain the mantissa of 
log 23.65, it is necessary to add 9 (0.5 X 18 = 9.0) to .3729, the mantissa 
of 23.6. Thus, 

log 23.65 = 1.3738. 

The work showing this calculation is as follows: 

log 23.6 = 1.3729 log 23.6 = 1.3729 

log 23.7 = 1*3747 _9 

D = 18 log 23.65 = 1.3738 

.5 

9.0 


To interpolate when finding the logarithm of a'number with more 
than three digits, add to the mantissa of the logarithm of the first 
three digits 0.1 (one tenth) of the product of the fourth digit (or remain¬ 
ing digits) and the difference D, between two successive mantissas 

appearing in the table. 

To illustrate, since 

log 23.6 = 1.3729, 


and the difference D between the mantissa .3729 and the next 
larger mantissa .3747 appearing in the table is 18, then, 


log 23.65 = 1.3738 
log 23.67 = 1.3742 
log 23.63 = 1.3734 
log 23.637 = 1.3736 


(.5 X 18 = 9.0). 

(.7 X 18 = 12.6, or 13). 
(.3 X 18 = 5.4, or 5). 
(.37 X 18 = 6.66, or 7). 



* We need only use the numerical value of the difference between the mantissas if 
we remember that this difference belongs to the fourth decimal place; that is, we w 

18 instead of . 0018 . 
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How to Find the Antilogarithm 

The process of finding the number corresponding to a given 
logarithm is the inverse of the process of finding the ogan m 
the number; the number thus found is called the antdogan hm 
of the given logarithm. The mantissa of the given logarithm 
determines the sequence of the digits in the number; this sequence 
can be found from the table of logarithms. The characteristic 
determines the position of the decimal point in this sequence. ie 

characteristic does not appear in the table. . 

If the mantissa of the given logarithm can be found in the table, 

then the first two digits of the required number are found in the 
column headed n and in the same row with the mantissa, and the 
third digit in the number is found at the top of the column con¬ 
taining the mantissa. To illustrate. 

Example 3. Given log N = 1.3729, find N. 

Solution . 

AT — OQ A 


The characteristic 1 indicates that N has two digits to the left of the 
decimal point (Rule I). 


If the mantissa of the given logarithm cannot be found in the 
table, it is necessary to use interpolation to find the number. 

To illustrate: 



Example 4. Given log N = 1.3738, find N. 

Solution. In this case the mantissa .3738 cannot be found directly in 
the table of logarithms. The given mantissa .3738 lies between the two 
mantissas .3729 and .3747 which are given in the table. Thus, the first 
three digits of N are 236, the sequence corresponding to the mantissa 
.3729. Since the difference between .3729 and the given mantissa 
.3738 is 9, and the difference between the two successive mantissas 
.3729 and .3747 given in the table is 18, it follows that the number N 
is ys °f the way from 23.6 to 23.7. Therefore, 


N = 23.6 t % = 23.65. 

* 

To interpolate for the fourth digit when finding the number N 
corresponding to a given logarithm , the fourth significant digit of 
N is 10 times the quotient formed by dividing the difference between 
the given mantissa and the mantissa of the logarithm corresponding 
to the first three digits in N by the difference D . To illustrate: 
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If log N = 1.3729, then N = 23.6. 

If log N — 1.3738, then N = 23.65; 

10(A) = 5. 

If log N = 1.3742, then N = 23.67; 

10(H) = 7.2, or 7. 

If log N = 1.3734, then N = 23.63; 

10(A) = 2.8, or 3. 

If log N = 1.3736, then N = 23.64; 

10(A) = 3.9, or 4. 

The number N cannot be expressed with more significant figures 
than there are decimal places in the logarithm table being used. 

33. COLOGARITHMS 

The logarithm of the reciprocal of a number is defined to be the 
cologarithm of the number. Thus, 



colog iV = log -y = log 1 — log N 

= 0 — log N = — log N. (26) 


To avoid negative mantissas in the cologarithms, it is customary 
to subtract log N from 10.0000 — 10 when finding colog N. Thus, 

colog N = — log N = (10 — log N ) — 10. (27) 

To illustrate, find colog 26.57. Using the log value in the table 
and subtracting, we have 

10.0000 - 10 

log 26.57 = 1.4244 (28) 

colog 26.57 = 8.5756 - 10 

Observe that colog N consists of those digits which, when added 
to the corresponding digits of log N, will give 9 except for the last 
significant digit to the right, and tills last sum must be 10. To 

illustrate: 


If log N = 3.7686, \ 

then colog N = 6.2314 — 10. / (29) 

If log N = 0.7686 - 4, or 6.7686 - 10, ( 

then colog N = 9.2314 - 6, or 3.2314. I 


Cologarithms are very useful when finding the logaiithm of a 
quotient involving several factors in the denominator. To illus- 

, A-B-C 

trate, find the logarithm of ^ . g 
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= log A ■+■ log B + log ( 


dog D 4* log £)> 


or 



= log A + log B + log C + colog D + colog h. 

In case cologarithms are not used, it is necessary to find the 
.urn of the logarithms of the factors in the numerator and from this 
Mim to subtract the sum of the logarithms of the factors in the 
denominator. If the cologarithms of the factors in the denom¬ 
inator are used, then the logarithm of a quotient is obtained by 

addition. 

QUESTIONS 

L Define common logarithm. 

1 Define characteristic. 

3. Define manli*a 

4. Give two rules for determining the characteristic. 

6. What is meant by interpolation? 

6. What is meant by antilogarithm ? 

7. Give the method for interpolating .when finding logarithms. 

6. Give the method for interpolating when finding antilogarithms. 


EXERCISES 

L Write each of the following (a) through (n), as a whole number or as 

a decimal number: 

(a) 3 X 10«. (b) 2.65 X 10«. (c) 6.72 X 10"‘. 

(d) 26 5 X 10- •. (e) 0.3 X 10‘. (f) 3 X 10~ 10 . 

(g) 37.6 X 10-*. (h) 0.035 X 10~ 4 . (i) 0.006 X 10 4 . 

(j) The wave length of aodium light is 5,803 X 10"* cent imeter. 

(k) Light travels in one second 2.909 X 10‘° centimeters. 

(1 The pr»*>*ure per -<juare centimeter due to the radiation from the 
•un is 4 55 X 10~* dyne. 

(ra The di uneter of a hydrogen molecule is 5.8 X 10 -1 centimeter, 
(n) The mass of the earth is 6 X 10 n tons. 

2. \N rite each of the following numbers, (a) through (p), in scientific 

notation: J H 
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(a) For example, 2,675 = 2.675 X 10 3 . 

(b) 26,880. (c) 0.032. (d) 0.000687. 

(e) 90,000,000. (f) 0.0000009. (g) 0.0924. 

(h) 37.68. (i) 2.878. (j) 325.6. 

(k) One kilowatt hour equals 10 , 000 , 000,000 ergs. 

(l) The volume of the earth is 260,000 million cubic miles. 

(m) The attractive force between the earth and the sun is 3,600,000 
millions of millions of tons. 

(n) The number of seconds in a year. 

(o) The distance light travels in one year (186,330 miles per second). 

(p) The distance to the North Star is 44 light-years. (One light- 
year is the distance light travels in one year.) 

3 . Give the characteristic of the logarithm of each of the following 
numbers. 


(a) 26,880. (b) 0.025. (c) 2,768.5. 

(d) 0.000687. (e) 90,000,000. (f) 0 . 2 . 

(g) 7 657. (h) 0.0924. (i) 0.0000009. 

(j) 37 . 68 . (k) 2.878. 0) 0.37. 

A Give the characteristic of the logarithm of each of the following 
numbers. 

(a) 374.2. (b) .037. (c) 20.08. 

(d) .00035. (e) 3.714. (f) .0904. 

(e) .00002. (h) 10,001. (i) 2,037. 

(j) 30,000. (k) 2.003. (1) 9,680. 


6 . Find the common logarithm of each of the following numbers. 


(a) 3,740. 

(d) 0.0237. 

(g) 300. 


(b) 8.42. 

(e) 1.05. 

(h) 106. 


(c) 0.638. 

(f) 8 , 000 . 
(i) 0.06. 


6 . Find the common logarithm of each of the following numbers. 


(a) 28,000. 

(d) 0.007. 

(g) 0.0001. 


(b) 3.07. 

(e) 1.04. 

(h) 105. 


(c) 0.024. 

(f) 5 , 000 . 

(i) 0.05. 


7. Find the common logarithms of each of the following numbers. 


(b) 3.689. (c) 2 <5- 75 - 

(e) 0.7522. (0 0.0065. 

(h) .06879. 0) 28 - 75 - 


(a) 2.678. 

(d) 8,974. 

(g) 2,003. 
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8. Find the common logarithms of each of the following numbers. 

(al ’ 0.00975. (b) 657.9. (c) 0.7568. 

d 28.67. (e) 3,721. (f) 4,268. 

(g) 37,890. (h) .02004. (i) 69.78. . 

9. Find the numbers whose common logarithms are given below. 

(a) 0.6117. (b) 1.8451. (c) 2.9001. 

(d) 3.4622. (e) 0.2568. (f) 0.4500 - 1. 

(g) 3.6845. (h) 0.0028 - 3. (i) 6.2635. . 

10. Find the numbers whose common logarithms are given below. 

(a) 0.3458 - 4. (b) 0.8729 - 3. (c) 4.4014. 

(d) 0.3728. (e) 3.7289. (f) 1.2345. 

(g) 2.8496. (h) 7.7200 - 10. (i) 8.8600 - 10. 

11. Find the cologarithm of the numbers given in Exercise 7. 

12. Find the cologarithm of the numbers given in Exercise 8. 

34. COMPUTATION WITH LOGARITHMS 

The use of logarithms simplifies the work for multiplication, 
division, raising to powers, and extraction of roots, but logarithms 
cannot be used directly to simplify the work for addition and 

subtraction. 

The calculations by logarithms should always be arranged in a 
neat form. For convenience of adding, it is best to write the 
logarithms in column form with the equality signs in a column. To 
reduce the chance of error, and for convenience of checking 
results, the logarithm of every number should appear as a part of 
the solution. To illustrate, we should write log (0.056) 3 as 

log (0.056) 3 = 3(0.7482 - 2) = 2.2446 - 6, (31) 

instead of just writing log (0.056) 3 = 0.2446 — 4. It is also 
desirable to represent any complex expression whose value is to 
be determined by some letter, say x. 

The three major difficulties encountered when carrying out 
calculations by logarithms are negative mantissas, negative fractional 
characteristics, and negative decimal characteristics. In the next 
three examples we shall discuss how to avoid each of these 
difficulties. 
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Avoid Negative Mantissas 

When subtracting logarithms, alwaijs write the logarithm in the 
minuend so that its 'positive part is greater than the positive part of 
the logarithm in the subtrahend. To illustrate: 


Example 1. Find the value of x 
Solution. 


28.65 

3,786 


log x = log 28.65 — log 3,786. 
Using values from the table and subtracting, we have 


Therefore, 


log 28.65 = 1.4571 = 11.4571 - 10 
log 3,786 = 3.5782 = 3.5782 

log x = 7.8789 - 10 

x = 0.007567. 


This illustrates how to subtract the logarithm of any number 
from the logarithm of a smaller number. Elsewhere in algebra, 
when we are asked to subtract a large number from a small num¬ 
ber, we subtract the small number from the large number and 
attach the minus sign to the difference, as 3 — 5 = —2. How¬ 
ever, in logarithms negative mantissas should be avoided in the 
results, because only positive mantissas can be found in any 
logarithm table. 


Avoid Negative Fractional Characteristics 

When dividing a logarithm with a negative characteristic by a 
number p, write the characteristic so that the negative part of the 
characteristic is a multiple of p. To illustrate: 

Example 2. Find the value of -yA).06872. 

Solution. By Theorem IV 

log v^O.06872 = i log 0.06872 = -£(0.8371 ~ 2). 

However, the negative part of the characteristic in this case should be 
expressed as a multiple of 3. Thus, we write 

log v"0.06872 = -£(1.8371 - 3) or -£(28.8371 - 30), 

hence, 

log0.06872 = 0.6124 - 1 or 9.6124 - 10. 

Therefore, 


V^O.06872 = 0.4096. 
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Avoid Negative Decij 


• • 


ial Characteristics 


When finding the logarithm of a decimal fraction raised to a 
decimal power , write the negative part of the characteristic large 
enough so that in the product, the negative part of the characteristic 
trill be a whole number. To illustrate: 


Example 3. Find the value of (0.028) 1S . 

Solution. By Theorem III 

log (0.028)- 18 = .18(98.4472 - 100) 

= 17.7205 - 18 
= 0.7205 - 1. 


Therefore, 


(0.028)- 18 = 0.5254. 


However, 

log (0.028)- 18 = .18(0.4472 - 2) = 0.0805 - .36 

can Ik 1 handled in the following manner. Adding and subtracting 1, we 
have 


(1.0805 - .36) - 1 = 0.7205 - 1. 


Or, since —.36 = .64 — 1, then we may write 

0.0805 - .36 = 0.0805 + .64 - 1 = 0.7205 - 1. 


Example 4. 


Find the value of 





(12.67)* 4 X v' 0.06872 
(1.235) 2 X 0.2679 



Solution. By Theorems I, II, III, and IV, 


Since 


log x = 3[f log 12.67 + 

* log 0.06872 - (2 log 1.235 + log 0.2679)]. 
i log 12.67 = 1(1.1028) = 0.8271 

i log 0.06872 = £(1.8371 - 3) = 0.6124 - 1 

log N = 1.4395 - 1 
2 log 1.235 = 2(0.0917) = 0.1834 

log 0.2679 = 0.4279 — 1 

log D = 0.6113 - 1 


log x = 3(log N — log D), 

then 


Therefore 


log N = 1.4395 - 1 
log D = 0,6113 - 1 

log x = 3(0.8282) 

= 2.4846 




x = 305.2. 
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The characteristic 2 indicates that x is a number with three digits 
to the left of the decimal point. 

When a logarithm is to be multiplied by a fraction, it is best first 
to multiply the logarithm by the numerator of the fraction and 
then to divide the product by the denominator of the fraction. 
In this manner the error will be kept to a minimum. 

Example 5. Find the value of 

5 f (0.002674)*(5.2608) 3 
X ~ \ (3.742G) 2 a/27.35 '* 

1 

Solution.* If we use cologarithms, then 


log x = iff log 0.002674 + 

3 log 5.2608 + 2 colog 3.7426 + £ colog 27.35]. 

log (0.002674)* = 1(0.42716 - 3) = 0.07037 - 2 

log (5.2608) 3 = 3(0.72105) = 2.16315 

colog (3.7 426) 2 = 2(9.42683 - 10) = 18.85366 - 20 

colog \/27.35 = £(8.56304 10) = 4.28152 5 

log x = £(25.36870 - 27) 
= 1 (3.36870 - 5) 
= 0.67364 - 1 


hence, 


x = 0.47178. 


Quite frequently it saves time and lessens the chance of error, 
if an outline of the solution is made first and is filled in later. To 
illustrate, the outline for the solution of 

•\/ (68.757 2 ( 0.278) 3 
* “ V0005725 


follows and should be filled in by the student. 


log x 


= § log 68.75 + 3 log 0.278 + i colog 0.005725, 

log </ (68.75p = f ( ) = 

log (0.278) 3 = 3( ) = 

) = _ 

log x = 

X = 4.765 


colog V0.005725 = £( 


* Calculations are made by using a 


five-place table of logarithms. 
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Negative numbers do not have any real logarithms. In case a 
problem contains the product, quotient, and powers of negative 
numbers, find by logarithms the numerical value of the expression, 
considering all numbers as positive, and then attach the proper 
sign to the result. The sign of the result is determined independ¬ 
ent of logarithms. To illustrate: 

q( — b) 3 (~c) 4 = (-1) 3 _(-1) 4 x «j> 3 c 4 _ . ‘ (32) 

V-dVe \/-l \/d\/e 


The value of ah - C -= can be found by logarithms, and since 

y/d Ve 

( - 1 ) 3 (- 1) 4 = (~ 1) 7 _ 

“I 

the answer must be positive. 


= + 1 , 


(33) 


EXERCISES 

By means of logarithms, find the value, correct to four figures, of each 
of the following fifty-two expressions: 


1. (6,247) (7.887). 
4. \/6/789. 

7. \/ 0.005687. 


2 . 

5. 


(0.5673)*$. 

(3,570) (0.00672). 


8 . (0.006527) 3 . 


10 . 


11 


13. 


15. 


17. 


19. 


21 . 

* 

23. 


54.75 

(1.006) 

V74 


2 • 3 • 7 • 19 ■ 23 • 37 
5-11 • 13 • 17 • 29 ■ 31 

1 

5.875* 

62.78 V 4 
0.0672/ 

(6.789) 3 
0.2756 * 

(1.06) 10 . 


27.48 

677.8 



3. 0.00075. 

6. (—768.2)(-0.75) 2 . 

4,216 
9 ’ 2,745* 


12 



(-4,682,000) 3 


(20,300) 


14. 


2,856 v / T28B4) 2 
(1,005) 3 (0.065) 4 


16. 


1_ 

;.75\0.( 


684 


18. 


20 . 


22 . 


28.75 \ 0.0909 
(26.87)*$ (0.909) 5 
V707 3 (0.0002003) 

2.235 X 10- 11 
(0.000687) 3 * 

a/629 (0.00901)*$ 


(28.75) 3 ^/00909 
24. (0.01)*$. 
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25. 


27 



29. 


31. 


(367.2) 2 v'T234 
(0.00035) (27.64)9** 

31 (52,750)** 

'68,740) 3 (0.00076) 4 * 

1.8(6.7896)** ~| 5 

^/lp57 J ‘ 

\/ (268.74) 3 \/ 0.00024(60.007) 3/4 
^/'6p07(0.002705)^(v / 8.75) 5 


26. 


28. 


30. 


(24.68)~ 4 (0.0607)** 

\/ (90.07)~ 5 (0.010) 4/ ** 

(0.0256)^ (678.46) 4 ^(2.6847) 3 
[4.0004 v / ll.lTT] 4 (98.989) 5 

(W)* V / S(26f) 2 

(68f) 3 (M) 2 (l) 7 


32. 

(5,784 - 2 

(1,867 + 1 

,786) 2 
,324) 3 


33. 

a/3,476 2 + 

■ 8,679 2 . 

34. 

a/ (6,784) 2 

+ (5,726.8) 2 . 





35. 

V(2,654) 2 

- (1,892) 2 . 

Hint, - 

\/a 2 - 

- b 2 = V(o ~ b){a+b) 

36. 

>764.809 + (0.0098) _?4 . 


37. 

68 1 - 2 . 


38 

1 

39. 

0.075°- 

35 

• 

40. 

0.037 -0 - 4 . 

UU* 

2g0-23 






41. 

e 2 - 5 . 

42. 

e 1 - 8 . 


43. 

e -0,2 . 

44. 

e~ °- 24 . 

45. 

* 

2.68' 1 - 

37 

■ 

46. 

-V^log 0.006. 

47. 

0.012 012 . 



48. 

(log 2.0087) 0 - 036 . 

49. 

(0.368) 3 - 

log 0.0285. 


50. 

log 16.67 - 

- y/ 456.98. 


J4 + (0.06)-°*’ 


52. 

(34.67) -2 - 3 

- 0.0076 

51. 

[(2.387)- 2 - ! 

r ]K. 

0.5632 


53. The area of a circle is A = 7 rr 2 . Find the area of a circle of radius 

6,254 feet {t = 3.1416). u 

54. The volume of a sphere is V = &rr 3 . Find the radius of a sphere 

whose volume is 35,240 cubic feet. . 

55. If money is compounded annually, the amount A of P dol ars in 

n years with interest at i per cent is A = P( 1 + *)"• Find f he amoun 
of $785.70 at 6% for 15 years. What principal will amount to $2,0UU ar 

5% in 12 years? , . _ . 

56. If money is compounded annually, the amount A of P do ars in n 

years with interest at i per cent is A = P( 1 + f) n . Find the amoun o 
$1,475.50 at 5£% for 15 years. 

57. The amount of an annuity of R dollars per year for n years at 

, j n -• . _ p 0 + Find the 

rate of interest i compounded annually is « i 

amount of an annuity of $500 for 20 years at 4% At 6%. 

58. The present value of an annuity of R dollais per yea_ ^ ^_ n 

a t a rate of interest i compounded annually is a »i = R : J " 
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Find the present value of an annuity of *475.25 for 20 years at 4*%. At 

^69. The area of a triangle with sides a, b, and c is given by the foiniuU 
4 = v/s's - a H s - fci(s - c), where 2 s = a + b + c. Find the a . 
of a triangle with sides 6,245 feet, 13,445 feet, and 11,738 feet m length 
60 . Given .4 = P(1 + t)«. How long will it take for a given principal 

to double itself at 5%? At 6%? . 

61 The amount of an annuity of R dollars per year payable m p 

installments per year for n years at a rate of interest t compounded m 


• e _ R 

times a year is - — 


(' + Cl! 

? 0+C'-' 


Find the amount of an an¬ 


nuity of $1,000 paid in 12 equal monthly installments for 10 years if 

monev is worth 6% compounded semiannually. 

62. The present value of an annuity of R dollars per year payable in p 
installments per year for n years at a rate of interest i compounded m 


■ p _ # 
times a year is — — 


(■ + C - 1 


Find the present value of an 


annuity of $1,000 paid in 12 equal monthly installments for 15 years if 

money is worth 5% compounded quarterly. 

63. The stretch S of a wire of length l and radius r by a weight m is 

where k is a constant for a given material and is called \ oung’s 

TT i k 

modulus. Find how much a steel wire of length 172 centimeters and 
radius 0.032 centimeter will be stretched by a weight of 8,290 grams 

(g — 980, and k for steel is 22 X 10 11 ). 

64. Find the length l of a copper wire with diameter 0.5 centimeter 

which is stretched 1.75 centimeters by a weight of 10,200 giams (A foi 

copper is 12 X 10 11 ). (See Exercise 63.) 

65. The time T in seconds of a single swing of a pendulum of length l in 


4 


locality where g = 980 centimeters. 

66 . The number N of vibrations per second made by a stri ng o f length 
l, radius r, density d, stretched by a weight m is N — ^ 


irr 2 d 


Find 


the stretching weight necessary to make a nickel wire 50 centimeters 
long with radius 0.25 centimeter make 150 complete vibrations per second 
(density of nickel is 8.9). 
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67. If money is compounded m times a year, the amount of P dollars 


in n 


\ mn 

1 + —) • Find the amount of $1, 


000 


at 6% for 10 years if money is compounded (a) semiannually, (b) quar¬ 
terly, (c) monthly. 

68. The weight W in pounds that will crush a solid cylindrical cast- 

d 3 ‘ bb 

iron column d inches in diameter and l feet long is W = 98,920 -rpj~ 

(a) Find the crushing load for a rod 5 feet long and 5.2 inches in diameter. 

(b) What length of rod 5 inches in diameter will support 40 tons? 

69. The friction drop in pressure p in inches per foot is 


v 


1.77 


V = 0.000822 

where v is the velocity of water in inches per second and d is the inside 
diameter of the pipe in inches. Find p if v = 150 feet per minute and 

d = f inch. 

70. The lift L in pounds for an airplane is L = 0.0012 CtAV 2 , where 

Ci is the coefficient of lift, A is the area of the wings in square feet, and V 
is the velocity of the wind in feet per second, (a) Find the lifting load of a 
plane with a wing area of 745 square feet, if the wind velocity is 350 
miles per hour, and if C t = .59. (b) mat wind speed is necessary for a 

plane with a wing area of 1,275 square feet to lift 57 tons if Ci = .67? 

71. The horsepower needed to move a plane with wing area A square 
feet at velocity V feet per second is H.P. = .0000022 C d AV 3 f where C d is 
the coefficient of drag. Find the horsepower necessary to fly the planes 

in problem 70, parts (a) and (b), if Cd = .028. 

72. A boiler of horsepower H.P. should have a chimney h feet high and 

an inside cross-sectional area of A square feet, determined by the relation 
P = 3.33(A — 0.6 VA) Vh. What must be the height of a chimney 
with a cross-sectional area of 12.8 square feet for a boiler of 250 horse¬ 
power? • , r 

73. The current i flowing in a series circuit of R ohms resistance and 

henrys self-inductance t seconds after its source of electiomotive force is 

_ Rt 

short-circuited is given by i = !«”*, where I was the current flowing in 
the circuit before the short circuit. What self-inductance is necessary 
to make the current decrease to one-half its value in one-third of a secon 

74. The rate Q of discharge of water in cubic feet per second ow 

rectangular weir b feet in width due to a head of H feet of ™ te 
Q = f (, -y/2 gIP‘‘. Find Q if 6 = 17 feet, H = 7 feet 5 inches, and 

(l = 32.2. 
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76. The relation between absolute temperatures T and pressures P foi 
an adiabatic change in gas from an initial condition to a final condition is 

T (P_ Y“' l)/ “. For air n = 1 . 3 . (a) What will be the change in 

T\ \Pi) 

temperature of air at 70° F., if the pressure is changed from 15 pounds to 
85 pounds (adiabatically) ? (b) What increase in pressure is necessary 

to change the temperature of air under 85 pounds pressure from 05 F. to 
75 ° F., (adiabatically)? The zero of the absolute temperature scale is 
about 460° below the zero of the Fahrenheit scale; that is, l = 460 + 

°F. 

Find the values of each of the following formulas (Exercises 76 through 


82) for the data given. 

76. s = vt + igt 2 . Find s when v = 175, t = 13.5, and g — 32.2. 

77 . S — %rrh + 2 irr 2 . Find S when r = 28.5, h = 33.45, and it 


= 3.1416. 

78 M = 3]FZ) — Find M when W = 350, D .= 0.035, and L = 785. 

4 • 

79 . T = 3TT g 4 0 ^ —• F^d T when W = 6,840, A = 0.68, a = 0.24, 
and B = 3.5. 

80..G = D , t v v Find G when R = 0- 02675 and x = 0.0369. 

K 2 + 

81 . N = tt, Find N when l = 95, M = 8,750, m = 0.076, and 

21 \ m 

g = 980. 

82. z = Find z when t = 8.4, k = 65.4, and d — 0.03. 

3(2fca — t) 


35. EXPONENTIAL EQUATIONS AND CHANGE OF BASE 

Suppose we wish to find what power of a number will equal a 
given number. This type of problem can be solved by logarithms. 
To illustrate: 

t 

m 

Example 1 . Find what power of 2 equals 5. 

Solution. In this case we have to solve the equation 



for x. This can be done by taking the common logarithm of both mem 
bers of the equation. Then, by Equation (18), Article 30, 


Solving for x 


log 2* = x • log 2 = log 5. 


log 5 _ 0.6990 
log 2 “ 0.3010 


2.322. 


x 
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Now suppose we wish to find log 2 5. If we let log 2 5 = x, 
then 2 X — 5 and the solution of this equation is the same as the 
solution given in Example 1. Thus we see that the two problems, 
solving the equation 2 X = 5 for x and finding the value of x in 
x = log 2 5, are solved in the same manner. Hence, 


log 2 5 = 2.322. 


It is possible to find the logarithm of a given number N to any 
base a, provided we know the logarithms of numbers to some given 
base, say base b. Thus, suppose we wish to find the value of 
log„ N. From the definition given in Equation (1), Article 30, 


(34) 


Then, by taking the logarithm to the base b of each member of 
Equation (34), we have 


log 6 (a loE ‘*) = (loga N)(\og b a) = log 6 N. 
Solving this equation for log a N, we have 



(35) 


The loqarithm of a number N to the base a is equal to the logarithm 
of N to the base b, divided by the logarithm of a to the base b. (Observe 
that this is the quotient of two logarithms, and hence the two 

logarithms must be divided and not subtracted.) 

Since common logarithms are used to carry out most calcula¬ 
tions, we may write 



(36) 



The logarithm of a number N to any base a is equal to the logarithm 
i r t ii / __ i n h'n iht> Innnrithwi of Q to tllB UCISC 10. 
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Example 

Solution. 


2. Find the value of logs 0.05. 

Bv Equation (,30 ) 

log 0.05 _ 0.6990 - 2 
logs 0.05 = log 2 ~ 0.3010 

_ — (1.3010) _ _ ^ 32 ) 
" 0.3010 



Observe that OAim 

0 0990 — 2 = —2 4" 0.6990 — (1.3010). 

The equation 2' = 0.05 can be solved for * in the same manner since 

log 0.05 

x log 2 = log 0.05, and thus x = —. %-■ 


EXERCISES 

Find the logarithms of the following numbers (Exercises 1 through 12). 


1 . 5 to the base 2 . 

3 . 2 to the base 5. 

5 . 100 to the base 6 . 
7 . 64 to the base 100 . 
9 . 8 to the base e. 

11 . 0.14 to the base e. 


2 . 125 to the base 1000 . 

4 . 0.07 to the base 100 . 
6 . 50 to the base 0 . 1 . 

8 . 0.04 to the base 0 . 02 . 
10. 20 to the base e. 

12. 0.026 to the base e. 


Solve the equations in Exercises 13 through 30 for x. 


13. 7* = 2. 

16. 12' = 0.4. 

19. 4 to+ * = (*)*“*. 
22 . 0 . 01 ' = 0 . 02 . 

26. e~ M = 0.045. 

27. log. x = 1.6525. 
29. log, x = 5.8693. 


14. 10*' = 678. 

17. 2*'- 1 = 4 2t+1 . 

20. 10** = 0.0375. 
23. e = 13.7. 

26. er u 

28. log, 
30. log. 


16. 3 2 *” 1 = 4. 
18. 5 2 *- 1 = 125. 
21 . 3* = &. 

24. e 2 * = 0.056. 

1.056. 

= 4.2485. 

= 9.384 - 10. 


36. HOW LOGARITHMS ARE COMPUTED 

The values of the natural logarithms are computed from the 
following series (see Exercise 48, Chapter XXI). 


log, (A* + 1) - log, N + 


[•2.V + 1 


+ 


1 




1 


3(2.Y 4- l) s ‘ 5(2.Y + l) 5 


4- 


■ * 


(37) 


Enough terms can be used to compute the natural logarithms 
correctly to as many decimal places as may be desired. The 
natural logarithm of any number X 4- 1 can be computed, pro¬ 
vider! the value of the natural logarithm of X is known. Since 
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log, I is zero, we can compute the value nt* 1<.^ # 2 b\ 1< ttuag A • 1. 
Thus, 


log. 2 


log« l f ‘2 


1 + 1 
3 ^ 3 * 3* 


+ 


1 


5 • 3* 


+ =■ 


1 


3’ 


+ 

1 


+ 


1 


# • 


9-3* 1 11 * 3" 


= 0 4 2(0.3333333 

0.0123457 

0.0008230 

0.0000053 

0.0000056 


(38) 


0.0000005) 

2(0 165734) 
0.0931468. ♦ 


The first six terms ot the series are sufficient to compute log, 2 
correctly to six decimal places, but to determine log, 2 correct 
to seven decimal places, it would he necessary to use more than 
six terms. For very large values of X, only a few terms of Equa¬ 
tion (37) are needed to calculate log, A. 

The common logarithms are computed from the natural loga¬ 
rithms by means of the relation given in Equation 35). There- 



logio A 


_ log* A’ 

log, 10 



Since 


log, 10 = 2.30259 and 

we may write 

log io A' = 



logio A* = 


1 

2.30259 


0.43429448 * 


log* A" 

2.30259’ 

0.43429 log. A’. 


t 


(40) 

(41) 


The common logarithm of any number N is found, either by divid¬ 
ing the natural logarithm of N by 2.30259, or by multiplying the 
natural logarithm of N by 0.4342944S • 


To ten decimal places, lop 2 = 0 . 69314 , 1 S 06 . 











logarithms 

Example. Find the common logarithm of 2. 

Solution. 

logio 2 = 0.43429 log, 2 • 

= (0.43429) (0.69315) (see Equation 38) 

= 0.30103. 


EXERCISES 

1. By means of Equation (37), compute the value of each of the follow¬ 
ing: (a) log* 2 ; (b) log e 3; (c) log* 5; (d) log e 7. 

2. Is it necessary to use Equation (37) to compute log e 4. log e 

3. From the results in Exercise 1, compute (a) log e 4; (b) log e 6 ; 

(c) log e 8 ; (d) loge 9} (e) log e 10 . 

4. From the results in Exercise 1, compute the common logarithms oi 
2 , 3, 4 , 5 , 6 , 7, 8 , 9, and 10. 

6 . Given log e 10 = 2.30259. Find (a) log e 100; (b) log 0.1; (c) log 0.01. 
g. Given log e 2 = 0.69315 and log e 10 = 2.30259. hind (a) log 6 20, 

(b) loge 200 ; (c) log 0 . 2 ; (d) log 0 . 02 . 


In an attempt to simplify the process of multiplication, it was 
observed by Archimedes as early as two centuries before Christ 
that multiplication could be made to depend on addition if the 
powers of numbers were known. Burgi (1552 — 1632), a Swiss, 
was the first to compute a table for this purpose, but this was not 
published until 1620. John Napier (1550-1617), a Scotch mathe¬ 
matician, computed and published, in 1614, a table of what he 
called logarithms, and for this reason we say logarithms were 
invented by Napier. However, it was Henry Briggs (1556-1631), 
an Englishman, who introduced, in 1617, the first table of common 
logarithms. This was done partially at the suggestion of Napier 
a few years before his death. 

The idea of logarithms grew out of the idea of arithmetic and 
geometric progressions. Thus, consider the arithmetic progression 



and the geometric progression 

a, ar, ar 2 , ar 3 , ar 4 , ar b , 


The terms of the arithmetic progression can be taken as the 
logarithms of the corresponding terms of the geometric progression. 
For example, log ar 3 = 3d. Burgi used d = 10, a = 100,000,000, 
and r = 1.0001. Napier used d = 1.00000005, a = 10,000,000, 
and r = 0.9999999. For logarithms based on these progressions, 
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log (ar 2 )(ar 3 ) = log a(ar 6 ), which does not equal log or 2 + log ar 3 
= 2d + 3d = 5d unless a = 1. Thus, the logarithm of a product 
does not equal the sum of the logarithms unless a = 1. However, 
at the time Napier invented his logarithms, trigonometric com- 

sin A. 

putations were carried on by the aid of proportions such as —— 

It 

cjin R fJT x * (IT^ 

= —r— From the relation log —— = log ar e+t '~*, we see that 


ar 2 


A • B 


the relation log = log A + log B - log C held for his table. 

In Napier’s system of logarithms, log M * N = log M + log A — 

log 1, and log jt = log M — log N + log 1. Napier suggested to 

Briggs that he make a = 1, and Briggs decided to let d = 1 and 
r = 10 ; that is, Briggs used the following progressions: 

0, 1, 2, 3, 4, 5, 

1 , 10 , 10 2 , 10 3 , 10 l , 10 5 , 

and so on. Neither Napier nor Briggs thought of logarithms in 
terms of our modern idea of base. The earlier tables were com¬ 
puted by taking the square root successively. This was done as 
many as 54 times in succession; that is, log 10 = 1 , log VlO = 0.5, 
log S/lO = 0.25, and so forth. It was not until the eighteenth 
century that logarithms were computed from series. Briggs, in 
1624, introduced the term characteristic. The term mantissa had 
been used for the decimal part of any number, and was not gener¬ 
ally used to denote a part of the logarithm until 1748 when Euler 
used it as such. The logarithms to the base e are called natural 
logarithms, or sometimes Napier’s logarithms. Although they 
are not the original Napier’s logarithms, there is a fixed relation 

between the two: 

10 7 

Napier log N = K log e 


where K = — r 


1.00000005 


log, 0.9999999 


§1 


,i 1 

Vv; 
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CHAPTER VI 


Functions and Graphs 



37. GRAPHS 

Every day we have experiences in which one quantity is chang¬ 
ing with respect to a second quantity, such as the change in 
temperature with respect to time. Suppose the temperature has 
been observed and recorded for every hour of a given day; then 
from these observations it is possible to determine (approximately) 
the change in temperature during a given time of the day, for what 
hours of the day the temperature was falling, and the highest and 
lowest temperatures for this day. However, these properties 
can be more readily seen if the results are exhibited in the form of a 

graph. 

A complete set of observed recordings is called data. The 
accompanying table gives a set of data taken by observing the 
temperature at every hour of the day for January 30, 1942. 


Time 

Temp., 

degrees 

Time 

Temp., 

degrees 

Time 

Temp., 

degrees 

12 p.m. 

13 

8 a.m. 

9 

4 p.m. 

30 

1 a.m. 

12.6 

9 a.m. 

13 

5 p.m. 

29 

2 a.m. 

12.2 

10 a.m. 

20 

6 p.m. 

27 

3 a.m. 

12 

11 a.m. 

24 

7 p.m. ! 

26 

4 a.m. 

11 

: 12 noon 

30 

8 p.m. 

28 

5 a.m. 

10 

; 1 p.m. 

27.8 

9 p.m. 

27 

6 a.m. 

10 

2 p.m. 

29.5 

10 p.m. 

, 26 

7 a.m. 

, 9.5 

3 p.m. 

30 

11 p.m. 

25 


To make a graph of these observations, we use two perpendicular 
lines as reference lines. On the horizontal line mark off a series of 
points equally spaced and label them the hours of the day as in 
Fig. 2. On the vertical line mark off a series of points equally 
spaced to represent the temperature. (In problems of this nature, 
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100 - 

the units used on the two reference lines need not be the same in 
length.) Above each division representing the hours of the day 
place a point as many units above the horizontal line as the num¬ 
ber of units representing the temperature at that hour, and then 
draw a smooth curve through these points. This smooth curve is 

called the graph. 

Xf the temperature had been observed more frequently, say 
every 30 minutes, or every 10 minutes, or every minute, or every 
second, then the resulting graph would be more nearly the true 
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graph. In Fig. 3 is given the continuous graph as was recorded by 

a thermometrograph for the same day. 

Since there is no law governing the relation between temperature 
an d time, it is impossible to extend the graph beyond the observed 
data “th any decree of accuracy. However, the tempera ure o^ 
any time between two consecutive hours can be determined fi o ^ 
the graph in Fig. 2 with a considerable degree of accuracy, 
illustrate, the temperature at 8:30 a.m. was approximately 10 
above zero; at 3:30 p.m. the temperature was appi oxima y 

‘/A- motion, if the distance is obse^ at 
regular intervals of time and is plotted, it is found that the grap ^ 
is a straight line. This graph can be extended beyond the °b 
data, and from the extended graph, distances can bedetermni^ 

accurately for any time. To illustrate, suppo^ a d 

the uniform rate of 4 miles per hour and the distance is o 
for every hour; the following data will result: 
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Time 

0 

1 2 

3 

4 

5 

6 

Miles 

0 

4 8 

12 

16 

20 

24 


The graph of these is given in Fig. 4. 


If the graph were extended, 


we would find the distance 
for 8 hours to be 32 miles, 
the distance for 10 hours to 
be 40 miles, and so on. In 
this case, the relation con¬ 
necting distance S and time 
T is 

• S = 4T. 

When graphing observed 
data, lay off on the horizontal 
line the arbitrarily chosen uni¬ 
form part of the data, and let 
the observed data be the meas¬ 
ure of the distance from the 
horizontal line . 



Fig. 4. 


Sometimes a graphic representation of certain kinds of data in 
economics is best given by means of rectangles. For example, 
the graphic representation in Fig. 5 (page 102) shows the production 
of automobiles over a period of time, the number of units of area 
in a given rectangle representing the number of automobiles 
produced for that year. In examples of this type, if points were 
plotted and a smooth curve was drawn through the plotted points, 
the graph would be practically meaningless between two successive 
plotted points because the graph does not show the distribution of 

i 

production throughout the year but merely gives the production 


Year 

Production 

Year 

«fc 

Production 

Year 

Production 

1915 

9. 

7 

X 

10 s 

1924 

36.0 

X 

10 s 

1933 

19.2 

X 

10 5 

1916 

16. 

2 

X 

10 5 1 

1925 

42.7 

X 

10 s 

1934 

27.5 

X 

10 5 

1917 

18. 

.7 

X 

10 s 

1926 

43.0 

X 

10 5 

1935 

39.5 

X 

10 5 

1918 

11 

.7 

X 

10 5 

1927 

34.0 

X 

10 s 

1936 

44.5 

X 

10 5 

1919 

j 18 

.8 

X 

10 s 

1928 

43.6 

X 

10 s 

1937 

, 48.1 

X 

10 6 

1920 

22 

.3 

X 

10 5 

1929 

54.6 

X 

10 s 

1938 

i 24.9 

X 

10 5 

1921 

16 

.2 

X 

10 5 

1930 

33.6 

X 

10 5 

1939 

35.8 

X 

10 6 

1922 

25 

.4 

X 

10 5 

1931 

23.9 

X 

10 5 

1940 

44.7 

X 

10 s 

1923 

40 

1 

.3 

X 

10 5 

1932 

If 

13.7 

X 

10 6 

1941 

48.4 

X 

10 5 
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60xl0 5 
55 x10 s 
50 x 10 s 
45 x10 s 
40 x10 s 
35 x10 s 
30 x10 s 
25 x 10 s 
20 x10 s 
15 x 10 s 
10 x10 s 
5 x10 s 


Fig. 5. 

for the year. The yearly production is shown in the table at the 
foot of page 101. * 

EXERCISES 

Graph each of the following sets of data (Exercises 1 thiough 8) to a 
suitable chosen scale. 

1. The population of the United States at each census from 1790 to 
1920 is given by the following table.* (a) Estimate from the graph the 


Year 1 

Population ; 

Year 

Population 

Year 

Population 

1790 ' 

3.9 X 10® 

1840 

17.1 X 10® 

1890 

62.9 X 10® 

1800 

5.3 X 10 f> 

1850 

23.9 X 10® 

1900 

76.0 X 10® 

1810 

7.2 X 10® 

1860 

31.4 X 10® 

1910 

92.0 X 10® 

1820 

9.6 X 10® 

1870 

39.8 X 10® 

1920 

105.7 X 10® 

o 

1830 

12.9 X 10® 

1880 

50.2 X 10® 

1930 

f 

m 

m - t 


population in 1845, in 1868, in 1907. (b) When was the population 

10 000 000, 100,000,000, 110,000,000? (c) Extend the graph to estimate 

the 1930 census, (d) Predict the 1940 census, (e) When will the popula- 

tion be 130,000,000? _ . r 

2. Graph the following sets of data on the same graph. One part < 

the table* gives the number of automobiles registered yearly m e 
* Taken from the Statistical Abstract of the United States in 1946. 
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United States from 1916 to 1935 , the other part of the tabIe ^ veS 5® 
number of deaths due to automobiles during the same pen 

. . * * _A* « rl^a+VlG 


Year 


1916 

1917 

1918 

1919 

1920 

1921 

1922 

1923 

1924 

1925 


Registration 

Deaths j 

Year 

Registration ! 

o 51 X 10® 

— 

4.7 X 10 3 

i 1926 

19.84 X 10® 

3 53 X 10® 

6.1 X 10 3 

1927 

21.08 X 10® 

4 72 X 10® 

7.3 X 10 3 i 

| 1928 i 

23.13 X 10® ! 

5 92 X 10® 

7.8 X 10 3 ] 

I 1929 

25.10 X 10® ! 

7 44 X 10* 

8.9 X 10 3 

1930 

25.35 X 10® 

8 58 X 10® 

9.9 X 10 3 

1931 

24.71 X 10® 

10 37 X 10* 

11.5 X 10 3 

1932 

23.08 X 10® 

13 36 X 10® 

14.2 X 10 3 

1933 

24.10 X 10® 

15 71 X 10® 

15.2 X 10 3 

| 1934 

25.21 X 10® 

17.87 X 10® 

17.1 X 10 3 

1935 

1 

26.51 X 10® 


Deaths 


20.6 

23.1 

26.3 

29.4 

31.2 
32.0 
28.0 

31.4 
36.1 

36.4 


X 10 3 
X 10 3 
X 10 3 
X 10 3 
X 10 3 
X 10 3 
X 10 3 
X 10 3 
X 10 3 
X 10 3 


Extend the graph to estimate the number of registered automobiles and 
the number of deaths due to automobiles in 193b, 193 t , and 1940. 

3. The following table* gives the rate of deaths due to automobiles 
in rural districts (under 10,000 population) and in cities (10,000 or more 
population) per 100,000 inhabitants. Plot on the same graph. Predic 

the death rates for 1930 and 1931. 



4. By means of rectangles, represent graphically the following table* 
which gives the total number of commercial failures for each year from 

1905 to 1931. 


Year 1 

Failures ■ 

Year 

Failures 

Year 

Failures 

1905 

11,520 

1914 1 

18,280 

1923 

18,718 

1906 

10,682 

1915 

22,156 

1924 

20,615 

1907 

11,725 

1916 

16,993 

1925 

21,214 

1908 

15,690 

1917 

13,855 

1926 

21,773 

1909 

12,924 

1918 

i 9,982 

1927 

23,146 

1910 

12,652 

1919 

6,451 : 

; 1928 

23,842 

1911 

13,441 

1920 

8.881 

1929 

22,909 

1912 

15,452 

1921 

19,652 

1930 

26,355 

1913 

16.037 

1922 

1 23,676 ! 

1; 1931 

28,285 


• Taken from the Statistical Abstract of the United States in 1946. 
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5. The American Experience Mortality Table gives the number of 

persons surviving at various ages out of 100,000 living at age 10 . (a) 

Estimate the number living at age 18, age 21 , age 32, age 57 , age 64. 

(b) At what ages are 95,000, 72,000, 55,000, 30,000, 10,000, 100 respec¬ 
tively still living? 



6 . The amount of $1 placed at compound interest for 10 years at vari¬ 
ous rates of interest is given in the following table. What is the amount 


Rate, % 

Amount 

Rate, % 

' Amount 

r- 

Rate, % 

Amount 

1 

$1.105 

5 

SI.629 

9 

S2.368 

2 

1.219 

6 

1.791 

10 

2.594 

3 

1.344 

7 

1.967 

11 

2.839 

4 

1.480 

8 

. 2.159 

12 

m 

3.105 


of $1 for 10 years at 4£%, at 5-f %, at 6 i%, at 10 £%? What rate will 
make $1 double itself in 10 years? What rate will treble itself in 10 
years? 

7. The amount of $1 placed at 5% compounded annually for various 
years is given in the following table. What is the amount for 4 years? 


Years 

Amount 

Years 

Amount 

• 

Y ears 

Amount 

5 

SI.276 

20 

$2.653 

35 

S5.516 

10 

1.629 

25 

3.386 

40 

7.040 

15 ' 

2.079 

30 

4.322 

45 

8.985 


8 years? 12 years? 28 years? 42 years? IIow long will it take $1 to 

double itself at 5%? treble itself at 5%? 

8 . Graph the following common logarithms of numbers. From the 

graph, determine the logarithm of 2.5, 4.5, 15, and 0.7. 
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V _ _. 

Number 

Logarithm 

Number 

Logarithm 

Number 

Logarithm 

0.1 

1 

2 

3 

1 - 1.000 
0.000 
0.301 
0.477 

4 

6 

6 

7 

0.602 

0.699 

0.778 

0.845 

8 

9 

10 

20 

0.903 

0.954 

1.000 

1.301 


38. FUNCTIONS 

In physics, chemistry, statistics, economics, and other subjects 
there are many examples in which there is a definite relation con¬ 
necting the change of one quantity with the change of a se(onc 

quantity. To illustrate: 

In uniform motion of constant velocity V 0 , the relation connect¬ 
ing distance S with time T is 

S = V 0 T. (1) 

In the case of freely falling bodies in a vacuum, the relation 
connecting distance S with time T is 

S = VoT + igT 2 , (2) 

where F 0 is the initial velocity and g is the gravity constant, or 
acceleration (g = 32.2 feet per second per second). 

In the case of direct current we have Ohm’s law which states 
that the current I through a simple circuit containing an electro¬ 
motive force E and resistance R is 

I = f • (3) 

There are many other examples. 

If there exists a known relation connecting the different quanti¬ 
ties, then a graph can be constructed by computing a set of data 
from the equation or functional relation connecting the two quanti¬ 
ties. To illustrate, in the case of uniform motion of 4 miles per 
hour, the distance S for any time T can be computed from the 
relation 

S = 4 T. (4) 

To do this, assign values to T and solve for the corresponding 
values of S. Thus, if T = 2 , S = 8 ; if T = 3£, S = 14; and so 
on. In this manner all the data given for Fig. 4 can be calculated. 
The graph is obtained by drawing a smooth curve through the 
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points obtained by plotting the computed pairs of values of T 
and *S. 

In the example for uniform motion 

£ = Vo T, (5) 

there is considerable difference in the role played by V 0 and that 
played by S and T. S represents distance, T time, and F 0 the 
constant velocity. F 0 is called a constant, while S and T are 
called variables. 

A constant is a number, or a symbol for a number, that has 
a definite value throughout a particular discussion. In the fore¬ 
going examples, F 0 , g, and i are constants. Now for a particular 
discussion F 0 can have any value whatsoever, but throughout this 
particular discussion F 0 must remain fixed. Likewise g changes 
its value with change in altitude, but for a given altitude g has 
a fixed value. 

A variable is a symbol that is free to change from one value 
to another value in a particular discussion. In the examples 
given, S, T, E, I, and R are variables. 

In the formula for uniform motion, where the velocity F 0 is 
constant, the time T can have any value whatsoever, but for a 
given value of T 

S = F 0 T. 

Thus, T is spoken of as being the independent variable and S the 
dependent variable; that is, S depends on T for its value. 

However, if we solve for T , then S can have any value whatso¬ 
ever, but for a given value of S 


In this case, S is said to be the independent variable and T the 
dependent variable, because T now depends on S for its value. 

A variable to which we assign an arbitrary value is called the 
independent variable, and the variable whose value is thus detei- 

mined is called the dependent variable. 

When there is a definite relation connecting the two variables, 
we say that the one variable is a function of the other variable. If 
two variables are so related that a given value of the one variable 
determines one or more values of the second variable, then the second 
variable is said to be a function of the first variable. 
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Leibniz used the term function in 1692, but it was first defined 
in its present form by the Swiss mathematician Johann Bernoulli 
(1667-1748), in 1698, in a letter to Leibniz; the letter was published 

1718 

When we wish to state that y is a function of x, without specify¬ 
ing the relation between the variables, we write y = /(*)» which is 
read* “y is a function of x” or for short is read: f oi x. ® 
symbol f{x) was first used in 1734 by Euler. Other symbols, such 
as F{x), 4> 0), and so forth, may be used to represent functions of 
the variable x. These symbols are also used at times when the 

relation connecting the variables is known. 

In the preceding illustrations, the function giving the relation of 

the variables is known, and we may write 


S = f(T) = V 0 T, 

S = f(T) = VoT + \gT 2 

I = f(E) R) = 


t = m 




The symbol /( ) is very useful to denote a certain operation. 

To illustrate, suppose we have given 

fix) = 2x 2 — 3x + 5, 

then by /( 3 ) is meant the value of 2z 2 - 3 x + 5 when 3 is sub¬ 
stituted for x. Thus, 


/(3) = 2 • 3 2 - 3 * 3 + 5 = 14. 


Likewise, 

f{d) = 2n 2 — 3d -b 5, 

/( — 1) = 2( — l) 2 — 3( —1) + 5 = 10, 
fix + 1) = 2ix + l ) 2 - 3(x + 1) + 5 = 2x 2 + x + 4, 
/( 2x) = 2(2 xY - 3(2x) + 5 = 8a: 2 - Qx + 5. 


QUESTIONS 

1. Define constant. 

2. Define variable. 

3. What is meant by independent variable? 

4. What is meant by dependent variable? 

6. What is meant by a function of two variables? 

6. Give the meaning of the symbol fix) and its use. 
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EXERCISES 

1. lif(x) = x- - ax + 1, find/(l),/(-2),/(()),/(3),/(a). 

2. If/O) = x* - 2x z + 1, find/(-x),/(2x),/0 2 ),/^Y 

3. If f(x) = 3z - 1, find / / (^J> fy- |j, f(y), f 

4. If f(x) = 3x 2 — x + 2, find /O + 2), f{x- - 2), /(-a:), /Q\ 

6 - ®/w - t=r find 'GM- i)' (s) /(0) - 

6. If/W =2!±i, find/(2),/(0),/(l),/(-2),/(-l). 

*Z? 1 

7. If/(() = 1+ St - t\ find /(2), /( —3), ^/(g)' 

8. If F(x) = —find f F(3) • f(4), F(3) + F(4). 

9. If/(*) = x 2 — 1, find/(2x),/(a: 5 ),/^j)- 

10. If FO) = fi n( i ^( a + &) * F(a — 6). 

11. If 4>(x) = find 4>{x + 1), <#»0 — 2), <#> 

12. If /O) = — 2.r 2 + x 3 — 1, and #(*) = x 3 - 1 + 2a: 2 , find 

13. If F(x) = find F(-l). - 2 ). f'W' 

14. If/O, 2/) = a: 2 - 3:n/ - 2?/ 2 , find /(2, 3),/(-l, 2),/(-3, -2). 

15. If/O) = ^ ^ find/^0»/O 2 ), [/0)P- 

16. If g(x, y) = 3a: 2 — 2 xy + 4a: + 3, find g(x + 1, x). 

17 . It y = /(!) = * + 1 , find f(y),JW, f Q as functions of z. 

is. if/o, v) = ( 3:c + 2 y)( 2x ~~ 5y }> find ^ 2 ’ -3) _ ^ 3, _1 -\ 

Give the complete function for each of the following (Exeicises 19 
through 26). 

19. The area of a rectangle is a function of its length and biea t . 

20. The area of a triangle is a function of its altitude and base. 

21. The area of a circle is a function of its radius. 
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22. The circumference of a circle is a function of its radius. 

23. The volume of a sphere is a function of its radius. 

24. The surface of a sphere is a function of its radius. 

25. The volume of a right circular cone is a function of the radius of its 

base and the height of the cone. . 

26. The volume of a right circular cylinder is a function of the radius o 

its base and the height of the cylinder. 

27. The freezing point of pure water is 32° Fahrenheit or 0° Centigrade; 

the boiling point of water is 212° Fahrenheit or 100° Centigrade, (a) 
Express Fahrenheit reading as a function of Centigrade, (b) Express 
Centigrade reading as a function of Fahrenheit, (c) 77 Fahrenheit is hov 

many degrees Centigrade? 


39. SYSTEM OF RECTANGULAR COORDINATES 

For general graphing we use what is called the system of rec¬ 
tangular coordinates. In this system the plane is divided into four 
parts, called quadrants, by two 
perpendicular lines. The quad¬ 
rants are called first, second, 
third, and fourth quadrants, re¬ 
spectively, as is shown in Fig. 6. 

The horizontal line X'X is called 
the x-axis and the vertical line 
Y'Y is called the z/-axis. The 
two lines X'X and Y' Y are called 
coordinate axes, and their inter¬ 
section 0 is called the origin. 

On each of the axes, construct a 
numbered scale with an arbitrary 
length as a unit and the origin 

as the zero point of each. The units on the two axes are usually 
the same; however, this is not necessary. The scale on each axis 
should he indicated hy numbering points at uniform intervals along 
each of the axes . Positive numbers are to the right on the hori¬ 
zontal line X'X , and upward on the vertical line Y'Y. Negative 
numbers are to the left on X'X and downward on Y'Y, Every 
point in this plane can now be located with reference to these two 
perpendicular lines in the following manner. A point P is at a 
given distance from the y- axis, measured parallel to the x-axis, 
called the x-distance or the abscissa, and is at a given distance from 
the x-axis, measured parallel to the y- axis, called the ^-distance or 
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the ordinate. To determine on which side of the coordinate axes 
the point lies, we employ the plus and minus signs. The abscissa 
is positive if measured to the right of the y- axis, and negative if 
measured to the left of the y- axis, and the ordinate is positive if 
measured above the £-axis and negative if measured below the 
z-axis. Thus, the abscissa is positive in quadrants I and IV and 
negative in quadrants II and III. The ordinate is positive in 
quadrants 1 and II and negative in quadrants III and IV. For 
every point in the plane there is associated but one pair of values; 
that is, each point has but one abscissa and one ordinate. Con¬ 
versely, for every pair of values there is but one point in the plane 
that has the first number for its abscissa and the second number 
for its ordinate. The abscissa and ordinate of any point are called 
the coordinates of that point. 

The pair of values 2 and — 4 will locate a point 2 units to the 
right of the y- axis and 4 units below the £-axis. The symbol 
(2, —4) is used to represent this point. The general symbol (x, y) 
denotes the coordinates of a point whose abscissa is x and whose 
ordinate is y. The process of locating and marking a point whose 
coordinates are given is called plotting the point. Fig. 6 illustrates 
the plotting of the points (4, 5), (0, 4), ( — 5, 3), ( — 2, 0), (4, 0), 
(—4, —3), and (2, —4). 

Plotting is facilitated by the use of coordinate or graph paper. 
Graph paper is made by ruling off the plane into equal squares with 
sides parallel to the coordinate axes. With coordinate paper the 
distances from the coordinate axes aie reach! \ determined. 

Rectangular coordinates are sometimes called Cartesian coordi¬ 
nates in honor of Descartes, who, in 1637, published a piece of 
work that to some extent treated geometry analytically and that 
influenced the development of analytic geometry. The idea of 
coordinates as applied to the study of geometry seems to have been 
first used by the Greek Apolonius two centuries before Christ, 
but not with all its modern meaning. Even at the time of Des¬ 
cartes the y- axis was not used, nor was the idea of posit i\e an 
negative abscissas and ordinates used. The terms abscissa and 
ordinate were not used by Descartes. John Wallis, in 16/3, was 
the first to use positive and negative abscissas and ordinates. e 
French mathematician, G. W. Leibniz (1646-1716), in 169-, was 
the first to use the terms coordinates and coordinate axes, and va.. 
the first to use both abscissa and ordinate. Perhaps the term 
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ordinate was first used by Kepler, in 1640, and the term abscissa 
was first used by Cavalieri, in 1653. 

EXERCISES 

1. Plot the points (2, 3), (-3, 5), (5, -5), (6, 0), (0, -5), (-3, 0), 

(0,6), (2,0). , r -j in 

2. What are the coordinates of the vertices of a square of side 10 
with center at the origin and sides parallel to the coordinate axes ? 

3. What are the coordinates of the vertices of a square ot side 8 with 

center (— 2, 3) and sides parallel to the coordinate axes? 

4. The point (—2, 1) bisects a line joining two points. If the coor¬ 
dinates of one of these points are (3, -5), what are the coordinates of the 

other point? 

6. A rectangle of sides 5 and 9 has one vertex at (-3, 2). U hat 
are the coordinates of the other vertices if the sides are parallel to the 
coordinate axes and the rectangle lies to the right of the given point? 

(Consider all cases.) 

6. The coordinates of two vertices of an equilateral triangle are 
(5, 4. and l~3. 4). What are the coordinates of the other vertex? 

7. Where are all points whose abscissas are 0 ? How might this Vie 

expressed algebraically ? 

8. Where are all points whose ordinates are 0? How might this be 
expressed algebraically ? 

9. Where are all points whose abscissas are o ? YY hose abscissas are 
-7? How might each of these be expressed algebraically? 

10. Where are all points whose ordinates are 3? Whose ordinates are 
— 1? How might each of these be expressed algebraically? 

11. Where are all points whose ordinates and abscissas are equal? 
How might this be expressed algebraically? 

12. Where are all points whose ordinates are two units greater than the 
abscissas? How might this be expressed algebraically? 

13. Where are all points whose ordinates are twice the abscissas? How 
might this be expressed algebraically? 

40. GRAPHING ALGEBRAIC FUNCTIONS 

In the equation y = fix), if fix) is given, there is an unlimited 
number of pair?- of values for x and y that will satisfy this equation. 
The graph of the equation y — fix) is the curve that contains all 
the points whose coordinates satisfy the equation, but no other 
points. By the graph of a function fix) we mean the graph of the 
equation y = fix). Observe that the ordinate of a point with* 
abscissa a on the graph of the function fix) is fia ); that is, the 
ordinate is the value of fix) when a has been substituted for x. 


112 


COLLEGE ALGEBRA 


l§40 


The graph of the function f(x) is approximated by drawing a 
smooth curve through a set of plotted points. The coordinates of 
the plotted points are found by assigning values to x and solving 
for the corresponding values of f(x). 

Since only a finite number of points can be found and plotted, 
it follows that the resulting graph will be an approximate graph; 
but the more points that are plotted in a given interval, the more 
accurate will be the graph. 


Example 1. Graph the function x 2 — x — 6. 

Solution. Let y or f(x) represent the value of this func¬ 
tion and write 

y = x 2 — x — G, 

or write 

f(x) = x 2 — x — 6. 

Let us assign values to x and solve for the corresponding 
values of y or /(x); and write the results in the accompanying 
table form, where /( —5) = 24, /(— 4) = 14, /( — 3) = 6, 
and so on. These points are plotted and the graph is drawn 

in Fig. 7. 


X 

y or 

m 

W 

—o 

24 

-4 

14 

-3 

6 

-2 

0 

-1 

-4 

0 

-6 

1 

-6 

2 

-4 

3 

0 

4 

6 

5 

14 


Care must be taken to connect the proper points after they have 

been plotted. It is neces¬ 
sary to connect points aris¬ 
ing from successive values 
of x, 'provided the value of the 
function exists for all values 
of x between two successively 
chosen values of x. Thus, 
the point where x = 1 must 
be connected with the 
points where x is the next 
value smaller and the next 
value larger than 1. In 
Example 1, the point where 
x = 1 must be connected 
with the points where x = 0 
and x = 2; that is, in Fig. 7 
the point (1, -6) must be 
Fig. 7. connected with the point 

(0, -6) and with the point (2, -4). 
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The values x = - 2 and x = 3 in Example 1 have a very special 
significance, because /( —2) = 0 and /(3) = 0. Thus, the giap 
crosses the x-axis at the points where x = -2 and x = 3. ^ 1 ie 
values - 2 and 3 are called the zeros of the function f(x) = x - x 
_ 6, and the points (-2, 0) and (3, 0) are called the ^-intercepts. 

The point (0, —6) is called the ^/-intercept. 

Those values of x for which/(x) is equal to zero are called t e 
zeros of the function f(x). Graphically this means that the real 
zeros of a function/(x) are the abscissas of the points where the 
graph of /(x) either crosses or touches the x-axis. (bee Example 1.) 
Thus, the real zeros of a function can be found, at least approxi¬ 
mately, from the graph of the function. 

The abscissas of the points where the graph of the equation 
y = ^(x) crosses or touches the x-axis are called the x -intercepts, 
and the ordinates of the points where the graph crosses oi touches 
the i/-axis are called the y-intercepts. The x-intercepts are lound 
by setting y = 0 in the equation and solving for the corresponding 
values of x, and the ^/-intercepts are found by setting x = 0 in the 
equation and solving for the corresponding values of y. 

When we graph any function/(x.) in a given interval by drawing 
a smooth curve through a set ot points plotted in this inter\ al, 
we assume that there exists a value for fix) for every value ol x 
in this interval. This assumption is true for polynomials but is 
not true for all functions. This prompts the following classifica¬ 
tion of functions. 

A function /(x) is said to be continuous for x — a if f{a) is 
. defined and if 

lim/(x) = /(a), (6) 

x—>a 


when x approaches the limit a in any manner. 

A function/(x) is said to be discontinuous for x ~ a if the condi¬ 
tion in Equation 6 is not satisfied. 

A function/(x) is said to be continuous in an interval when it is 
continuous for all values of x in this interval. In particular, all 
polynomials are continuous functions for all values of x. 


A function composed of the ratio of two polynomials, as 


/w 

Fix)’ 


is continuous for all values of x except those values of x which are 
zeros of the denominator polynomial F (x). 
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The following are examples of discontinuous functions: _ » is 

-j- i) 

discontinuous at x = 3; , _ 2)(x _j_ 4 ) discontinuous at x = 2 

and a: = — 4. 

A rational fractional function is discontinuous for those values of 

x that make the denominator equal to zero. 

We shall now illustrate the graphing of a discontinuous function. 


Example 2. Graph fix) = ^ ^ See Flg ‘ ^ 

Solution. If we assign the following values to x and solve for the 
corresponding values of /(x), we have 


X 1 

-5 

-3 

-1 

0 ' 

l 

3 ; 

fix) 

¥ 

— K 2 - 1 

t* 

o 

3 

¥ 

4 

Z 

0 


In this case, the point (1, -f) does not connect with the next successively 
chosen point in the table of data, namely, (3, 0); for, upon examination 
we see that there does not exist a value for f{x) when x = 2, and that 
fix) is positive for all values of x between 1 and 2 but is negative for 
all values of x between 2 and 3. Likewise, the point (-5, ¥) cannot 
be connected to the point (-3, - ¥) because there does not exist a value 

for/(x) when x = — 4. 


To graph expressions that are the product of linear factors, or 
the product and quotient of linear factors, with no factors common 
to both numerator and denominator: First, determine those values 
of x which will make each linear factor equal to zero and mark 
these values on the x-axis, observing that the graph crosses or 
touches the x-axis for those values of x which make the numerator 
zero and that the ordinate of the graph becomes indefinitely large 
for those values of x which make the denominator zero, becomi, 
determine what sign the function has for values of x between the 
successive pairs of values of x that have been found; doing 
will determine on which side of the x-axis the curve lies in each 

such interval. _, 

In Example 2, the points of division on the graph are > 

, = -j x = 2, and x = 'A. These points are shown in Fig. ». 

For % =’ 3 and x = -1 the function is zero and the graph ei her 

crosses or touches the x-axis. For x = 2 and x - 4 the fun 

becomes indefinitely large. Let us first study the nature of the 
graph for positive values of x. Starting with x - 0 we s© 
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the (/-intercept is/(O) = f. For values of x between 0 and 2 the 
factor (i - 3) is negative, (x + 1) is positive, (x - 2) is negative, 

and (x + 4) is positive. Therefore, /(x) = is positive 


in the interval x = 0 to x = 2, and/(x) is infinite at x = 2. Thus, 
in the interval x = 0 to x = 2, the ordinate of the graph vanes 
from £ to infinity through positive values. 



Fig. 8. 


« « 

For values of x between 2 and 3, we find in a similar manner that 
f(x) = v - T - w XS is negative, and f(x) is zero at x = 3. Therefore, 

(“T )( + ) 

in the interval x = 2 to x = 3, the ordinate of the graph varies 
from infinity to zero through negative values. 

For values of x greater than 3, f(x) = is positive. For 


very large numerical values of x, it should be observed that the 
numbers —3, +1, —2, and -f4 in f(x) become insignificant as 
compared to x, and thus the numerator and denominator of f(x) 
become approximately equal; that is, f(x) approaches 1 as the 
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numerical value of x grows larger without bound. Furthermore, 

(x — 3)(z + 1 ) x 2 — 2x — S r „ 
since /(*) = (x _ 2)(x + 4) = xi + 2x _ 8 » it follows that for 

very large positive values of x the numerator x 2 — 2x — 3 is less 
than the denominator x 2 + 2x — 8 , and thus fix) remains a little 
less than 1 no matter how large x is. Thus, as x varies from 3 to 
oc, the graph increases from zero to 1 . 

For values of x less than —4 the function fix) = j is 

positive, the numerator x 2 — 2x — 3 is greater than the denomina¬ 
tor x 2 + 2x — 8 , and therefore f(x) is always a little greater than 
1 no matter how small x is. Thus, as x varies from — oo to —4 the 
ordinate of the graph increases from 1 to infinity. 

For values of x between —4 and — 1 the function f(x) = — j 

is negative, and fix) is zero when x = — 1. Therefore, in the 
interval x = —4 to x = —1, the ordinate of the graph varies 
from — oo to zero. 

For values of x in the interval —1 to 0 , the function f(x) 

( — ')(' + ') 

= -) — 4 -—v is positive, and the graph varies from zero to f. With 
( — ;( + ) 

these facts in mind and using the coordinates of a few points, it is 
possible to draw an approximate graph, as in Fig. 8 . 

We shall now show how to determine the nature of the graph of 
a fractional function when the numerical values of x are large. 

If fix) is a fraction whose numerator is of lower degree than the 
denominator, then it is evident that fix) approaches zero as x 
increases indefinitely or as x decreases indefinitely. 

If the numerator of fix) is of the same degree or of higher 
degree than the denominator, the nature of the graph of fix) for 
large numerical values of x can best be studied by first dividing 
the numerator by the denominator and expressing fix) as: 

, rem ainder 

fix) — Q\x) + denom i na t or ’ 

where the remainder is of Lower degree than the denominator. 

Since the fraction approaches zero as the numerical 

value x increases indefinitely, it follows that the graph of y = /(*) 
approaches the graph of the quotient y = Q(x) as z increases 
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indefinitely. By observing whether the fraction d ”aL is 

positive or negative for large numerical values of x , it is possible to 
determine whether the graph of the given function f(x) lies above 
or below the graph of y = Q(x ) (the quotient). 

The limiting position of a tangent to a curve , as the point of contact 
recedes to infinity along the curve, is called an asymptote, provided 
this line passes through a finite portion of the plane. Thus, an 
asymptote is sometimes spoken of as “a tangent to the curve at 
infinity.” (For the definition of a tangent line, see Article 41.) 

In Example 2 , x = 2 and x = — 4 are vertical asymptotes, and 
since 


fix) = 


(x - 3) Or + 1) _ xf — 2x — 3 
(x — 2 ) (x + 4) ~ x 2 + 2x — 8 


= 1 - 


4x — 5 


x 2 + 2x — 8' 


( 7 ) 


it follows that y = 1 is a horizontal asymptote. It also follows 
from Equation (7) that f{x) is less than 1 for large positive values 
of x, but / (x) is greater than 1 if x is negative and its numerical 
value is large. That f(x) is greater than 1 if z is less than —4 is 

^ 

apparent, since ^ 2 - 1-23 — 8 ne S a ^ ve if $ is less than —4. 

■ 

The discussion given in this example might be expressed better 
in symbolic form by making use of the inequality signs > and <. 
The inequality sign > is used to denote greater than, and the 
inequality sign < is used to denote less than; that is, the open side 
is toward the greater and the point is toward the smaller. Since 
we read from left to right, (a > b ) is read 11 a is greater than b,” 
(a < b ) is read “a is less than b,” and {a > x > b) is read “a 
is greater than x and x is greater than b.” However, a > b also 
implies that b is less than a. 

By making use of the inequality signs we may now analyze the 
graph (see Fig. 8 ) of the discontinuous function 

m 

ff r \ _ ( x — 3)(x + 1) 

“ (x-2)(x + 4)’ 

given in Example 2 , in the following manner. The zeros of f(x) 
are x = —1 and x = 3, and the infinities of f(x) are x = —4 and 
2 . Arranging these values of x in order of magnitude we 
have x = -4, - 1 , 2 , and 3 . Thus: 
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If 

x < — 4, 

then 

f(x) > 1. 

If 

x = —4, 

then 

f(x) = oo. 

If -4 

< x < —1, 

then 

f(x) < 0. 

If 

x — — 1, 

then 

f(x) = 0. 

If -1 

< x < 2, 

then 

f(x) > 0. 

If 

x = 2, 

then 

f(x) = 00 . 

If 2 

< x < 3, 

then 

f{x) < 0. 

If 

x = 3, 

then 

fix) = o. 

If 

A 

00 

then 

0 < f(x) < 1. 


[§40 




We shall next illustrate the graphing of a function in which both 
lumerator and denominator have a common factor. 

— 4 

Example 3. Graph/(x) = - _ 

Solution. After computing the accompanying table 
iind plotting the corresponding points in Fig. 9, we see 

bat the graph of /(*) = k a straight line except 

or a miniature gap at x = 2. Since the value of the 
unction does not exist for * = 2, there is no graph at 

this 


X 

/(*) 

-3 

-1 

-2 

0 . 

-1 

1 

0 

2 

1 

3 

1.9 

3.9 

1.99 

3.99 

2 

? 

* 

2.01 

4.01 

2.1 

4.1 

3 

5 


point. However, M = = X + 2 fOT a " 

values of * except * = 2. Therefore, the graph of ft*) 
is the graph of the line y = x + 2 except at the point 
where x = 2, unless we assign to f(x) the value w en 

x = 2. 

The following example is given to illustrate that caution is neces- 

“ ,y ii' to tZl to the -l”-,-' »; 

M i‘r„n.in»o». function. Tta >-*■«<»£ ”* 

close to approximating the true K ia P l f orT To illustrate: 

irregular between two successive values chosen for x. 

S: 4 'Le?uTcomp = ute1h;fXTng tahe by using integral values 
for x, 


x 1 

-l 

0 

1 1 

2 

y 

-26 

-1 

0 

1 

1 


35 


TTirr 10 In this case tuc 
nd then plot the corresponc mg P 01n s ' . liable to be missed. 

, regularity in the curve between * = 0 and ft 
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However, had we computed the following table and plotted the cor¬ 
responding points, the resulting graph would have been a closer approxi¬ 
mation to the true graph. 


X 

-l 

1 

2 

0 

1 

2 

1 


2 

3 

y 

-26 

-9 

-1 

1 

0 

-l 

1 

35 


When graphing a given function, it is necessary to choose such 


intervals for graphing, and 
to calculate the coordinates 
of such points, that when 
a smooth curve is drawn 
through the plotted points 
the graph will have at least 
the following characteristics: 
(1) The graph should show all 
the x-intercepts and all the 
y-intercepts. (2) The graph 
should show the asymptotes, if 
any. (3) The graph should 
show all the turning points. 
(4) The graph should be such 
that it is impossible to draw 
a straight line to cut the graph 
in more points than the degree 
of the function. The graphs 
of most functions of small 
degree are such that it is 
possible to draw a straight 
line to cut the graph in ex¬ 
actly as many points as the 
degree of the given expres¬ 
sion. This straight line, 
however, need not be the 
£-axis. 

By the degree of a rational 
fractional expression is meant 
the degree (See Article 25) 

fractions. Thus, y = ——- 
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Fig. 10. 

of the expression when cleared of 


is of the second degree because 


X V — y — 1 = 0 is of the second degree in x and y. 
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1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 
9. 

10 . 

11 . 

12 . 

13. 

14. 


QUESTIONS 

Define coordinate axes. 

What is meant by the x-axis? By the y-axis? 

Define abscissa. 

Define ordinate. 

What is meant by the coordinates of a point? 

Define polynomial. 

Wliat is meant by a rational integral function? 

What is meant by a rational fractional function? 

What is meant by the degree of a rational integral function? 

What is meant by the degree of a rational fractional function? 
What is meant by the graph of a function of two variables ? 

What is meant by the zeros of a function? 

What is meant by the x-intercept of a graph? By the ^-intercept. 
How are the intercepts of a graph found ? 

* • 

EXERCISES 

Graph each of the following nine equations: 

1 . y = x. 2. y — ox. 

4. y = Zx + 2. 5. y = 3s - 2. 

7. x — 3?/ + 4 = 0. 8. 3x — 2y — 1 — 0. 

10. In the expression y = ax + b, how will an increase or decrease in 
the value of b, the constant term, affect the graph? How will an increase 
or decrease in the value of a, the coefficient oilx, affect the grap i 

11. Which of the points (2, 4), (3, —4), (3, 4), ( , ), ( . > 

(0, -5) lie on the graph of y = 2i 2 ~ 3x ~^J „ , „ n . , 9 

12. Which of the points (0, £), (I, —8), (3, 0), (0, t), ( *■■■)( ■» * 

x 2 — 9 

(-1, f) lie on the graph of y - 

13. Give the degree of each exercise from 24 to 29. 

14. Give the degree of each exercise from 30 to . 

Graph each of the functions in Exercises 15 through 38. 

. _ ..2 16. y = Z 2 - 2x - 

-2) 18. y = 3x 2 . 

•r 20. y = {x d - 1)(^ — 2)(x + 8). 

22. y = 3 + 2x - 23. y = (* + D(* - 2 ) 2 ; 

25. y = # 2 . + 2x — 3. 


3. y = x + 2. 

6. y = 5. 

9. 2x + by + 6 = 0. 


? 

2 ) 2 * 


= (x 

+ 

l)(x 

= X 2 

— 

2x — 

= X 2 

+ 

3. 

= (x 

— 

2) 2 . 

X 

+ 

5 

~ X 

— 

2 

_ * 2 


9 


28. y 


(x - 3)\ 
x + 5 


30. y = 


04 _ + 2 1 ! - 

31 * y " (x - 2) 2 


26. y = (x + l) 2 (s - 2 ) 

on _ (s - l)( g ~A) . 

29 * y ( x + 2) 

(x - 1) 

y ~ (x + 2)(x — 3) 
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2x - 3 
x + 2’ 


36, y " x(x H- l)(x — 3)' 

37 v = ( g ~ + 3) - 

6im y (x - 3)(x + 4) 


oa - 6 x 2 + x — 2 

y 4a: 2 + 4x — 15 




"I" 5 

V = (* - 3) 2 * 

_ x(x + 3) 2 
y ~ (x - 2)(x - lj* 


39. Compare the graphs of y = /(x), y = Six), and y = f( — x). 

(See Exercises 19, 22, and 25.) 

40. Compare the graphs of y = /(x) and x = /(?/). Graph x = /(?/) 

W I 

for Exercises 27, 28, 29, 31, 33, and 36; that is, graph x = ’ _ and 

y * 


so on. 

41. SLOPE OF A CURVE 


A very important aid to graphing is to know in what direction 
the graph passes through a given point. This direction is best 
expressed in terms of slope. 

The slope m of a straight line passing through two points whose 
coordinates are (xi, yf) and (x 2 , yf) is defined to he 



V2 ~ y i 

X<1 — X\ 


{X\ 5 * xf) ( 8 ) 


The slope of a given curve at a given point is defined to he the slope 
of the tangent line at this point. 

From the definition of 
slope of a straight line, we 
see that the slope is the same 
at every point on the line. 

Thus, if a point moves along 
a straight line from any point 
on the line to another point 

on the line, the ratio of the 

# 

change in the ordinate of the 
point to the corresponding 
change in its abscissa is the 
slope of the line. 

A line with slope 5 is such 
that if a point moves from 
left to right along the line, 
the ordinate of the point will 

increase 5 units for each unit increase in the abscissa; see line AB 
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in Fig. 11. A line with a slope —5 is a line that falls 5 units for 
each unit increase in the abscissa; see line CD in Fig. 11. 

Since the slope of a curve at a given point is defined to be the 
slope of the tangent line at this point, we shall now show what is 

meant by a tangent line to a curve at a given point P{x, y) on the 

curve. Suppose the graph of 
y = f(x) to be a smooth con¬ 
tinuous curve in the neighbor¬ 
hood of the point P on the 
curve, and suppose a secant 
line be drawn through P cut¬ 
ting the curve at a second 
point Q as in Fig. 12. Then, 
as the point Q moves along 
the curve and approaches P 
as a limit, the secant line in its 
limiting position is defined to 
he the tangent line to the curve 
at the point P, and the limiting 
value of the slope of the secant 

line is defined, to be the slope of the curve, at the point P. _ 

It. is customary in calculus to represent a small increase in x bv 
the symbol Ax, and a small increase in y by the symbol Ay. This 
increase from one value to another is called the mcremen o 
variable, and we read the symbol Ax as the increment of 
“delta x”t likewise the symbol Ay is read the mcremen / S 
"delta y.” Thus, the coordinates of the point Q can now be 

written as (x + Ax, y + Ay). „ . 

By Equation (8), the slope of the secant line through P a Q 

(v + Ay) — V _ _ s i 0 p e 0 f secant line PQ- 

(x + Ax) - x Ax 

Now as Q approaches P as a limit, Ax must approach zero, and 

i] 7he°lldpe m of the curve y = /« at the point />(*, y) ^ -n, . 
is equal to the limiting value of g as Ax approaches zero 



Fig. 12. 


The 


limiting value of is called the derivative of y with respect 
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to x and is denoted by the symbol -Jr* The symbol f'(x) is also used 
to denote the derivative. Thus, 

m = lim ^ ^ = f'{x) := slope of tangent at P(x, y ). (9) 


The process of finding the derivative is called differentiation. 
The value of the derivative at any point on the curve is equal to 
the slope of the curve at this point. 

Since f'(x i) is the value of the derivative of the function f(x) 
when x = Xi, f'(x i) is the value of the slope of the tangent line to 
the graph of f(x) at the point or points on the graph where x = xi, 
and f{x i) is also the value of the slope of the curve of f(x) at the 
point or points on the curve where x = X\. 

We shall now illustrate how the derivative can be found by 
using the limiting process. 

Example 1. Find the slope of the curve of the equation y — 3x 2 at 
the point where x — 4. 

Solution. Finding this slope is equivalent to finding the value of the 

derivative of y with respect to x at the point (4, 48). To find first 

dx ’ 

find the value of ; second, find the limiting value of ^ as Ax approaches 
zero. 

Let us first consider the general point P(x, y) on the curve, without 
restricting ourselves to the fixed point (4, 48). Since the coordinates of 
the points P(x, y) and Q(z + Ax, y + Ay) must satisfy the given 
equation y = 3z 2 , we have for the point P, 

y = 3x 2 , 

* 

and for the point Q, 

V + Ay = 3(x + Ax) 2 = 3[x 2 + 2xAx + (Az) 2 ]. 

Solving for Ay by subtracting the members of the first equation from the 
members of the second equation, we have 


Ay = 3{x + Ax) 2 - 3x 2 = §xAx + 3(Ax) 2 , 
dividing by Ax gives 


Ay 

Ax 


6x + 3Ax. 
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Taking the limit of both members of this equation as Ax approaches 
zero, we have 

f( x ) = $ = lim ^ = lim (6x + 3Ax) = 6x, 

J dX Ax— >0 o 


since 3Ax approaches zero as Ax approaches zero. Thus, the value of the 
derivative of the function y = 3x 2 , or the value of the slope of the graph 
of y = 3s 2 , at any point P(x, y ), is Gx. The value of the derivative, 

or the value of the slope to the curve at the point where x = 4 is therefore 
j'( 4 ) = 0.4 = 24. Hence the slope of the curve of the equation y = 3x 2 

at the point where x = 4 is 24. 

The derivative can always be found in the manner given in 
Example 1. However, we shall derive a general formula for finding 
the derivative of any power of x, and in the future we shall use 
this formula when finding the derivative of any polynomial. To 
derive this formula, consider the following function 


y = ax 


n 


Then 


y t* = a ( x "l - ^) n * 


( 10 ) 

( 11 ) 


Subtracting (10) from (11) we have 


dividing by Ax gives 


Ay = a(x -j - Ax) n ax , 


( 12 ) 


Ay (x 4~ AxV 1 
Ai = a A* 


— x 


,71 


(13) 


Since (x + Ax)” = x" + nx”' 1 Ax plus terms containing (Ax) 2 , 
(Ax) 3 , and so on (Article 92), it follows that 

(x + Ax)” - x” 


Ax 


_ rW ; n - 1 + terms containing (Ax), (Ax) 2 , 


(14) 


Hence, 


,n 


(x + Ax)” - £. = nx n- 1 

i^o Ax 


(15) 


since all the terms containing Ax will approach zero. Therefore, 

dy A y _ (x + Ax)” -_x” = a . (16) 

S = i™A^-i™o a Ax 

The derivative nf ax" is the product of the coefficient a, the exp 
n, and x with the exponent decreased by one. 
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To find the derivative of a polynomial, apply this rule to each 
term of the polynomial. Xo illustrate, if 

y = 5x 4 - 3x 2 4- 10x, 

then 

^ = 5<4x s ) - 3(2x) 4- 10 = 20x s - 6x 4- 10. 

dx 

if 

y = 8x 7 — 3x s 4- 4x 3 — ox 2 4- 12, 

then 

= 50x e - lox 4 4- 12x 2 - lOx. 

ax 

In this article we shall limit our discussion to polynomial func¬ 
tions. The derivative of the general polynomial 


y = aoi " 4- a x x n ~ l 4- a 2 x" 2 4- * * * 4- On-sX- 4- a n -iZ 4- a n 


is 


dy 

dx 


= a 0 nx n 1 4- Ui(« — l)x n 2 4- 


a t {n — 2)x n-s 4- * * • 4- 2a n _sx 4- o„-i. (17) 

Since the derivative of y with respect to x is the rate of change 
of y with respect to x, we should observe the following: 

l{ £ is positive for all values of x in a given interval, then the 

value of the function y = f(x) increases in this interval as x 

increases; if ~r is negative for all values of x in a given interval, 

then the value of the function y = /(x) decreases in this interval 

as x increases; if — = 0 for any value of x, say x = a, then the 

slope 1 of t he graph of fix) is zero at the point on the curve where 
x = a. Geometrically this means a point moving on the graph of 
the equation y = fix) rises as we proceed along the curve from left 

dv 

to right in any interval in which is positive, a point moving on 

the graph of the equation y = f(x) falls as we proceed along the 

curve from left to right in any interval in which ^ is negative, and 

the graph of the equation y — f(x) has a horizontal tangent at any 

point on the curve where ^ = 0. 

dx 
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The points on the graph where the tangent lines are horizontal 
are called critical points. The critical points are given special 
names. If a graph has a horizontal tangent at a point on the curve 
where x = a, the point is called a maximum point if the graph lies 
entirely below the tangent line in the neighborhood of x — a, as at 
point Pi in Fig. 13; or the point is called a minimum point if the 
graph lies entirely above the tangent line in the neighborhood of 
x = a, as at point P 3 . 

If the graph crosses the tangent line (any tangent) at the point 

of tangency, this point is 
called a point of inflection, as 
points P 2 and P 4 . 

It should be observed that 
the slope of the curve changes 
from positive values to zero 
to negative values as a point 
passes from left to right 
along the graph through a 
maximum point such as Pi, 
and that the slope of the curve changes from negative values to 
zero to positive values as a point passes from left to right along 
the curve through a minimum point such as P 3 in Fig. 13. 

When the curve f(x) has a maximum point at x = a, the function 
f(x) is said to have a maximum value for x = a, and the maximum 
value is/(a). 

When the curve f(x) has a minimum point at x = a, the function 
f(x) is said to have a minimum value for x = a, and the minimum 

value is /(a). 

Since the slope of the graph of the function f(x) is zero at the 
critical points, the critical values of x of any function j(x) are 
found by solving for the real roots of the equation 

f(x ) = 0. (18) 

This equation is formed by setting the derivative of f(x) equal to 



Fig. 13. 


zero. 

To determine whether the function f(x) is a maximum or a 
minimum, or neither, for the critical value x = a, we apply the 

following test: . ,,, N . . . . 

The function f(x) is a maximum, for x = a %f f (x) ts positive for 

values of x slightly less than a, is zero for x = a, and is negative for 












127 


YI J FUNCTIONS and graphs 

values of x slightly greater than a. The maximum value of f(x) is 

^“rhe function fix) is a minimum for x = a if f'(x) is negative for 
values of x slightly less than a, is zero for x = a, and is positive for 
values of x slightly greater than a. The minimum value of f{x) is 

/(a)- 

Example 2. Find the maximum and minimum points of the curve 

y = f(x) = 4x 3 — 12x- -+■ 9x 1. 

Solution. Differentiating y = 4z 3 - 12a: 2 + 9x - 1 and factoring, 
we have 

~ — f (x) = 12a: 2 — 24a: + 9 
ax 

= 3(4x 2 - 8x + 3) 

= 3(2x — l)(2x — 3). 

Setting ^ equal to zero gives 

3(2a: - 1)(2® - 3) = 0; 

then 

2x — 1 = 0 or 2x - 3 = 0. 


Solving each equation for x } we obtain 

x = i or x — 

Hence, the critical values of x in the function 4a: 3 - 12a: 2 + 9x - 1 are 
x = 4- and x = and the graph of this function (see Fig. 10) has a 
horizontal tangent at the points on the curve where x = ^andx = 

Applying the test for maximum and minimum, we find that, for x a 
little less than £, the slope/'(x) = 3(2x - l)(2x - 3) is positive because 
both (2x — 1) and (2x — 3) are negative; for x = \ the slope is zero; 
and for x a little greater than £, the slope /'(x) = 3(2x — l)(2x — 3) is 
negative because (2x — 1) is positive and (2x — 3) is negative. Hence, 
the function is a maximum for x = i, the maximum value of the function 
is f{i) = 4(4) 3 — 12(^) 2 + 9(£) — 1 = 1, and the maximum point is 

0,1). 

Testing x — f in the same manner, we find that /'(x) changes from 
negative values to zero to positive values as x passes from left to right 
along the curve through x = f. Hence, the function is a minimum for 
x = the minimum value of the function is /(f) = 4(f) 3 — 12(f) 2 + 
9(f ) — 1 = —1, and the minimum point is (f, —1). 

Let us illustrate how the derivative may be used to graph the 
function in this example. We have just found the maximum and 
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the minimum point on the graph, and a complete analysis of the 
graph may be given as follows: 

fix) = y = 4a; 3 — 12a; 2 4 9a; — 1 
fix) = = 12a; 2 - 24a; 4 9 


= 3(2a; - \){2x - 3). 


If a; < L then 


dy 


(y v^v,xx , > 0, since the signs of fix ) are ( — )( — ). 


1 


dy 


If x = then -j- = 0. 


1 


dy 


If ^ < x <'- } y then ^ < 0 since the signs of f'(x) are ( + )( — ). 
If x = | then f x = 0. 

If a; > then ^ > 0 since the signs oif{x) are ( + )(+). 

Thus we see that the graph of y = fix) = 4a; 3 — 12a; 2 + 9a; — 1 
is rising for x < has a maximum point at (|. l) is falling for 



1 3 , 

2 < x < 2 > has a 


minimum point at —1^> and is rising for 


x > | (See Fig. 10). 


EXERCISES 


dy 


Find — for each of the functions in Exercises 1 through 18. 
dx 


1. y 
3. y 
5. y 

7 . y 

9. y 

11. y 

13. y 
15. y 

17. y 

18. y 


3x. 

5 - 3a:. 


4* 4a; -2 + 7a: — 2, 


= x~ 4 
= x 2 . 

= x 2 — 5x + 4. 

= 3a; -6 + 2x -3 — 4x -2 
= x 2 — 2a; — 3. 

= x 2 + 2a; — 3. 

= 2ar 4 - 3a; 3 4 ( Lx^. 

= 8 \fx — 3 \/T 4 2 


- 6 . 


2. y 
4. y 
6. y 

8. y 
10. y 
12. y 
14. y 
16. y 


3x 4 5 * 

3.T 4 - 5a; 2 4 2a; - 1. 
a:** - 3x^ 4 2a; - 3. 
x 2 — 5a;. 

2a; 3 — 5a; 2 4 7x — 2. 
3x 5 — 3a; 4 4 2a; 3 — 5a; 
3 4 2a; — x 2 . 
fa; 4 — f.r 2 — 3a; 4 7. 


- 6 . 


VF- 5a;. 


Find the value of the slope for each of the following curves (Exercises 
19 through 2G) at the point where x has the indicated value. 
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19. y = 2x 2 

20. y = 3x 2 - x + 5 

21. y = 3x 2 + 1 

22. y = x 2 + x + 1 

23. y = 2 - x 2 

24. y = 5x 

25. y — 2x 3 — 3x 2 + 4x - 5 

26. y - 3x 3 — 4x 2 — 2x + 4 


(x = 0). 

(x = -2). 

(z = !)• 

(x = — 3 ). 
(x = 2). 

(x = 5 ). 

(x = -1). 
(x = 3 ). 


Find the maximum and minimum points 


curves (Exercises 27 through 35). 


on each of the following 


27. y = x 2 — 6x — 7 . 
29. y = 5 — 8x — 4 x 2 . 
31. y = 2x 3 — 6x — 3 . 
33 . y = 6 + 3x 2 - x 3 . 
35. y = 8 - 9 x 2 - 3 x 3 . 


28. y = 4 x 2 — 6x + 5 . 

30. y = —16 12 x 3 x 2 . 

32. y = 2 x 3 - 9 x 2 + 12 x - 3 . 
34. y = x 3 + 6x 2 + 12x *+~ 5 . 


36. Find the slope, then draw the tangent lines to the curve y = x z — 
3x 2 - 9z 4-12 through the following points: (—3, —15), ( — 2, 10), 
(-1, 17), (0, 12), (1, 1), (2, -10), (3, -15), (4, -8), and (5, 17). Then 

draw the curve of y — x 3 — 3x 2 — 9x + 12. 

37. Show that the slope of the curve y = x 3 + 5x + 7 is always 

positive. 

38. The work W done by exploding gas with x cubic feet of air is 
W = 80x — 3.2x 2 . Find the mixture that will give the maximum 
amount of work. 

39. Find two numbers whose sum is 20 and whose product is a maxi¬ 


mum. 

40. What is the largest rectangular area that can be enclosed with 100 
feet of fence? 

41 . What is the largest rectangular area that can be enclosed with 100 
feet of fence if one side of the field is along a stone wall and doesn’t 
need a fence? 

42 . The distance S in miles a train travels from a given station in t 
hours is given by S = 20£ — t 2 . Find the velocity of the train when 
t = 0; t = 5; t — 10; t = 15. What is the maximum distance the train 
traveled from the station? 

43 . The height S in feet reached by a stone thrown vertically into the 
air with a velocity of Vo feet per second is given by S = Vot — \gt 2 . 
(a) Find the velocity at any time T. (b) Find the maximum height the 
stone will reach. . 

44 . Graph each of the following equations in the indicated intervals 
by calculating the ordinate and slope at each point for the integral values 
of x in the indicated intervals: 
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(a) y = x 3 — 3x 2 + 4 from x = — 2 to x = 3. 

(b) y = x 3 — x 2 — x — 4 from x = —2 to x = 3. (Include the 
point where x = — -g-.) 

(c) 7 / = x 3 — 3x + 6 from x = — 2 to x = 3. 

(d) y = 2x 3 — 5x 2 — 9x + 18 from x = —3 to x = 4. 

( e ) y = 2x 3 — 3x 2 — x + 1 from x = —3 to x = 4. 



CHAPTER VII 


% 

Linear Equations in One Unknown 



42. DEFINITION OF AN EQUATION 

An equation is a statement that two algebraic expressions are 
equal. The two expressions are called the members of the equa¬ 
tion. The statement that two polynomials are equal is called an 
algebraic equation. It is always possible to write any algebraic 
equation in the following form, where f{x) is a polynomial. This 
form we shall call the standard form. 

fix) = a Q x n + ai£ n_1 + a 2 z n-2 + * • * + 

a n _iX 2 + On— \X + a n = 0, (ao ^ 0) (1) 

where n is the degree of the equation and must be a positive integer, 
and the o’ s, the coefficients, are anj^ constants, real or imaginary. 
Observe that if n is a positive integer, then all the remaining 
exponents of x in any algebraic equation must be positive integers. 
Equations of the first, second, third, fourth, fifth, sixth, are called 
linear, quadratic, cubic, quartic, quintic, sextic equations, respectively. 

Equalities of the type 

(x — 2) 2 = x 2 — 4x + 4 (2) 

are usually spoken of as identities instead of equations because 
they are satisfied for all values of the letters for which the mem¬ 
bers are defined. Thus, identities have an infinite number of 
solutions. 

In a function or polynomial in x, the x can usually assume any 
value whatsoever. However, in an equation in x, the x can have 
only those particular values which will make both members of the 
equation equal. This is why, in an equation of one letter, we 
speak of this letter as being the unknown instead of a variable. 
An equation whose members are equal for a finite number of values 
of the unknown is called a conditional equation. To illustrate, in 
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the equation 

2x — 5 = 3, 

2x — 5 will equal 3 only on the condition that x = 4. 

All conditional equations in this course will be called equations. 


43. ROOTS OF AN EQUATION 

To solve an equation in one unknown is to find all the values of 
the unknown , called roots or solutions of the equation , which are 
such that when each value is substituted for the unknown in the given 
equation it will satisfy the equation. That such values for the 
unknown exist for algebraic equations follows from the fundamental 
theorem of algebra, which states that : Every algebraic equation has 
as least one root , real or imaginary. This theorem wall be assumed 
without proof, as the proof is beyond the scope of this book.* 

As a result of the fundamental theorem of algebra it can be 
shown that every algebraic equation of degree n must have exactly 
n roots. See Article 68, Chapter XII. (The n roots need not all 
be distinct.) 

To solve for the roots of the equation f(x) = 0 is equivalent 
to finding the zeros of the function f(x), for the zeros of the func¬ 
tion fix) are the roots of the equation f(x) = 0. Thus, the real 
roots of the equation/(x) = 0 are the ^-intercepts of the graph of 

V = f(x). 

Graphical Solution. The real roots of the equation f(x) = 0 
are the x-intercepts, or the abscissas, of the points where the graph 
of y = f{x) crosses or touches the x-axis. 

44. OPERATING ON EQUATIONS 

In the process of solving equations in one unknowm, it is usually 
necessary to rewrite the given equation in several different forms. 
This is accomplished by either adding, subtracting, multiplying, 
or dividing both members of the given equation, or of any of the 
derived equations, by the same expression; or by taking the same 
power or root of both members of the given equation, or of any 
of the derived equations. When solving equations it is necessary 
to know whether all the roots of the given equation are included 
in the roots of the final equation and whether all the roots of the 
final equation are roots of the given equation. 

* For a proof, sec Dickson’s Elementary Theory of Equations , pp. 47-53. 


VII] US EAR EQUATIONS IN ONE UNKNOWN 133 

Two equations are said to be equivalent if each equation is 
satisfied by all the roots of the other equation. 

If a derived equation contains all the roots of the original equa¬ 
tion and some others, we say the derived equation is redundant 
with respect to its original equation, and the extra roots are called 
redundant or extraneous roots. 

If the derived equation lacks some of the roots of the original 
equation, we say the derived equation is defective with respect to 
its original equation. 

It is. therefore, helpful to know what operations always lead 
to equivalent equations, and what operations may lead to defective 
or redundant equations. 

We can add, subtract, multiply, or divide both members of an 
(quation by the same constant (multiplication and division by zero 
excepted), or ue can add to or subtract from both members of an 
equation the same function of the unknown and the resulting equations 
will always be equivalent to the original equation. If we extract the 
same root, say the nth root, of both members of an equation, we get 
n different equations and the solutions of these n equations are the 
same as the n solutions of the original equation. 

That is, such operations as transposing, or reducing the equation 
by dividing each member of the equation by a common constant 
factor, or dividing each member of the equation by the constant 
coefficient of the unknown, or extracting the square root of both 
members of the equation, provided we keep both the positive and 
the negative root, always lead to equivalent equations. 

However, there are three operations that may lead to equations 
that are not equivalent to the original equation. These operations 
are: (1) Raising both members of an equation to the same power, 
which may lead to a redundant equation; (2) multiplying both mem¬ 
bers of an equation by the same function of the unknown, which may 
lead to a redundant equation; (3) dividing both members of an equation 

by the same function of the unknown, which may lead to a defective 
equation. 

W henever the first two of these operations are employed in the 
process of solving a given equation, it is necessary to check each 
root of the resulting equation by substituting it in the given equa¬ 
tion to see whether it is a root of the given equation or whether it 
is a redundant root. Operation (3) should be used with caution, 
because this operation leads to defective equations, and a root 
once lost is difficult to find. 
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We shall show by the following examples how thc-o three opera¬ 
tions may lead to redundant or defective equations. 

Example 1. In this example we illustrate what may happen when the 
same power of both members of an equation is taken. 

Suppose we start with the linear equation 

* = 2 , 


and square both members, thus: 


then, solving, we get 


x 2 = 4; 
x = i \/4> 


hence 



or x 



Since the given equation is linear it has only one root. The second 
equation is a quadratic and hence has two roots. Therefore, the two 
equations are not equivalent. The second equation is redundant and 

has the extraneous root —2. 

Example 2. This example is another illustration of taking the same 

power of both members of an equation. 

Suppose we wish to solve the equation 

+ 1 = 0 . 

Transposing, we have 

y/x = -1 ; 


then, squaring both members gives 

x = 1. 

However, 1 does not satisfy the original equation y/x + 1 = 0 because 
y/\ + 1 = 2 and not 0. Hence 1 is not a root of the given^ equation. 

Thus, after squaring both members of the equation yx - b t e 
derived equation is not equivalent to the original equation. ^ 

If the same power of both members of an equation is taken, ie 

derived equation may have roots that are not roots of the ongma 
equation. 

Example 3. Solve the equation 

y/x — 1=0. 

Transposing, we have 

y/x = l; 

m 

squaring both members gives 
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Now 1 is a root of the original equation sfx — 1 = 0, since y/l — 1 
does equal 0. In this case, squaring both members of an equation 

results in an equation equivalent to the original equation. 

Example 4. This example illustrates what may happen when both 
members of an equation are multiplied by a function containing the 

unknown. 

Consider the equation 

2x 2 — 6x + 4 _ 
x 2 - x - 2 * 


If we clear this equation of fractions by multiplying both members of the 
equation by x 2 — x — 2, then 


2x 2 - 6x + 4 = x 2 - x - 2. 
Transposing and collecting gives 

x 2 - 5x + 6 = 0; 


factoring, we have 


I 

CO 

1 

2) = 0; 

then 


H 

1 

CO 

II 

o 

or 

Hence the roots are 


x = 3 

and 


x — 2 = 0. 
x = 2. 



However, let us check by substituting these values of x in the given 
equation to see whether they are roots of the given equation or not. 

If x = 3, we have 

2*9-6-3 + 4_18-18 + 4_4 
9 - 3 - 2 9 - 3 - 2 4 lm 


If x = 2, we have 

2 • 4 — 6 • 2 + 4 _ 8 — 12 + 4 _ 0 
4-2-2 “4-2-2 “0* 

We see that 3 satisfies the given equation and hence is a root, but 2 is an 
extraneous root for it does not satisfy the given equation. Had we 
simplified the fraction before clearing the equation of fractions, we would 
.have avoided the extraneous root 2. Factoring both numerator and 
denominator, we have 

2(x - 2)(x - 1) _ 

(x - 2)(x+ 1) “ A ’ 

2 (» ~ 1 ) I 

x + 1 


hence 
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Clearing of fractions gives 


hence 


2x - 2 = x + 1; 
x — 3. 


After an equation is cleared of fractions, if the resulting equation 
has a root that is a zero of any of the denominators in the given equa¬ 
tion, then this root cannot he a root of the given equation. That is, 
any root of the derived equation that is a zero of the least common 
denominator of both members of the given equation cannot he a root 
of the given equation . 

Also, when solving equations containing fractions, each fraction 
of the given equation should be reduced to its simplest form before 
clearing the equation of fractions. If the numerator and denomina¬ 
tor of any fraction in the equation contains a common factor and 
this common factor is not removed, then the equation cleared of 
fractions will contain roots which are zeros of the least common 
denominator. 

Example 5. This example further illustrates what may happen when 
both members of an equation are multiplied by a function containing the 

unknown. 

Whenever an equation is cleared of fractions by multiplying each 
member of the equation by a common denominator that is not the least 
common denominator of all the denominators, the resulting equation 

will always have extraneous roots. 

Thus, suppose we clear the equation 

1 = 3 

x — 2 x 2 — 4 

of fractions by multiplying both members of the equation by 
(x -2)(x 2 - 4) instead of the L.C.D. x 2 - 4. We would then have 



x 2 — 4 = 3x — 6. 

Transposing and collecting gives 


x 2 — 3x + 2 = 0; 

factoring, we obtain 

* 

o 

II 

l 

I 

then 

— 2 = 0 ' and x — 1 1 

X 

Hence the roots are 

x = 2 and x = 1. 
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Let us check these results by substituting them in the given equation. 
If x = 1, 


If x = 2, 

13 13 

2-2 = 4-4 01 0 “ O' 


Thus we see that 1 is a root of the given equation, but 2 is an extraneous 
root because 2 cannot be said to satisfy the given equation. 

1 3 

If we solve the equation _ 9 = , 2 _ 7 correctly by clearing the 

jC £ *l> "x 

equation of fractions by multiplying both members of the equation by 
the L.C.D. x 2 — 4, then 

x -f- 2 = 3, 
or 

x = 1 , 


and thus we avoid the extraneous root. 

When clearing an equation of fractions, each term of the equation 
should he multiplied by the least common denominator of the entire 
equation , and not by any common denominator. 

An equation when cleared of fractions is equivalent to the original 
equation if no root of the derived equation is a zero of the multiplying 
function. 

Example 6. Solve the equation ' 

x 2 — x = 2 x — 2 . 


Transposing and collecting gives 


x 


2 _ 


factoring, we obtain 


3x + 2 = 0; 


then 


(x — l)(x — 2 ) = 0 ; 


x — 1 = 0 


and 


x — 2 = 0 . 


Hence the roots are 


x = 1 and x = 2 . 
Checking these results, we find that: 

If x = 1 , then 1 — 1 = 2 — 2. 

If x = 2 , then 2 2 — 2 = 2 • 2 — 2. 

Hence both 1 and 2 are roots of the given equation. 
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Now suppose we solve this equation by dividing both members of the 
equation by the common factor x — 1. Then the work would be as 

follows. Given 

x 2 — x = 2x — 2 . (3) 


Factoring both members 

x(x — 1 ) = 2 (x — 1 ), (4) 

and dividing both members by a* 1 give 

x — 2. (5) 


Thus we see that the root 1 has been lost when we divided both members 
of the equation by the factor x - 1. In this case the derived equation is 
linear and cannot be equivalent to the original equation, which is a 
quadratic. Thus, the equation resulting from dividing both members by 

x — 1 is a defective equation. 


Whenever both members of an equation are divided by a function 
of the unknown that is a common factor of both members, the resulting 
equation will be defective, and the derived equation will lack those 
roots of the original equation which are zeros of the dividing function. 

In this example the derived Equation (5) lacks the root 1, 
which is a root of the original Equation (3). The root 1 is a zero of 

the dividing function fix) = x — 1 . 


Example 7. The following will further illustrate what can happen 
when the operations that lead to redundant or defective eqiw ^ 
used. The student should analyze each step carefully. PP 


multiplying hy x gives 
subtracting a 2 , we have 
factoring both members 

dividing by x - a, we get 
substituting a for x gives 
collecting gives 
dividing hy a, we obtain 


x = a; 
x 2 = ax; 

x 2 - a 2 = ax - a 2 ; 

a)(x + a) = a(x - a); 

x + a = a; 
a + a = a; 

2 a = a; 

2 = 1 . 
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45 ALGEBRAIC SOLUTION OF LINEAR EQUATIONS IN 

ONE UNKNOWN 

A linear equation is an equation of the first degree, and its 
standard form is 

f(x) = a 0 x + ai = 0. (^) 


The solution of this equation is obtained by subtracting a i from 
both members of the equation and then dividing through by a 0 , the 


coefficient of x. Thus, 



(V) 

( 8 ) 


Linear equations can be solved by collecting on the left-hand side 
of the equation all terms containing the unknown and collecting 
on the right-hand side of the equation all terms free of the unknown; 
then, after combining like terms, dividing both members of the equation 
by the coefficient of the unknown. To illustrate, 

Example 1. Solve the equation 3# — 5 + a = 6 x+l for x. 

Solution. Given 

3z — 5 T - a — bx 1 ; 

transposing, we have 

3 x — bx = 1 + 5 — a; 

collecting leaves 

(3 — b)x = 6 — a; 

dividing both members by 3 — b gives 

6 — a 


The following steps are helpful in solving equations containing 
fractions. 

Step 1 . Rewrite the equation with all denominators factored 
and with the unknown arranged in descending powers. 

Step 2. Indicate all multiplication involved in clearing the 
equation of fractions by multiplying both members of the equation 
by the least common denominator. 

Step 3. Perform the indicated multiplication; if complicated, 

enclose the products in parentheses and remove parentheses in 
the next step. 
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Step 4. Transpose all terms containing the unknown to the 
left-hand side of the equation and all terms free of the unknown 
to the right-hand side of the equation. 

Step 5. Combine like terms. 

Step 6 . Solve for the unknown by dividing each member of 
the equation by the coefficient of the unknown. 

Step 7. Check by substituting the result in the original equa¬ 
tion, not in any of the derived equations, to see if the result satisfies 
the given equation or is an extraneous root. 

We shall illustrate the application of these seven steps in solving 

the following equation. 


Example 2. Solve the equation 


3x — 
2x~^ 


2 

6 


3 — x 2 _ 2x — 3 _ 1 
9 — x 2 3x — 9 6 


Solution. 


3x - 2 


x 2 — 3 


2x — 3 


2(x — 3) (x — 3) (:r + 3) 3(x — 3) 


1 

6 


(Step 1) 


Multiplying each traction by the L.G.D. G(x 3) Or 4- 3) and continuing 
the operations, we have 


3(3x - 2 )(:r + 3) - G(x 2 - 3) 

= 2(2x — 3 )(x + 3) — (x — 3)(x + 3), 


3(3x 2 + 7x - 6) - G(x 2 - 3) 

= 2(2.r 2 + 3x - 9) - (x 2 - 9), 

9 x 2 + 21x - 18 - 6x 2 + 18 

= 4x 2 + Gx — 18 — x 2 + 9, 

21x — Gx = 9 — 18, 

15x — —9, 

O _ 3 

X = — T5 — ~~ ~5’ 

Check: 

— § — 2 3 — ws _ ~ f ~ 3 _ 1 1 

-f-6 9 - & -1-9 6 

-19 GG ^2J. _ 1 , 

-36 21G -54 6' 

M — = Tff - tsj 

& — 


(Step 2 ) 
(Step 3) 

(Step 4) 
(Step 5) 
(Step 6 ) 

(Step 7) 


46. GRAPHICAL SOLUTION OF LINEAR EQUATIONS 

If a linear equation contains only numerical coefficients, then 
the root of this equation can he obtained by gtaph. 
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Example 1. Solve the equation 2z + 5-0 graphically. 

Solution Set t/ = 2x + 5 and graph the equation y lx • 

Then the root of the equation 2* + 5 = 0 is the z-mtercept 
of the graph of y = 2z + 5. The graph of y - 2 x + 5 
is drawn in Fig. 14 by plotting the accompanying table 
of data. From this graph we see that the ^-intercept of the 
graph of the function y = 2x + 5 is -2£, which is the root 

of the given equation 2x + 5 = 0 . 

► 

When an equation contains more than the one letter , 
and the unknown is not specified, we shall in this course 

. * 7 7 * M/1 a*i S 'f 


X 

y 

-5 

-5 

-4 

-3 

-3 

-1 

-2 

1 

-1 

3 

0 

5 

1 

7 




Fig. 14 . 


QUESTIONS 

1 . Define algebraic equation. 

2 . What is meant by solution? By root? 

3. What is meant by equivalent equations? 

4. What operations on an equation will always give an equivalent 
equation ? 

5 . What operations on an equation may give an equation that is not 
equivalent to the original equation? 

6 . How are equations cleared of fractions? 

7. What is meant by an equation in its standard form? 

8 . Define linear equation. 

' 9. Give two methods for solving linear equations. 

EXERCISES 

Write the equations in Exercises 1 and 2 in the standard form and give 
the values of n, do, fli, a 2 , atid so on. 
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1. (a) 
(c) 
(e) 

2 . (a) 

(c) 

(d) 

'(e) 


3x 2 — 2x — 5 = 0; 
x 5 — 5x 4 — 2x — 1 =0; 
5x 6 = 12 ; 

9x 3 — 4x 2 = 3x — 2; 
x 3 — 3x 2 + ax 2 — 3x + b 


2x 2 — mx + 3m + x — 2 
x — 1 


x + 2 


= 5; 


(b) 3x 3 — 5x + 7 = 0 ; 

(d) x 4 — 3x = 0 ; 

(f) 3x 2 — 5x = 7x + 1 . 

(b) x 4 + (2x - 3 ) 2 = 5; 



3x + 2 _ x 

2 x — 1 x — 2 


3. Solve the following equations and show the solution by graphs: 

(a) x - 5 = 0; (b) 3x + 2 = 0; (c) 5x = 10; (d) 6 x = 8 . 

4 . Is 2 a root of the equation x 2 — 3x + 4 = 0 ? Why? 

5. Is 1 a root of the equation x 7 + 5x 6 — 8 x 2 + 2 = 0 ? Why? 

6 . Which of the numbers 1, 2 , —1, — 2 , 0 are roots of the equation 
x 4 — 2 x 3 -f - £ — 2 = 0 ? 

Solve each of the following equations (Exercises 7 through 44). 


7. 5x — 2 = 7x + 6 . 
9 - 2* + ! = T 


8 . Gx — 4 
2x - 3 


10 . 


x + G — 10 . 
3x - 2 


= x — 2 . 


11 . 


12 . 


13. 


14. 


15. 


16. 


2x — 3 Gx — 7 


5 

2 x — 1 
2 

x — 3 

~1T~ 

2 


3 

3x — 1 
3 

x 2 — 3x 


= 4. 


Gx — 1 


6 


- 2 . 


3 x - 2 

1 — 2 x 


2 

— i 

9 


— x = 


x + 1 " 2 

6 y 6 y - 2 _ 


- 3. 


y - l 
3 


y + l 

x — 3 


y 2 - i 


+ 


X 


.2 


17. 


x — 3 x + 3 ' x 2 — 9 
2x 2 - 3x + 1 3x - 1 


= 0 . 


19. 


20 . 


21 . 


22 . 


2 x — 1 
5 


3 

2 


18. 


x - 2 
x + 2 


2 + 5+4 = 0 . 


X 


_+ 

3x 2 - x 

3x " 3x - 

-1 

* 


2 x "h 1 

3x - 1 


1 

- Gx 

2(x + 1) 

3(x - 1) 


6 

— Gx 2 

3x — 4 

5 - x 

1 


X 

2x - 1 ' 

3 = 

1 

1 

— 2x 

x + 1 1 

— X 

5 



1 — X X 

+ 1 X 2 

— 

1 



# 






































VII] 


LINEAR EQUATIONS IN ONE UNKNOWN 


143 


2x — 1 , 3x + 4 

23. --TvTo + 


I 


2 + x 


(x — 2) 2 ‘ 4 - x 2 
(x — 2)(x 4~ 3) _ 2 + 3x _ 3 — 2x 
24 ‘ (x + 2)(x - 3”) 2 + x 3 - z 

2x — 3 3 _|_ 1 


25. 


26. 


27. 


28. 


29. 


30. 


3x — 2 


x 2 — 4 

2 


x + 2 
1 

x — 1 

X 

X — 1 
2 

x — 3 
x 


+ 


(2 - x) 2 4 + 2x ' 4 

2 x 


2x 


x 2 — 4 

1 


x 2 — 4 

1 


1 


+ 


x + 2 

_ 3 

2x - 2 _ 3x - 3 5 


x + 4 
3x 


x — 3 
5x 


x 


x 2 — 9 


x 2 — 9 


2x — 1 , x + 2 
T 


2x - 2 3x - 3 x - 1 


2 

— i 

3 


31. 3a — 6x = 5a. 
33. ax + bx = c. 


32. cx d — 
34. (a + b)x 


a. 

= ax + b. 


35. (x + a)(x — b) = (x + a — b) 2 . 

= 0. 


36. 


a 2 b — x b 2 c 4~ x c 2 a x 


a 


„„ x — a x — b x — b x a 
37 .-;— -r 


38. 


a 

ax 4“ 6 


+ 


8b 2 


a b 

ax — b 


ax — b b 2 — a 2 x 2 ax + b 


= 0. 


39. - * + a - 5-r-^ + x - 6. 


40. 


a 

1 


a — b 


a — b 

x 


b 

1 


a + b 


a 4“ b 


x 


41.1-i-i-I. 

x a b x 

42. - 4- a - = ~ 

a- x -f 

43. — — ab = c 4- -• 

x x 


44. 


x — a x — b _ 2(b — a) 

x + a x 4- b x 


In each of the formulas in Exercises 45 through 50 solve for each of the 
indicated letters in terms of the remaining letters in the formula. 
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45. Solve for a, n, and d in the formula l = a + (n — 1 jd. 

71 

46. Solve for a, n, and l in the formula s = = (o 4- 0- 

47. Solve for P, i, and n in the formula A = P( 1 + in). 

48. Solve for h, a, and b in the formula A = ih(a -f- b). 

7*1 — Q 

49. Solve for a, r, and l in the formula s = —-=~ 

’ ’ r — 1 

50. Solve for R, Ri, and R 2 in the formula ^—b jr‘ 

47. PROBLEMS 

There are certain types of problems in which there are no 
equations given, but from the statement of the problem an equa¬ 
tion can be formed that will give a relation connecting the unknown 
with the known parts. The following steps will aid us to set up the 
equations connecting the known parts wdth the unknown parts. 

Step 1. Read the problem very carefully until you have a 
clear idea of what is given, what is to be found, and what things are 

equal. 

Step 2. Represent each unknown quantity by some letter and 

specify the units representing this quantity. 

Do not say “let x equal the amount added,’’ when you should 
say “let x equal the number of quarts of alcohol added to the 
original mixture,’’ or, as some prefer to say, “let x equal the 
number representing the number of quarts of alcohol added to 
the original mixture.” Do not merely say “let x equal the speed 
of the train,” when you should say “let x equal the speed of the 
train in miles per hour,” or “feet per second,” as the case may be. 

In most cases it is advisable to let the unknown or unknowns repre¬ 
sent the quantity or quantities to be determined. 

Step 3. State carefully and completely in terms of proper units 

what is being equated. 

Since equations are expressions of equality, two representa 10 ns 
for the same thing must be found to set equal to each other. 
is, if we have the number of years in Mary’s present age for the 
left-hand member of the equation, we must have the number oi 
years in Mary’s present age for the right-hand member of the 
equation. If we have the number of pounds of pure silver in t ie 
final mixture for the left-hand member of the equation, we mus 
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have the number of pounds of pure silver in the final mixture for 

the right-hand member of the equation. 

Step 4 Solve the resulting equation. 

Step 5. Check the results by determining whether or not they 
satisfv the conditions of the given problem. It is not suffic ent 
that the results satisfy the original equation, because the equation 
may not be set up correctly. Also, some of the roots may be 
impossible, as for example, - 7 could not be an answer 1 1 mea 

— 7 boys. 

Problem 1. How much pure alcohol must be added to 10 quarts of a 

40% solution of alcohol to give a 60% solution of alcohol? 

Solution. Let x equal the number of quarts of pure alcohol to be 

Equate the number of quarts of pure alcohol in the fi nal mixture. 

Since the final mixture contains x + 10 quarts in all, we may write t le 

t 

following statements: 

.40(10) = the number of quarts of pure alcohol in the 40% solution, 
x = the number of quarts of pure alcohol added, 

60(10 x) = the number of quarts of pure alcohol in the final mixtuie. 


Therefore, we may write the equation: 

.40(10) x — .60(10 x). 

Hence, 

4 + x = 6 + -6x; 

transposing, we have 

x — .6x = 6 — 4; 

collecting gives 

.4x = 2; 

dividing by .4, we find that 

x = 5 


is the number of quarts of pure alcohol to be added. 

Problem 2. One man drives an automobile 35 miles per hour and has a 
start of 4 hours over a second man who drives 45 miles per hour in the 
same direction. In how many hours will the second man overtake the 
first man? 

Solution. Let x equal the number of hours the second man traveled. 

Equate the distance in miles each car traveled. Thus: 

45x = 35 (x + 4) 

= 35x + 140; 
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collecting, we have 
hence, 



7 



is the number of hours the second man traveled. 

We might solve this problem in the following manner. 
Let y equal the number of miles each man traveled. 
Equate the number of hours the first man traveled. Thus: 


L.C.D. is 315, so 
collecting, we have 
hence. 



9y = 7y + 1,260; 


2 y = 1,260; 
y = 630 


is the number of miles each man traveled. 
Therefore, 


y_ 

35 


18 


;» 

is the number of hours the first man traveled, and 



is the number of hours the second man traveled. 

The first equation for each method is apparent, since the first man 

traveled 4 hours longer than the second man traveled. 

Problem 3. A can do a piece of work in 8 days and B can do the same 
work in 5 days; in how many days will it take both to do all the work 

when working together? 

Can we equate the number of days it takes both to do all the work. 

Why? . , .... 

Solution. Let x equal the number of days it takes both to do all the 

work. 

Equate the part of all the work they both can do in 1 day. Thus: 


1 




1 = 13. 
a; ” 40' 


collecting, we have 
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hence, 


13 _ Q 1 
x 40 6 13 


is the number of days for both to do all the work. 
The equation is apparent, since 


and 


and 


A can do l th of all the work in 1 day, 

O 

B can do -^th of all the work in 1 day, 

5 

both can do ^th of all the work in 1 day. 

x 


PROBLEMS 

1. The sum of two numbers is 45, and the one number is 4 times the 

other number. What are the numbers? 

2. If the sides of a square are increased by 5 feet, the area will be 

increased by 175 square feet. What were the original dimensions of 
the square ? 

3. One man walks 4 miles per hour and a second man walks 6 miles 
per hour. If they walk in opposite directions, how long will it take for 

them to be 25 miles apart? 

4. In making a trip a man averaged 35 miles per hour going, but on 
the return trip he averaged only 30 miles per hour. If it took 9f hours 
to make the trip, how far from home did he go? 

5 . A father is 42 years old; the son is 8 years old. When will the 

father be 3 times as old as the son? 

6. A father is three times as old as his son, but 15 years hence he will 
be only twice as old as his son. What are the present ages of father and 
son? 

7. A boy buys a number of marbles at the rate of 3 for a dime. He 
sells one-third of them at 4 for a quarter and the remainder at 2 for five 
cents, and makes a profit of twenty cents on the transactions. How 
many marbles did he buy? 

8 . A man packing breakable articles gets 4 cents for each article 
packed but must pay 10 cents for each article he breaks. How many 
articles must he pack each day to make $5 per day if he breaks 6 articles 
a day? What per cent of the articles are broken? 

9. One boy can pick 1 gallon of berries in 2 hours, and a second boy 
can pick 1 gallon in hours. How long will it take the two boys 
together to pick 6 gallons of berries? How many gallons of berries can 
they pick in 5 hours? 
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10 . It takes A 40 hours to paint a house and B 30 hours to paint the 
same house. If they paint the house together, what will be each one’s 
wages if A receives $1.05 per hour and B receives $1.40 per hour? 

11 . At what time between four and five o’clock are the two hands of a 
clock together? 

12. At what time between four and five o’clock do the two hands of a 
clock form a straight line? 

13. A fighter plane at 1:15 p.m. observes a bomber 10 miles away. If 
the fighter plane travels 450 miles per hour and the bomber travels 350 
miles per hour, when and where will the fighter overtake the bomber? 

14. Two automobiles start together and travel in the same direction. 
The one travels 45 miles in 70 minutes and the other travels 30 miles in 
55 minutes. When will the one automobile be 30 miles ahead of the other? 

15. A tank contains 10 gallons of 5% salt brine. How much water 
must be evaporated so that the remaining portion will be 8% salt? 

16. A container contains a 75% mixture of water and alcohol, a second 
container contains a 50% mixture of water and alcohol. What propor¬ 
tions must be taken from each container to give a 60% mixture? 

17. How much alcohol must be added to a 50% solution to give 25 

quarts of 60% solution? 

18. A smelter has 640 pounds of a 50% silver alloy and 200 pounds of 
a 20% silver alloy. How* much of the 50% silver alloy must be mixed 

with all the 20% silver alloy to give a 30% silver alloy? 

J_9. A can do a piece of work in one-third the time B can, B can do it in 
three-fourths the time C can; all together they can do it in 12 days. How 

long will it take each alone to do the work? 

20. A and B together can do a piece of worK in 10 days, A and C 
together can do the work in 12 days; and B and C together can do it in 
15 days. In how many days can they do the work if they all work 

together? . 

21. A can do a piece of work in 12£ days; B can do the same amount ot 

work in f of the time A can; and C can do the work in 3i times the time 
it takes all three to do the work. How long does it take C to do the work 

alone? . D 

22 A can do a certain amount of work in f the time that B can; B car 

do the same amount in f the time C can. The three together can do the 

work in 24 days. How long will it take each of them to o e w 

23. An aircraft carrier is traveling toward shore at the rate of 25 miles 
per hour At 3:30 p.m. when the carrier is 150 miles from shore, a scou 
plane leaves the carrier and flies to the shore and back to the carnet 
If the scout plane travels at 200 miles per hour, at what time will 

plane reach the carrier? 
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24. An airplane, flying 100 miles per hour, passes over an automobile 
traveling in the same direction on a straight road. One hour later it 
passes a second automobile traveling in the opposite direction. If the 
two automobiles pass each other 45 minutes later and are traveling at 

the same speed, find their speed. 

25. If 1 of the members of a club of 120 members are in favor of a 
certain proposition, how many new members, all favoring the proposition, 
must be added to the club so as to have f of the members ia\ oiing the 

proposition ? 

26. In a group of 55 persons there are | as many men as women, and 
there are 2 more women than twice the number of children. How 
many of each are there? 

27. In 12 years a boy will be 3 times as old as he was 10 years ago. 
How old is he ? 

28. If A’s wealth is doubled, he will then have as much more than 
$6,000 as he now has less than $6,000. Find his wealth. 

29. In a purse there are a certain number of nickels, three-fourths as 
many dimes, two-thirds as many quarters, one-fourth as many half 
dollars, and one-third as many dollars. If the total value in the purse 
is $9, how many pieces are there of each kind ? 

30. A merchant sold a suit of clothes for $45, which was at a profit of 
one-half of the cost of the suit. What was the cost of the suit ? 

31. If each day a man spends one-third of the money he has at the 
beginning of the day and if he has $8 at the end of the third day, how 
much did he have to start with? 

32. In a 100-yard dash A beats B by 3 feet and C by 5 feet. By how 

IP 

much does B beat C? 

33 . A grocer has some coffee worth 25 cents per pound and some worth 
40 cents per pound. What proportion of each must be used to give a 
mixture worth 30 cents per pound? 

34. If the minute hand of a clock passes the hour hand every 65 
minutes, what is the per cent of error of the clock? Is the clock fast or 
slow? 

35. A rabbit takes 5 leaps to a dog’s 4; but 2 of the dog’s leaps are 
equivalent to 3 of the rabbit's. If the rabbit has a start of 45 of his leaps, 
how many leaps must the dog take to catch the rabbit ? 

36. A rabbit takes 5 leaps to a dog’s 3; but 2 of the dog’s leaps are 
equivalent to 3 of the rabbit’s. If the rabbit has a start of 50 of his 
leaps, will the dog ever catch the rabbit? After the dog makes 100 
leaps, how many rabbit leaps is the rabbit ahead of the dog? 

37. How much cream testing 18% butter fat must be added to 1,000 
pounds of milk testing 3% butter fat to give milk containing 3.5% 
butter fat? 
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38. The radiator of an automobile holds 14 quarts. At the beginning 
of cold weather 2 quarts of alcohol were added, later 2 more quarts of 
alcohol were added, still later a 40% mixture was desired. How much 
alcohol was needed the last time? (Assume that there is no loss by 

evaporation.) 

39 . The sum of two numbers is s, and the one number is t times the 

other number. What are the numbers? 

40. Two automobiles start at the same place and travel in opposite 
directions at speeds of V x and V 2 miles per hour, respectively. How 

long will it take for them to be m miles apart? 

41 . A father is / years old; the son is s years old. When will the father 

be n times as old as the son ? 

42. In n years a boy will be t times as old as he was m years ago. How 
old is he? 

43. If A requires a days to do a piece of work and B requires b days to 
do the same work; how long will it take both to do the work together? 

44. In making a trip a man averaged I i miles per hour going, but 
returning he averaged V 2 miles per hour. If he was t hours on the road, 

how far from home did he go? 

45. In a 100-yard dash A beats B by b feet and C by c feet. By how 

much will B beat C ? ,, , 


46. How many pounds of cream testing c% butter fat must be added 
to n pounds of milk testing m% butter fat to give milk testing t% butter 



i/v/* i. A v ^ 

can be bought for c cents? 

48. LEVER PROBLEMS 

\ lever is defined to be a rigid bar that is capable of a motion of 


A lever is 


rotation about a fixed point 
called the fulcrum. In Fig. 


A 


F 


d 



in 15 the fulcrum is the point 


F. If a weight II is at¬ 
tached to the lever at a dis- 
called the lever arm of the 


i 


Fig. 15. 


tance d from the fulcrum, then d is 
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weight W, and the product Wd of the weight and the lever arm is 
called the moment of the force W about the fulcrum F. 

Fundamental Principle. A lever is in equilibrium when, and 
only when, the sum of the moments of all forces acting on one side of 
the fulcrum equals the sum of the moments of all forces acting on the 
other side of the fulcrum. Thus, the lever in Fig. 15 is in equilibrium 
if Wd = Widi (assuming the lever to be weightless). 

The fundamental principle may also be stated in the following 
form. A lever is in equilibrium when, and only when, the sum of the 
moments of all forces acting to produce clockwise rotation about any 
given point is equal to the sum of the moments of all forces acting 
to produce counterclockwise rotation about the same point. 


Example. A lever 27 feet long has 40 pounds fastened at one end, 
20 pounds fastened at the other end, and 30 pounds fastened 15 feet from 
the 40-pound weight. Where must the fulcrum be placed if the lever is in 
equilibrium? 

Solution. First Method . Let x equal the number of feet the fulcrum is 
from the 40-pound weight. Applying the first form of the fundamental 
principle, and equating the moment on the left side of the fulcrum to the 
sum of the two moments on the right side of the fulcrum, we have 


40z = 30(15 - x) + 20(27 - x) 
= 450 - 30x -f 540 - 20x. 


Collecting, gives 


90x = 990. 


Solving for x, we get 


x = 11 



40 lb. 


feet from the 40-pound weight. First Method. 

Solution. Second Method. Applying the second form of the funda¬ 
mental principle, using the left end of the lever as the point of rotation, 
and equating the counterclockwise moment to the sum of the two clock¬ 
wise moments, we have 


90s = 30 • 15 + 20 • 27 
= 450 + 540. 

Collecting, we obtain 

90z = 990. 

Solving for x gives 

x = 11 


f 


40 lb. 


- 

-27- 

- >- 

•< — 

-15- 


— 

x - *-j 




90 lb. 


T 


30 lb. 
Second Method. 


"1 

20 lb. 


feet from the 40-pound weight. Observe that the force of the fulcrum is 
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or 


directed upward and that this force is the sum of the three weights, 

90 pounds. 

EXERCISES 

1 Where should the fulcrum be placed on a seesaw 10 feet lon 8 
order that a child weighing 80 pounds at the one end balances a child 

weighing 120 pounds at the other end? 

2 What is the heaviest load that can be moved by a man exerting 

a force of 180 pounds on the longer arm of an 8-foot lever, tf the fulcrum is 

o fnp| from tliG other end * . * 

3 What is the heaviest load that can be moved by a man exertmg a 

f orc'e of 180 pounds on t he longer arm of a plank which ,s 8 fee, long and 
weighs 8 pounds per foot, if the fulcrum is 2 feet from the other on 

12 U £ aid weighs 6 pounds per foot. Where must the fulcrum be 

"S” -» bSTSts -i- wxss 

5SK?—a» ™ —r *1 P ounds -* *• “ 

pounds? \ . Tt orp earning 60 pounds hung from a pole 5 feet 

8. Two boys, A an , c ^ - from B what weight does 

long. If the load is 2 feet from A and 3 feet from n 

each boy carr> ? , ir >rlc one end. 60 pounds at the other 

9. A lever 12 feet long has 4 po n0 und weight Where is the 

end, and 30 pounds hung 4 feet from the 40 -pound eight. 

fulcrum if the lever is in equilibrium. 




CHAPTER VIII 


Systems of Simultaneous Equations 


methods for solving simultaneous equations 

1. Elimination by Addition and Subtraction. 

2. Elimination by Substitution. 

3. Determinants. 

4. Graphs. 


49. GENERAL DISCUSSION 

If one variable y is expressed directly as a function of a second 
variable x, then y is called an explicit function of x and is written 
y = f(x). For example, in the equation 

y = /(*) =,i(2x - 5) 

y is an explicit function of x. If, on the other hand, the variable 
y i s defined in terms of the variable x and their relationship is 
given by means of a single function of the two vartables, then each 
variable is an implicit function of the other variable and the equa¬ 
tion is written as 

/(#> y) = 3rc — 2y + 5 = 0; 

then y is said to be an implicit function of x, or x is an implicit 
function of y. 

One equation in two variables has an unlimited number of pairs 
of values of the variables that will satisfy the given equation. 
If, however, we consider two nonequivalent equations of two 
variables each, there will be only a finite number of pairs of values 
(real or imaginary) of the unknowns that will satisfy both equa¬ 
tions, although there is an unlimited number of pairs of values of 
the two variables that will satisfy each equation separately. 

To illustrate, in x + y = 5 there is an unlimited number of 
pairs of values of x and y whose sum is 5, and in x — y = 3 there is 
an unlimited number of pairs of values of x and y whose difference 
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is 3. However, there is but one pair of values of x and y whose 
sum is 5 and whose difference is 3. This pair of values is x == 4 

and y = 1. . 

We speak of x and y in each of the separate equations as vari¬ 
ables. but when we consider the two equations as a system of 
equations, we speak of x and y as unknowns, for in the system they 

have fixed values. 

To solve a system of n equations in n unknowns, is to find all the 
sets of values of the unknowns , each set of which will satisfy each 
of the equations of the given system. The numbers composing a set 
are called a solution and these numbers are constants, real or i maginary. 

If a system of equations has a finite number of solutions, t e 
equations of the system are said to be consistent and independent. 

If a svstem of equations is satisfied by an unlimited num er of 
solutions, the equations of the system are said to be consistent and 


de Hnoset'of values (real or imaginary) exists that will satisfy each 
equation of the system, the equations of the system are said to e 

U1< anc 1 e The graph of an equation of two variables lies in a plane 
•md is the curve that contains.all the points whose coordinates 
Z equation and no other points, it follows that the coor¬ 
dinates of any points of intersection of the two graphs of a^ystem 
of two equations in two unknowns must satisfy each eq 
the system and therefore must be a solution of the sj s 
We shall state the following without proof: 

To solve a system of linear equations m two un f nown °’ f Ermine 
and only two independent equations in the J f both 

all the pairs of values of the two unknowns that mil satisjy 

equations of the system. indepe ndent equations in n 

unknowns to determine all the sets of values of the n unkno 
will satisfy all n equations. 


50 SYSTEMS OF TWO LINEAR EQUATIONS IN TWO 
&U ' UNKNOWNS 

Since the derivative, or the slope of the graph, of the linear 
equation 

y = mx + o 
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is 


where m is a constant, it follows that the graph of y = mx + b is a 
straight line with the constant slope m. That is, the graphs of 

all linear equations in two variables are straight lines. 

The study of systems of linear equations dates back to the 

Egyptians, centuries before Christ. 

We shall give four methods for solving a system ot two linear 

equations in two unknowns. These methods aie. 

1. Method of elimination by addition and subtraction. 

2. Method of elimination by substitution. 

3. Method of determinants. 

4. Method of graphs. 

Method of Elimination by Addition and Subtraction 

It is possible to solve a system of two lincai equations in two 
unknowns by eliminating one of the two unknowns between the 
two equations and then solving the resulting equation in the 
other unknown. This can be done by selecting two constants >o 
that if each term of the first equation is multiplied by the one 
constant and each term of the second equation is multiplied by 
the other constant, the resulting equations will have the same 
numerical value for the coefficient of one of the unknowns; then 
by adding or subtracting the members of the two resulting equa¬ 
tions, depending on the signs of the common coefficient, the one 
unknown is eliminated from the resulting equation. Solve this 
last equation for the other unknown. To illustrate, let us solve the 
system of equations in the following example. 


Example 1. Solve 


2x — 3y = 13, 
5x + 6 y = —8. 


( 1 ) 

( 2 ) 


Solution. By Addition and Subtraction. To eliminate y we need only 
to multiply each term of Equation (1) by 2 and add the members of the 
resulting equation to the members of Equation (2). Doing this, we have 

4z — 6 y = 26 

5x + 6y = —8 
9x = 18 
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Solving this equation for x gives 

x = 2. 

It is possible to solve for y, either by substituting this value of x in 
Equation (1) or (2), or by eliminating x by multiplying each term of 
Equation (1) by 5 and each term of Equation (2) by 2, and by subtract¬ 
ing the members of the two resulting equations, t sing the latter method 

to eliminate x , we have 

\0x — 15 y = 65 

lOx + 12.v = -16 
— 27 y = 81 

Solving this equation for y gives 

y = —3. 

Hence, the solution of the given system of Equations (1) and (2) 
is x = 2, and y = -3. This solution can also be written in the form 

{2 ’ Check: Substituting 2 for * and -3 for y in Equation (1), we have 

2(2) - 3(—3) = 13, 

4 + 9 = 13. 
or 

Substituting the values in Equation (2), we have 

5(2) + G( —3) = -8, 

° r 10 - 18 = -8, 
which indicates that- the solution is correct. 


Method of Substitution 

To solve a system of two linear equations in two unknowns y 

substitution, solve either of the two given , f Zs 

unknown in terms of the other unknown and then 

value in the other equation. The resultmg equation ion 

r n besolvedfor the one unknown. To illustrate, let us now solve 
the foregoing system of equations by the method of substitution. 

Example 2. Solve & ^ = ^ 0) 

5x + 6 y = -8. \ 

Solution. By Substitution. Suppose we solve Equation (1) for x m 
terms of y; then 

• 13 + 3 y 

x = - 2 
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Substituting this value of x in Equation (2), we have 

5(13 + 3 y) + Q y = _g. 

2 


Simplifying gives 


or 


65 15 y +• 12 y — 16, 

27 y = —81; 


solving for y , we get 

1^ A- 3 y +Vlori 

Since x — - 2 — tnen 

x = 



13 + 3(—3) = 2 



Therefore, the solution of the system is x = 2, y - 3. 

Check: Now x = 2 and y = —3 are such that they satisfy Equation 

( 1 ) but one should always check to see whether or not the results satisfy 

the* other equation. It may happen that an error was made in the work 

when solving for y, and hence we may have a pair of values that will 

satisfy the one equation but not the other. Checking in (2), we have 

5 • 2 + 6( —3) = -8, 

or 

10 - 18 = - 8 . 

Method of Determinants 

Let us first solve by addition and subtraction the system com¬ 
posed of the two general linear equations 

dix + hi y = Ci, (3) 

q,2% "b h2y = C 2 . (^) 

To eliminate y, we multiply each term of Equation (3) by b 2 
and each term of Equation (4) by 61 . This gives the following two 
equations whose members may be subtracted from each other 

aib 2 x + b^y = Cib 2 
ci2bix + b2biy = c 2 bi_ 

(U 162 — d^)\)X = Ci &2 c 2 bi 


Solving the resulting equation for x gives 


Cib 2 — c 2 bi 
(Z162 — d 2 b\ 


{d\bi — dzbi 7 ^ 0 .) 



x 
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To eliminate x we multiply each term of Equation (3) by -a 2 
and each term of Equation (4) by ch. Then we have the following 
two equations whose members we add: 

— a-tdiX — a 2 b\y = —a 2 Ci 

cliCl 2 x T Q-i b 2 y = niC 2 _ 

(ai5 2 — a 2 bi)y = aic 2 — «2Ci 
Solving the sum for y, we obtain 


Since 



Qic 2 — a 2 ci 

ad> 2 — 



a 2 bi ^ 0.) 



QiC 2 — a2Ci 
ai & 2 — azb\ 



are the solutions of the two general linear equations (3) and (4), 
we may consider them as the formula for the solution of all systems 
of two linear equations in two unknowns, where proper values 
are to be substituted for the a’ s, b’ s, and c s. The ormu am is 
form may be a little difficult to remember, but we can write it bj 
employing the following symbolic form that is easier to remem er. 

Thus: 




✓ 


lie symbol on the right side of Equation (7) is called a deter- 
linant of order two. This symbol must always mean the produ 

,b-> minus the product a 2 bu . . 

The denominators of the values of * and y given by equati 

5) and (6) are equal and are given by Equation ( ). PP 

his symbolic notation to the numerators of x an y, we a 


following: 


C\b 2 — c 2 b\ 

(ZlC2 ® 2^1 


Cl- 

b 1 

c 2 

b 2 

dl 

Ci 

,«2 

C2 


( 8 ) 

( 9 ) 


which conform to the definition of the symbol 

In the preceding discussion the solution of 
two general linear equations 


given in Equation 
the system of the 
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diX + b\y = Ci, 

a 2 x + b 2 y = c 2 . 


is shown to be 

C\b 2 — c^bx 

x = ai6 2 — vibi 



By using the notation of determinants, this solution fan be written 
as the ratio of two determinants, thus, 


Cj bx 


a i Ci 


c 2 b 2 

11 - ! 

CL 2 C 2 

(id 

fli bi\ 

y y — 1 

ai bx 

a 2 b 2 


a 2 b 2 

i 


vrovided the determinant in the denominator is not equal to zero, the 
determinant in the denominator is called the determinant of t e 

system of equations. • , 

Observe that the two given equations are written with the tei ms 

containing the unknowns in the left-hand members and the con- 
stant terms in the right-hand members. The determinant o t u 
system is a square array of the coefficients of the two unknow m>, 
of which the first column consists of the coefficients of the one 
unknown and the second column consists of the coefficients of 
the other unkn own. The value of each unknowm. has the deter¬ 
minant of the system for its denominator and the determinant in 
the numerator is like the determinant in the denominatoi cxu pt 
that the column containing the coefficients of the unknown foi 
which we are solving is replaced by the respective constants on 

the right-hand side of the equality signs. 

To illustrate the solution by determinants, let us solve the 
system of Equations (1) and (2) given in Example 1. 


Example 3. Solve 


2x - Zy = 13, 
5x + 6 y = -8. 


Solution. By Determinants: 


13 

-3 


-8 

6 

(13)(6) - (—8)(—3) 

2 

-3 

(2) (6) - (5) (-3) 

5 

6 


78 - 

24 

- 54 - 9 

12 + 

15 ' 

27 ’' 
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2 13 


5 -8 

1 ( 2 ) ( — 8 ) - ( 5 ) ( 13 ) 

2 -3 

27 

5 6 



-16 - 65 _ -81 
27 27 


If the graphs of the two linear equations do not intersect in a 
common point, the system of equations will not have a solution. 
This will be the case when the two lines either coincide or are 
parallel; that is, if the two lines have the same slope. The two 
lines will have the same slope if cq &2 fl 2 ^i = 0; that is, if the 
determinant of the system is equal to zero. For, if af >2 — a 2 &i 

= 0, then 


d\ a2 __ _ _ ^2 

F, = bl or 6i ~ bt 

which are the respective slopes of the two lines. 



To show that 


— rf is the slope of the line d\X + b\y = Ci, we solve for y, as 

o i 

follows: 



Then, differentiating, we find that 

i dy 

s'°P e = Tx 



dl 

b ! 


= C 2 ' 


Likewise, — P- is the slope of the line a 2 x + b 2 y 

0 2 

Consider the system of equations 

a \X + biy = Ci, 
d2X 4- b2y = c 2. 

I. If the determinant of the system is not equal to zero; that is, if 


ai b i 

02 ^2 


^ 0, 


the equations are said to be consistent and independent, the system 
has a solution , and the two lines intersect. 

II. If 

d\ b 1 


do b 


= 0 , 
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and if either or both of the determinants in the numerators of the 
solution is nonzero, the equations are said to be inconsistent, 
system does not have a solution, and the two lines are parallel. 

III. If 

ai b i 


a o 


= o, 


and if both of the determinants in the numerators of the solution arc 
zero, the equations are said to be dependent, the system has infinitely 
many solutions , and the two lines coincide . 


Method of Graphs 

Graph the two equations on the same coordinate system, then 

estimate the coordinates of 
the point of intersection of 
the two graphs. These 
coordinates are the 
solution. 

Let us solve by graphs 
the following system of 
equations. 

Example 4. Solve 

2x — 3 y = 13, (1) 

5x + 6y = —8. (2) 



j- 

•lo. i) 







Y 



1 




■" ** T 

■ 1 









.j 

ft 
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\ . 
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x\ 
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-10 
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-1 
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1 
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2 
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Fig. 16. 


Graphical Solution. Since the graph of Equation (1) contains all the 
points whose coordinates satisfy Equation (1), and the graph of Equation 
(2) contains all the points whose coordinates satisfy Equation (2), it 
follows that the only pair of values of x and y that will satisfy each equation 
are the coordinates of the point of intersection of the two graphs. 

The graph of each equation is a straight line and the graphs may be 
drawn from the accompanying sets of calculated data. 


For Equation (1) For Equation (2) 

3 y + 13 —6.!/ — 8 


X 

y 

X | 

y 

8 

1 

—4' 

2 

5 

-1 

-10 

7 

-1 

-5 

8 

, —8 


From the graphs in Fig. 16 we see that the two lines intersect at the 
point (2, —3), which is the solution of the given system of equations. 
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= 1. 


EXERCISES 

1. Graph and solve by elimination: 3x — y = 3, x + 2y = 8. 

2. Graph and solve by substitution: 3x + 2y = 4, 4x + 3y = 

3. Graph and solve by determinants: 3x 4- 8y = 8, 6x — 4y 

4. Graph and solve by any method: 5x — 2y = 3, 2x + Sy — — 14. 

Solve each of the following systems of equations (Exercises 5 through 
38) by any method and check the results. 


5. 




7. 


9. 


11 . 


13. 



3 x - y + 16, 

3y = x - 24. 

3x — 2 y + 16 = 0, 

2x + by - 21 = 0. 

x 4- 2 = 0, 

3* + 5 y = 0. 

3x + 2y = 10, 
lx — 4y = 0. 

6a; — 8 y = 10, 

9x — 12 y = 15. 

2x — 5y 4- 7 =0, 

3x 4- 8y - 9 = 0. 

2 — x — 4y = 0, 

5 - 3a; - 2y = 0. 
x(y - 5) = y{x - 1), 
2(x — 2) = 3 (y + 3). 

x — 5 _ 3y + 2 
6“ " 10 ’ 

* , o _ y + 12 t 

6 + 2_ 4 


6. Sx — 2y = —1, 
6a; — 5 y = —7. 

8. 9a; - 2y = 100, 

Gy — 5x = —80. 
10. a; = 6y + 37, 

y = 2a; + 3. 

y = 3a; + 4, 


12 . 


14. 


y = fz - i 


3x - 2y = 7, 

2a; - 3y = 6. 

16. 6.r = 3y — 5, 

6y = 2x — 3. 

18. 8x — 15y = 73, 
lOx + 24y = —37. 

20. 3x — 3-(2y + 3) = 2, 
2y — -|(x — 2) = 8. 

22. 3 V* ~ 2 VS = 11, 
2 + 5 Vy = 20. 


23. 2x — 1 = 


25. 


3y — 1 = 
* - \ + 


6y - 2 

-“T - ’ 

4x — 2 

^_ 1 

5 

V - 1 _ 


24, 


x 


y _ 


x + y 

x - 10 


5’ 


2x — 3 


3 y 4“ 2 6y 4" 11 


x 4-1 _|_ y_ 


- 2 


26. 


2 ' 3 a 

(x - 3)(y - 2) = (x - 1 ){y 

x — y + l _ 


6 

- 4). 


= a, 


x — y — 1 

x 4- y 4- 1 b 
x + y — 1 

27. x 4- 2/ = a > 

x - y = b. 


28. ax — 3y = 7, 
4x — ay = 8. 
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29. ax + by = a 2 + b 2 , 
bx + ay — 


30. (a — b)x = (a + b)y, 
ax = by + a 2 + b 2 . 


31. a(a — y) = b{x + y — a), 

a(x 

5x 

2 ' 

3 V 

10 


32. 


33. 


• b — y) = — b)* 

3 y 


5 
15x 


= 6 , 


34. 


= -7. 


A - i- - 5 = 0, 

3x 2y 

4y + 9x + Gzy = 0* 

^ ^ + 5 = °. 

4 o ^ 

2x y _ 3 _ n 

T 3 2 


35. ^ 

x 


_ i. = 7 

•1 


7 

x 


1 

5 

2/ 


36. 


-4 


- +i 

x 2/ 

3,4 

—r ~ 
x y 


= 11, 


= 25. 


(flint: 


1 


Solve for - and 

x 



37. 


2_ 

3x 

4 


- = 2 , 


3 

4y 

3 


4- 

9z 5y 


2 

15 


38. - 

x 

3 

x 


25 
6’ 

59 
6 ' 


2 

y 

4 

y 


n 


39. In the formulas l = a + (w — l)d, s — 2 


(a) Solve for a and $ in 

(b) Solve for a and l in 

(c) Solve for s and n in 

(d) Solve for a and d in 

(e) Solve for l and d in 

(f) Solve for s and d in 


terms of n, l, and d. 
terms of n, d, and s. 
terms of a, d, and l. 
terms of n, s, and l. 
terms of a, n, and s. 
terms of a, n, and l. 


40. In the formulas l = 


ar n 1 , s = 


a(r n — 1) 
-:-> 


(a) Solve for a and l in 

(b) Solve for a and s in 

(c) Solve for r in terms 


r — 1 

terms of s, n, and r. 
terms of n, l, and r. 
of s, a, and l. 


41. Two numbers are so related that their sum is 35 and three times 
the one number is twice the other number. Find the numbers. 

42. If the length of a rectangle is decreased by 10 feet and the width 
is increased by 8 feet, the resulting figure is a square of the same area. 
Find the dimensions of the rectangle. 

43. Two numbers are written with the same two digits. If the sum 
of the numbers is 110 and the difference of the numbers is 36, find the 
numbers. 
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44. The sum of the two digits of a number is 12, and if 18 is added to 
the number, the order of the digits will be reversed. Find the number. 

45. A certain fraction becomes equal to 2 when 13 is added to the 
numerator and equal to 5 when 8 is subtracted from the denominator. 

Find the fraction. 

46. A certain fraction becomes y when 4 is added to the numerator 
and # when 4 is subtracted from the denominator. Find the fraction. 

47. A father is ten times as old as his son, and 4 years hence will be six 

times as old as the son then is. What are their ages? 

48. A father is now four times as old as his son, but 4 years hence the 
father will be three times as old as the son. What are their present 


1 49 A rowing crew which must practice on a river wishes to determine 
their speed in still water. They observe that they can row 16 miles 
downstream in 1 hour, but it takes them 2 hours to row back. What is 

their rate in still water? What is the rate of the current? • 

50. A boat can go downstream a certain distance in 1 hour and 
minutes but takes 3 hours to return. If the rate of the stream is 3 miles 
per hour, find the distance traveled and the rate of the boat in s 1 

W 2 ttcr 

51. It is desired to make some green paint by mixing yellow and blue 
pigments. A gallon of paint was made by using 5 parts of yellow pig¬ 
ment and 2 parts of blue pigment, but this was found to be too light a 
green. On a second attempt a gallon of paint was made by using 7 
parts vellow and 4 parts blue, but this was found to be too dark a green. 
It was decided that 2 parts yellow and1 part btuejvou ld give ^apprma^ 
mately) the desired shade. How much paint must be taken 

gallon to give a gallon of paint of the desired shade. 

52. With two mixtures of a chemical and water o a% £ 

centrations respectively, how much from each mixture must be taken to 

'rasa sass rta 

theater^ ^ ^ investment of $2,000 is S76_ H part 

of H'is invested at 3% simple interest, and the remainder at 5%, vhat 
amount is invested at each rate? ^ ^ ^ for $640 H e sold the 

dresses^ JTaprofit of°40% and the coats at a profit of 30%, and received 
f„ re al, $856. Vid the cost of each at $ 20 each and 

of 6 l^rS^: d H; 4 so 0 hUh a e dresses' at a profit of 30% and the 
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coats at a profit of 20% and made in all a profit of $570. How many 

rirpsses and how many coats did he buy? . 1 

57. How long will it be from the time the two hands of a clock are 

together until they will be together again? , . 

58. A rowing crew which must practice on a river wishes to determine 

their speed in still water. They observe that they can row d mies 
downstream in h hours, but it takes them U hours to row back. Find 
their rate of rowing in still water and the rate of thei current. 

59. This exercise is the old problem, How old is Ann. 

bined ages of Mary and Ann is 44. Mary is twice as old as Ann was, 
when Mary was half as old as Ann will be, when Ann is three times as 

old as Mary was, when Mary was three times as old as Ann. 

60. A grocer has some coffee worth 42 cents per pound and some worth 
28 cents per pound. What proportions of each must be used to give a 

mixture worth 34 cents per pound? , 

61. The general equation of a straight line is y = mx + 5. (a) * md 

the equation of the straight line passing through the points (2 -3)i and 
(_ 3 ; 4 ). (b) Through the points (3, —2) and (—3, — o). (Hint: 

Substitute the coordinates of each point in the equation y = 




_L h 


and solve for m and b.) 

62. A basket contains between 5 and 6 dozen of eggs. A person count¬ 
ing the eggs 3 at a time finds there are 2 left over, but when he counts 
them 4 at a time he finds there are 3 left over. How many eggs are in 

the basket? 


61. SYSTEMS OF LINEAR EQUATIONS IN THREE 

UNKNOWNS 

The graph of an equation in two variables is in a plane, or space 
of two dimensions. The graph of an equation in three variables 
must be in a space of three dimensions. The graph of a linear 
equation in two variables is a straight line. The graph of a linear 
equation in three variables is a plane. Since in general two planes 
intersect in a line, and three planes intersect in a point, it follows 
that the solution for three unknowns in a system of linear equations 
is possible only if the system contains three independent equations 
in the three unknowns. 

We shall give three methods for solving a system of three linear 
equations in three unknowns, as follows: 

1 . Method of elimination by addition and subtraction. 

2 . Method of elimination by substitution. 

3. Method of determinants. 
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Method of Elimination by Addition and Subtraction 

In a system of three linear equations in three unknowns, it is 
possible to eliminate one of the unknowns from any pair of equa¬ 
tions by multiplying each term of the one equation by some 
constant and multiplying each term of the other equation by a 
different constant, so that this unknown will have the same 
coefficient in the two resulting equations. Then, if the members 
of these two equations are added or subtracted depending on the 
signs, we have an equation in but two unknowns. In the same 
manner it is possible to eliminate the same unknown from either of 
the other two pairs of equations. The resulting two equations in 
the two unknowns can now be solved for these two unknowns y 

any of the methods given in Article 50. 

To illustrate, let us solve the following system of equations by 

addition and subtraction. 



Example 1. Solve 


x — 2 y -j- 3z 12, 

3x + 4y — 2z = -7, 
2x + 5y + 22 = 3. 


(13) 

(14) 

(15) 


Solution. Eliminate . from the pair of Equations ^and (U^by 
ultinlvino- each term of Equation (13) by A ana eacn tei h 

4) by3 and then adding the members of the two resulting equations, 

ius: 



2x — 4 y + 6 z = 
9x + 12 y - 6z = 
llx + 8 y 


24 
21 
3 


(16) 


Eliminate a from the pair of Equations (14) and (15) by adding the 
embers of the two equations; thus: 


3x + 4y - 2z = -7 
2x + by + 2« = 3 


(17) 


5x + 9 y 


= -4 


T^et us now solve the system composed of the two equations (16) and 


llx + 8 y = 3, 


(16) 








for x and y by 


addition and subtraction, as follows: 
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99x + 72 y = 27 

40x + 7 2 y ~ —32 
59* = 59 


55x + 40y = 15 

55x + 99 y = —44 
- 59z/ = 


To solve for z let us substitute these values of x and y in Equation (13). 
Doing this, we obtain 

1 + 2 + 3z = 12; 


solving for z gives 



Therefore, the solution of the system of Equations (13), (14), and (15) 
by addition and subtraction is x = 1, y = — 1, and 2 = 3 - Sometimes 

this solution is written as (1, —1, 3). 

Check: To check, substitute these values of x, y, and z m Equations 

(14) and (15). 

Substituting in (14) gives 

3 - 4 - 6 = -7; 

substituting in (15) gives 

2 - 5 + G = 3. 


Method of Elimination by Substitution 

A system of three linear equations in three unknowns can be 
solved bv solving any one of the three equations for one of the 
unknowns in terms of the other two unknowns, and substituting 
the result in each of the two remaining equations. The two result¬ 
ing equations will contain but two unknowns, and this system of 
equations can be solved for these two unknowns by any of the 
methods given in Article 50. 

Let us solve by substitution the system of equations given in 
Example 1. 

Example 2. Solve 

x — 2y + 3z = 12, (13) 

3x + 4y — 2z = —7, (14) 

2x + 5y + 2z = 3. (15) 

Solution. Suppose we solve Equation (13) for x in terms of y and z, 

and then substitute this value for x in Equations (14) and (15). Solving 
Equation (13) for x, we have 

x = 12 + 2 y — 3 z. 

Substituting for x in (14), we obtain 

3(12 + 2 y - 3z) + Ay - 2z = -7; 


(18) 
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substituting for x in (15) gives 

2(12 + 2 y — 3 z) + by + 2z — 3. 
Simplifying, we have 


lOy — 11 z = —43, 


and 


{)y — 4z = —21. 


(19) 

( 20 ) 


Let us next solve the system of Equations (19) and (20) for y and z by 
substitution. To do this let us solve Equation (19) for y in terms of 2 , 
and then substitute the result in Equation (20). Solving Equation (19) 
for y, we have 


substituting for y in (20) gives 




simplifying, we get 

992 - 387 - 402 = -210; 


then 

and 



We substitute this value for z in Equation (21), thus: 

112 - 43 _ 33 - 43 _ -10 _ 
y - 10 10 10 

and then substitute the values for y and z in Equation (18) : 

x — 12 "I - 2 y — 32 = 12 2 9 1» 

Hence, the solution of the system of Equations (13), (14), and (15) by 
substitution is £ = 1, y — — 1, and 2 = 3, somet imes v ritten as (1, 1, 3). 

Check: To check, substitute these results in Equations (14) and (15). 

Substituting, in (14) gives 

3 - 4 - 6 = -7; 

substituting in (15) gives 

2 - 5 + 6 = 3. 


Method of Determinants 

Let us solve by the method of elimination the system of three 


general linear equations 

aix + bi y + C\Z = di, 

o 2 x + b%y + c 2 2 = dif 
cizX + b^y + £32 = ^ 3 , 

and then express these results in determinant form. 


( 22 ) 

(23) 

(24) 
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It is possible to eliminate two of the unknowns at one time 
instead of eliminating one unknown at a time. We can eliminate 
y and z by multiplying the members of Equations (22), (2d), and 

(24) by 

(b 2 c z - b 3 c 2 ), -(biCz - b 3 Ci), (& 1 C 2 - o 2 Ci), 

respectively, and then adding the members of the resulting equa¬ 
tions. In this sum, the coefficients of y and z are zero and the 

result is 

[ai(b 2 c 3 — b 3 c 2 ) ” a *(biC3 — b*c\) + a 3 (biC 2 — b 2 c x )]x ^ 

= di{b 2 c 3 — b 3 c. 2 ) — d 2 (bic 3 — b 3 c x ) -f d 3 (bic 2 — b 2 c x ). (25) 

Removing parentheses and solving for x, writing the positive 
products first, we have 

d\b 2 c 3 -I - d 3 b\c 2 + d 2 b 3 Ci d 3 b 2 Ci d\b 3 c 2 d 2 b x c 3 


x = 


<X\b 2 c 3 + a 3 b\C 2 + o. 2 b 3 C\ — a 3 b 2 C\ — a x b 3 c 2 a 2 bic 3 


( 26 ) 


In a similar manner it is possible to solve for y by eliminating 
x and z by multiplying the members of Equations (22), (23), and 

(24) by 

— (a 2 C3 — O3C2), (oiC 3 — a 3 Ci), — (fliC 2 — «2Ci), 

respectively, and then adding the members of the resulting equa¬ 
tions. Doing this we would get 

aid 2 C3 H~ a 3 diC2 4 ~ o^d^Ci d^Lci did^c^ <22^103 ( 27 ) 

^ — CL\b 2 c 3 4 * o. 3 biC 2 + a 2 b 3 Ci — a 3 b 2 C\ — a\b 3 c 2 — a 2 b\C 3 

We can solve for z by eliminating x and y by multiplying the 
members of Equations (22), (23), and (24) by 

(a 2 b 3 — a 3 b 2 ), —((iib 3 — a 3 b\), ( dib 2 — a 2 bi), 

respectively, and then adding the members of the resulting equa¬ 
tions. Doing this we would get 

dib 2 d 3 H - d 3 b\d 2 -j- a 2 b 3 di a 3 b 2 di &ib 3 d 2 (x 2 bid 3 

&ib 2 c 3 H - a 3 b\C 2 -j - d 2 b 3 C\ d 3 b 2 Ci dib 3 c 2 d 2 b\c 3 


Since we wrote the denominators in the solution of a system of 
two linear equations in two unknowns in a symbol form as a 
square array of the coefficients of the unknowns, we shall also 
write the denominators in the solution of a system of three linear 
equations in three unknowns in a symbol form as a square array 
of the coefficients of the three unknowns. Thus we write 
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dibiCz dzbic 2 + 02 ^ 3^1 — dzb 2 Ci — d\bzc 2 d 2 b\Cz 



dl 

b i 

Ci 

— 

a 2 

b 2 

C 2 


\d z 

bz 

C 3 



The symbol on the right side of Equation (29) is called a deter¬ 
minant of order three. It is necessary for this symbol always to 
have the same meaning; that is, it must be the dlgebrdic sum of six 
products of three letters eoch. Observe that each of the six products 
contains a letter from each row and from each column of the 
determinant and that the six products include all possible products 
that can be formed by selecting a letter from each row and each 
column (like letters denote columns and like subscripts denote 

rows in the determinant given in Equation 29). 

The algebraic sum of the six products in Equation (29) is called 

the expansion of the determinant. 

To be able to write the expansion of a determinant of order 

three it is best to have a systematic way of forming the products. 
An easy way to obtain these products is to observe the systematic 
order in which the letters can be selected from the square array 
to form each product when the products are written in the follow 

ing order 



dibzCz + biC^dz -b C\bzdz dzbiC\ 

bzCidi — c z b ia 2 . (30) 


Observe that the first three products are preceded by a plus sign, 
and the last three products are preceded by a minus sign. 

The expansion of a determinant of order three may 
obtained by rewriting the first and second columns to the ig 
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Then all the elements of any product he on a diagonal. The 
products of the elements in each of the three diagonals running down 
from left to right are given positive signs, and the products of ie 
elements in each of the three diagonals running up from left to right 
are given negative signs. The algebraic sum of the six products 
thus formed is called the expansion of the determinant. 

To illustrate the expansion of a determinant ol order thiee, 
let us expand the determinant composed of the coefficients of 
equations (13), (14), and (15). The determinant and its expansion 

is 




1-4-2 + ( 2)( 2)2 + 

3-5-3 — 2-4-3 — 5(—2)1 - 2( — 2)3 
8 + 8 + 45 - 24 + 10 + 12 



The values of x , y, and z given in Equations (26), (2 i ), and (28) 
for the solution of the following system of equations 


0iX + b\y 4- C\Z — d\f 

a 2 x b 2 y + CaZ = d 2f 
a 3 x + b 3 y + c 3 z = d 3 . 


can be written in determinant form thus: 



\di 

b i 

C i 



d i 

Ci 

\d 2 

bo 

C 2 


a 2 

d 2 

c 2 

Id 3 

b 3 

C 3 

» y = 

a z 

d 3 

c 3 

Ol 

hi 

C] 

Ol 

bi 

Cl 

a 2 

b 2 

Co 


a> 


Co 


b 3 

C 3 


o 3 

^3 

^3 


z 


Cl 

bi 

d i 

Qo 

b 2 

d 2 

c 3 

b 3 

d 3 

Ol 

bi 

Ci 

Ol 

bi 

C 2 

a 3 

&3 

C 3 



(31) 


provided the determinant in the denominator is not equal to zero. The 
determinant in the denominator is called the determinant of the 
system of equations. 
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Since Equations (31) constitute the solution of the three general 
linear equations (22), (23), and (24), we may consider them as 
the formula for the solution of any system of three linear equations 
in three unknowns, where proper values are substituted for the 

a’s, 6’s, c's, and d’s. . . , , 

Observe that the three given equations are written with the 

terms containing the unknowns in the left-hand members and t e 

constant terms in the right-hand members. The determinant 

of the system is a square array of the coefficients of the three 

unknowns, of which the first column consists of the coefficients o 

the one unknown, the second column consists of the coefficients 

of the second unknown, and the third column consists of the 

coefficients of the third unknown. The value of each unknown 

has the determinant of the system for its denominator and the 

determinant in the numerator is like the determinan in e 

denominator except that the column containing the coefficients o 

the unknown for which we are solving is replaced by the respective 

constants on the right-hand side of the equality signs. 

To illustrate how to solve a system of three lmear equa ions 
three unknowns by the use of formulas given m Equation (3 ), 
let us solve the following system of equations by determinants. 


Example 3. Solve 


x — 2?/ 4" 3z — 12, 
Sx + 4i/ — 2z = —7 
2x + 5y + 22 = 3. 


(13) 

(14) 

(15) 


Solution. By Determinants, 


x = 


y = 


12 

-2 

3 

— 7 

4 

-2 

l 3 

5 

21 

' 1 

-2 

3 

3 

4 

-2 

2 

5 

2 

96 + 12 

105 

8 + 8 + 45 - 

| 1 

12 

3 

3 

— 7 

-2 


3 

2 


59 


-14 

— 48 4" 2 


105 — 36 -f- 120 28 _ 


59 

59 


= 1 , 


59 


-59 

59 


= - 1 , 


















Villi SYSTEMS OF SIMULTANEOUS EQUATIONS 


173 


z = 


1 

3 

2 


-2 

4 

5 


12 

-7 

3 


177 


= 3. 


= 0 , 


59 

12 + 28 + 180 ~ 96 ^ 

To check substitute^these results in any one of the three 
Check: lo checK, &uu W e have 

equations. Substituting m Equation^ 

If the determinant of the System is equal to zero; that is, if 

jai hi Ci 

1 ai hi c 2 ' 

a 3 hz Cz . 

then th, u™ «»*»» ~ f - 

riZS 1 ” £.n~» °l 11 D1 ' k ' 

,h, P i»» ». i.« <««” ,hirf 

The'three planes are parallel and not all of them are 

Twotf the planes are parallel and cut by the third plane. 

The three planes intersect in a common line. 

The three planes coincide. . . . 

„, Two of the planes coincide and are cut by the third plane. 

For the three cases (a), (b), and (c), the three equat.ons are 

inconsistent, and the system does not have a solution, 
toe cases (d), (e), and (f), the three equations are dependent, 

and the system has an unlimited number of solutions. 

QUESTIONS 

1 What is meant by a solution of a system of equations? 

2 What must be the relation between the number of equations and 
the number of unknowns in a system, if the system has a finite number of 

solutmns? ^ methods for so l v ing a system of two linear equations m 

# 

^'I'owTtoe methods for solving a system of three linear equations 

L* 

in three unknowns. 

EXERCISES 

Solve each of the following systems of equations by addition and sub- 
traction, by substitution, and by determinants. 


(b) 

(c) 
(d> 

(e) 

(f) 
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1. x + y + 2 = 3; x - 2y + 32 = 1; 3x + by - 42 = -1. 

2. 2x + 3z/ + 4s = 1; 3x - y - 5z = -4; 5x + 2y - 3z = -7. 

3. 3x — 4y + 2z = 0; 5x + y — 32 = — 1; 8x — 2y — 4z = -12. 


Solve each of the systems of equations in Exercises 4 through 24 by any 
method. Check the results. 


4. 3x + 2 y - 42 = 7, 

2 x — 3 y — 2 z = 12 , 
x + y — Zz = 5. 

6 . x + y - z = 0 , 
x — 2y + z = 0, 

4 x — 5 y + 22 — 0 . 

8. x = 2 y — 32 + 4, 
y = 22 3x "1“ lj 
z = 2x — Zy — 1. 

10. 3x - 2 y = 12, 

3y - 22 = -19, 

32 - 2 x = 11 . 

12. x — 2y - 7, 

2y — Zz = —5, 

32 — 4x = 4. 

14. 2 x - 4?/ + 62 = - -jr, 
4 x — 6 ?/ + 22 = 

6 x — 2y + 42 = - i- 

16. bx - 2y - az = -a\ 
ax + y — az = 2ab, 

x — z = b. 


5. x + y = —7, 
y + 2 = —2) 

2 + X = 1 . 

7. x-Zy -2z = 3, 
2y + 32 = 8 , 

42 — 3x = 1. 


9 . 3 x + 2y + 2 + 1 = 0 , 

Zy — 62 + 11 — 4x = 0, 
22 — 5x — iy = 0. 

11 . 3x = 2y - 42 + 4, 

4 y — 82 = 2 — 9x, 

5 + 6 x — 6 y — 82 = 0 . 

13 . 2x — 3 y - z = —11, 

13 + 4x - 2y = 32 , 

2 2 + 3 3x = by. 

15 . ax + by + C2 = a, 
bx + cy + az — b, 
cx + ay + bz = c. 



18. I + i + i = 9, 

x y z 

?_§ — != —9, 
x y 2 

?_? + - = 16. 
x 2 / 2 


20. 


x v , z 

W-2 + l + i = 


= -1, 


2 • 
3x 

+ 

3 

4 y 

+ 

£1^ 

11 

21. - 

y 

•t/ 

1 

4 


5 

+ 

14 - 5 

Z 

y 

2 

9x 


8y 

5z 


¥ 


J_ 

+ 

9 

_ 

5 = -10. 

X 

& 

3 

2x 

2y 


z 





3x 2/ _ 5! = 6 
~2 “ 3 2 

5x . 8y , 32 

-2 +T + "2 

1 
3 


= -2, 
3 

— - 1 

2 
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22 3x ~ V + 24 " 7 = 0i 6 + Sy ~ 2X ~ ~ °’ 

\ + l + 4x + 2! r-0 +lftt . 0; 

23. 3x + ly + 52 - 3 = M + " J 

j'"uil - V+” 3 x+102=i+om «•+ i2 ^: 28+1& ; 

26 Three numbers have the property that the.r sums m pans a>« 

,0, 21, and 25, ■*£^"^nd angle, the second angle 

s»3£Sissr- , «.<■ *— 

iisu ar r;r.SBi - —- - 

What does each earn per daj . g0 that the first man gets 

OA \ sum of money is divided among more 

2 ». A Bum Ui . monev the second man get:> moie 

ng•>.<•«« —— ° ne - third 

as much as the Hrst two. How much d each man ge ^ ^ ^ 

9Q Three numbers have the pi opti t , 

successively to each of the numbers, the resultmg sums are 10, 18, and 

20. iind the numbers. three digits whose sum is 12. 

30. A certain number number is increased 

“ *£ ‘'one-half oHhet m of the units' and tens’ digits equals the sum 

ZiZZSm* a triangle Whose 
h, 1, - arc 15,20. and 25 inches long, are drawn tangent in pairs. Fin 

“5 ^ir-rirequltionof a circle is *• + „• + • + I* + 0 - «. 

(, I „„1 the equation of the circle passing through the toe ft-b 

, 5 . ,(-2. 01. and (-1, -7). (b) Through the three points (1, -1), 

(7, 33 _9 A mat W0 pets for *195. He pays $20 apiece for the dogs; 
So apiece for the cats; and SI apiece for the rabbits. How many of each 

'"m. 0 A collection of nickels, dimes, and quarters totals $5.50. 1 lie total 

number of coins is 58, and there are three times as many nickels as dimes. 

How manv of each kind are there ? 

35. In making a journey of 3.50 miles through rolling country the 
driver observed that he could average 40 miles per hour on the level, 
30 miles per hour uphill, and 45 miles per hour downhill. If it took 
hours to go and 9 hours to return, how many miles of the road was level, 
how many miles uphill, how many miles downhill ? 


CHAPTER IX 



52. RATIO AND PROPORTION 

a 

The ratio of a number a to a number b (b ^ 0) is the quotient y 
The ratio r is sometimes denoted by a:b, which is read a is to 

b ” 

’ The ratio is used to express the relative magnitude of two 
quantities; the quantities compared must be expressed in the same 

unit. . 75 _ 1 

Illustration: The ratio of 75 cents to $3.00 is 7o :300 = ^qq - 4 * 

If we say distance A and distance B are in the ratio 2:3, we 
mean distance A is * of distance B. In this case no mention is 
made of the magnitude of either distance A or distance B. 

A proportion is a statement that two ratios are equal. The tom 
numbers a, b, c, and d are said to be in proportion if a/b - «/* 

This proportion can also be written m the orm - ' • 

sometimes a S a:b::c:d. This proportion is read a is to b as^ 

is to d," wliere a and d are called the extremes, ba - 

..... means a nd d is called the fourth proportional to a, b, and c. 
U ' If ( X J S then x is called a mean proportional between a 

By means of the operations of algebra it i« possible 
the proportion a:b = e,d into many different formshe 

different forms can be readily obtained from the equation 5 - J 

Theorem I. IS ° :b = c:d > then ad = . f c ' /" “" U prnpmlton 
the product of the means equals the product of the extreme*. 

Theorem II. If o:b = c:d, then ax = b.d. In any p p 

lion the means may be interchanged. 
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] rC/iJ- ivj j. 

rr r TTT If a'b = c:d, then b:a = d:c. The second 

■SE" —ST “ STT± vs. 

Theorem TV. ij a ** * ’ 

The mean proportion between a and b is ± a • 

Theorem V. If a:b = c:d, then a 
proof: Simplify | + 1 = d + 1 


d 


(Hint for 



b • 


d 


d 


(Hint for 


i-5 


i 



Theorem VI. // a-'b = c;d > ,Aen ~b 
oroof: Simplify ^ w f 

. _ a + C ~h d rpu^c ran 

Theorem VII. If a:b = c:d, then a _ b - c _ d ' 

,e obtained by using the results of Theorem V and Theorem 11. 

—_ ^^ ^ »D»r»n ihsTi ^ 


Theorem VIII. If a:b:c:d = A:B:C:D, 


d , a 4- b + c + d 
= T) an( ^ A + B + C + D 


a_ 

A 


Examole. A father divides $3,000 among his three sons in the ratio 

4-5-6 P How much did each son receive? 

Solution. Since the ratios of the parts are 4:5:6, the parts themselves 

may be taken to be 4 k, 5 k, 6 k, provided 


At. J_ Kb J_ f\l~ 




Hence, 


15fc = 3,000, 



k = 200. 


Therefore the amounts are 

$800, $1,000, $1,200. 

EXERCISES 

Express each ratio in Exercises 1 through 12 as a fraction in simplest 
form, or as a decimal. 

1. 12 feet to 15 feet. 2. 5 miles to 2.5 miles. 

3. 3 feet to 18 inches. 32 inches to 4 feet. 

5. 3 days to 36 hours. 6. 40 hours to 5 days. 

7. 44 feet per second to 60 miles pel hour. 

8 . 720 miles per hour to 792 feet per second. 

9. 25 pounds per square inch to 2,880 pounds per square foot. 
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10. The length of a side of a square to that of its diagonal. 

11. The circumference of a circle to its diameter. 

12. The area of a circle to the square of the radius. 

Find the fourth proportional to each of the three given quantities i 
Exercises 13 through 20. 

13. 2. 3, 8. 14. 17, 2, 34. 15. 3, 5, 9. 16. 1, 2, 3. 

17. a. b, a 2 . 18. a, ab, b. 19. a, b, ab. 20. a, a 2 , b. 

Find the mean proportional between each of the pairs of numbers i 
Exercises 21 through 28. 

21. 3, 12. 22. 2, 8. 23. 4, 16. 


in 


in 


24. 1 , 25. 


25. i, iV 


26. 1, f 


27. 8, -grj. 


28. a 3 . 

a 


29. A line segment 28 inches long is divided into two parts whose 

lengths have the ratio 3:4. Find the length of each part. 

30 A line segment 150 inches long is divided into two parts whose 

lengths have the ratio 2:3. Find the length of each part. 

31 . A line segment 2 feet long is divided into two parts whose lengths 

Ivive the ratio 1:2. Find the length of each part. 

32 A line segment 36 inches long is divided into three parts whose 

lengths have the ratio 2:3:4. Find the length of each part. 

33 . A line segment 5 inches long is divided into three parts whose 

lengths are in the ratio 3:5:7. Find the length o each part. 

34. Divide $4,500 among four men in the ratio 1.2.3.4. 

d °35 6 The™hree 6 sides of a triangle are 6 , 9, and 12 inches, respectively. 
What « glides of a simila^ triangle if the shortest side rs 4 mches 

36. The three sides of a triangle are 8 , 10, and lS mches respecme \ 

h 0 r 8 . f H Inlut travel^atuniform speed and travels 210 miles in 4 hours. 

how long will it take the auto to ti.nel ^ r ' . inches long. 

39 . A man 5 feet 8 inches tall casts a *>do*t 1C« 

At the same time of day, a building casts a shadow 2o0 feet g 

high is the building? 

53. VARIATION 

It may happen that the manner f *^™*™'* 
with a second quantity is known, ^ knQWn For example, we 
connecting the two quantiti ^ t j me but we 

know that distance in uniform motion vane. 
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, .. tinwpver if a single observation is 

ma y not know the veloci y- • 10 miles a t the end of 2 

made and it is fomd that the Jsta ^ & ^ ^ hour> and thus 

hours, then we know that th L e and time in this ease 

the relation or functmn connecti may be carri ed ou t 

i L? "• •>»““ * ■»—* r 1 "" ! 

then S = f(T) = VoT. 


For S = 10 and T = 2, we have 


solving for Fo? we get 


10 = V 0 2, 
Vo = 5. 


Hence, the functional relation connecting 5 and T in this example 


IS 


S = f(T) = 57 1 . 

When we say that one quantity varies as a second quantity, oi 
is movortional to a second quantity, we mean that the ratio of 
L two quantities is constant; that is, the one quality a 
constant times the other quantity. To illustrate, if y vanes as *, 

then we may write 


y - = k 
x 


or y = kx. 


( 1 ) 


If y varies as x 2 , then 


1 

x'“ 


= k 


or 


y 


= kx 2 . 


( 2 ) 


If one quantity varies inversely as a second quantity, it vanes 
as the reciprocal of this quantity. If y varies inversely as x , then 


k 

y ~ x 3 


(3) 


If y varies as u and v and inversely as w 2 , then 


V = k 


u • v 
w 2 


(4) 


In all the exercises to follow, the functional relation connecting the 
variables is known except for a constant that is called the constant of 
variation, or constant of proportionality. However, a single 
observation, or set of data, is sufficient to determine this constant, 
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m 

;md hence will determine completely the functional relation con¬ 
necting the variables. 

It is also possible in many problems of this kind to set up a con¬ 
necting relation between the known quantities and the unknown 
quantities by using proportions. When the relation is set up by 
proportion, it is not necessary to use a const ant of variat ion. 

Example 1. In uniform motion the distance S varies with the time T 
If the distance is 16 miles at the end of 40 minutes, find the distance S 

at the end of 2 hours. . 

It is necessary to use the same unit of measure for a given letter in 

both sets of data. It helps to keep the uni 8 
straight if we record the given data in tabular 
form as shown in the accompanying table 
(expressing time in minutes and distance in 
miles). In this form the same units must be used 
throughout a given column. The tabular form 
will also aid in substituting the correct numbers 

for the right letters. 

Solution. By Method of Variation. Let 

S = kT. 

m 

If s = 16 and T = 40; then 
Solving for k gives 


s 

T 

16 miles 

| 40 minutes 

? 

120 minutes 


16 = 40fc. 


k = ^ 


2 

5‘ 


Hence, the formula for distance is 


S = 


? T 
5 


For T - 120, 


Solution. By Proportion. 

8:16 = 120:40, 


8 = | (120) = 48 miles. 

5 

Since distances are proportional to time 


or 


S_ 

16 


120 

40 


= 3, 


hence, ^ = 3 • 16 = 48 miles. 

This is nothing more than the ratio of t^t^of data 

s = , 20 )t and 16 = 40k, obtained by substituting m 
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S- W. Th« b, ..Urn, «» »«• «' — 

members of the two equations, we have 

s _ 120 fc 

IB ~~ 40fc 


= 3. 


Solving for >S gives 

g _ 3 . 16 = 48 miles. 

propoftrr 1, more than 

two variables. pvnressine time in hours, we have 

If we wish to solve Example 1 by expressing 


hence, 


S = kT, 
16 = | k. 


Solving for k gives 


k = 


3 • 16 


= 24; 


1 s 

T 

l 16 miles 

| hours 

? 

2 hours 


therefore, our formula is 

S = 24T. 

For T = 2, 

S = 24 • 2 = 48 miles. 

Example 2. The cost C to paint the surface of a sphere varies as the 
square of the radius r and the number of coats n. If it costs *4.20 to 
paint a sphere of 3 feet radius with 7 coats of paint, how much will i 

cost to paint a sphere of 5 feet radius with 3 coats of paint. 

Solution. In this case the functional relation connecting the let s 

* 

C — kr 2 n. 


Substituting, we have 

420 = fc3 2 • 7 


Solving for k gives 


k ---- 


420 
3 2 • 7 


20 
3 ’ 


C 

r 

n 1 

420 cents 

3 feet 

7 

, ? 

* 

-- 

5 feet 

3 

1 - l 


therefore, our formula is 

C = r 2 n . 

For r = 5 and n — 3, 

C = ^ 5 2 • 3 = 500 


or $5.00. 
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or $5.00. 


r 2 n 



It is possible to solve for C by taking the ratio of the members of the 
two equations C = k5 2 • 3 and 420 = kV • 7. Thus, we have 

C __ fc5 2 • 3 _ 25 
420 “ fc3 2 • 7 21' 

Solving for ( 7 , we get 

C = M (420) = 500 

In Example 2, k = ^ was calculated on the condition that the cost is 

i ^ _ 20 

given in cents and the radius in feet. Thus, the formula C 3 

gives the cost in cents of painting a sphere of radius r feet with n coats of 
paint, provided the cost of paint is the same as in the given data. 

Problems in variation can be solved either by computing the 
value of the constant of variation and thus determining completely 
the formula connecting the different variables, or by eliminating 
the constant of variation without first finding its value. The 
latter is accomplished by taking the ratio of the members of the 
two equations formed by substituting the two given sets of data 
in the equation connecting these variables. 

QUESTIONS 

1. What is meant by saying that one quantity varies as a second 

quantity? mi antitv varies inversely as a 

2. What is meant by saying that one quan _ 

second quantity? . . « 

3 What is meant by the constant of variation. 

4. How may problems in variation be solved. 

EXERCISES 

1. State in words the following fifteen equations, m vhich k denotes 

(c) E ~ kRI, 

(f) 


the constant of variation. 


(a) y = kx ; 

(b) 

R = kv 2 ; 

(d) 2 = kxy\ 

0 

(e) 

V = kr z ‘, 

T _ bd* 

M 

II 

?7- 

5 >• • 

(h) 

L - k l ; 

TIT 3 . 

(i) w = k x -f) 

(k) 

d - k M3 , 

, x 2 \ r y. 

(m^ w = k ^3 j 

(n) 

S = k 


a = p( i + p)"; 

M - m_ 


(i) D = k 


( 1 ) t = k yjg’ 

(o) s = kgt . 


M + m* 
l 
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„ . - f the following (Exercises 2 through 9) in equation fo 

Express each oi the iouowmg v . „i v as v ■ ( c ) w vanes 

2 ; ( ] V T* ’ll as *»• (d) * varies as the sum of the squares of 

* »* ■>«<•> > “ 

T The = volume“ l cylinder varies as the height and the square of its 


4 The area of a triangle varies as the base and the altitude, 
g f eme exerted by the wind on a sail varies as the area of the 

sail and the square of the wind s velocity. 

6 The value of an automobile varies inversely with its age 

7 . it resistance of a wire to an electric current vanes directly as 

its length and inversely as the area of its cross section. 

8. The time of a complete vibration of a pendulum varies as the squaie 

r °°9. 0 Thedumber of vibrations of a pendulum varies inversely as the 


sQiiax© root of its length. „ 

10. Give the functional relation connecting the radii and number o 

revolutions of the front and rear wheels of a carriage. 

11. If y varies as x and if y = 12 when x = o, find y when x . 

12. If z varies as x and y and if z = 5 when x = 7 and y - 2, hnc z 

when x = 2 and y = 7. _ r j 

13. If z varies as x and inversely as y and if z = / when x - o and 

y = 4, find z when x = 10 and y = 3. . 

14. If y varies as x 2 and is equal to 50 when x = 5, what is the relation 

between y and x? 

15. If z varies as x and inversely as y and is equal to 10 when x - zo 

and y = 10, what is the relation connecting x, y, and z? 

16. Give the formula for finding the value of z, if z varies as x 2 and 

inversely as y 3 , and z = 18 when x = 3 and y = 2. 

17. The volume of a sphere varies as the cube of its radius, and the 

volume of a sphere of radius 2 feet is 33.5104 cubic feet. Give the formula 
for the volume of a sphere. 

18. The volume of a cone varies as the altitude and the square of the 
radius of the base, and the volume of a cone of radius 5 feet and altitude 
4 feet is 104.72 cubic feet. Give the formula for the volume of a cone. 

19. The brake horsepower (B.H.P.) of an engine varies as the square 
of the diameter in inches of the cylinders and the number of cylinders. 
The B.H.P. of an eight-cylinder engine with cylinders 3£ inches in diam¬ 
eter is 39.2. Give the formula for the B.H.P. of this engine. 

20. If the gasoline consumed by an automobile varies with the distance 
and the square root of the velocity, and if the automobile uses 5 gallons 
of gasoline in traveling 82 miles at a speed of 40 miles per hour, find the 
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formula for distance traveled in terms of the velocity and gasoline con- 

sumed. , , ,, 

21 . The time of a single vibration of a pendulum vanes as the square 

root of the length of the pendulum. If a pendulum 99 centimeters long 
beats seconds, how long must a pendulum be to swing 4 times as fast? 

22. The time of a single vibration of a pendulum vanes as the square 
root of its length and inversely as the square root of the gravity constant 
and the length of a 2-seconds pendulum, where gravity equals 980 
[cm per sec. per sec.] is 397.18 centimeters. Give the formula for finding 
the length of a pendulum in terms of the time for a single vibration^ 

23 The time required to complete a given amount of work vanes 
inversely as the number of men working. If 3 men can do a piece 
work in 24 days, how long will it take 8 men to do the same work? 

24 If an automobile traveling at a uniform rate tiavels 80 miles in 
2 hours and 30 minutes, how long null it take the automobile to travel 

25. The maximum range of a projectile vanes as the ^JjsSOO 

... i i -4 - Tf Urn rnno-p is 20 000 feet when the initial velocity is»uu 

stTS, s. •» »*>—* '•“ -• 

r« 4 ,.„k, i. ■«». i»- -*• ”■ 7 

men work for SW. ^ ^ horizontal beam supported at bothendava nesaa 
its breadth and the square of its depth, 

supports. If a 2- by ^ch white “^ptedia^ise? Vat 

when placed edgewise, what is its safe . , 4 i nc hes 

is the safe load of a beam of the same material, 14 ieet long, 

wide 1 foot thick, if placed edgewise. hnth ends varies 

28. The safe load of a horizontal length 

as its breadth and the squaie o ^ ® P.^ % inches thick) an d 12 feet 

between supports. If a plank 8 inch ’ tons will a 8 - by 

hme holds 500 pounds when placed flatwise, how many to 

8 -inch beam of the same material when the 

29. The volume of a gas of gas occupies 100 cubic 

temperature IS con. tan . ds square foot, what pressure is 

feet when the pressure l P ... t? To 45 cubic feet? 

necessary to reduce the volume o >. , j he pro d u ct of pressure and 

volume is proportional to the ^ cubic inches and the 

35 pounds per square inch when ie 400 ° C if the pressure 

temperature is 72° C, what must be the vdume at 400 temperatur e is 

is to be 00 pounds per square inch? (Ze.o 

— 273° C.) 


RATIO, PROPORTION, AND VARIATION 


1S5 


nq . , ,. 

“ii- 

cost of a similar box whose volume is ttt as large, 

,h M U The e deflection at the center of a horizontal beam supported at 
the two ends, “" d the ™ be ° f itS 

ihe cube 0 1 6 1Q inches wide, and 2 inches thick is bent 

depth. If a plank _ e . . how muc h will a beam of the same 

materhil be bent by a weight of 500 pounds if the beam is 8 feet long, 1 

'“it; “totnt C o h f streuh ,n a wire varies as the length of the iv ire 
and the stretching force and inversely as the square of the radius ot the 
wire If a copper wire 72 centimeters long and having a radius of 0.03 > 
centimeter is stretched 0.144 centimeter by a weight of 10,000 grams 
how much will a copper wire of the same radius and 140 centimeters 

lone be stretched by a weight of 7,000 grams? 

36. The intensity of light varies inversely as the square of the dtstan 

from the source of light. How far from the light must an object be 

placed to receive 5 times as much light as an object placed 80 feet aw ay . 

36. The intensity of illumination varies as the intensity o ic sour 
of light and inversely as the square of the distance from the source o 
lieht If two lights are 30 feet apart and one of them is * as bright as 
the other, at what point between them is the illumination from the two 

the s^ni6? 

37. If one can see easily to read when a light is 5 feet away, where 
must a light twice as bright be placed to give the same illumination. 


(Se e Exercise 36.) 

38 The lift force on a monoplane wing varies as the area of the wing 
and the square of the velocity. If a plane with 500 square feet can lift 
U tons when flying at 200 miles per hour, how many pounds can & 
similar plane with a wing area of 800 square feet lift when flying at 220 

feet per second? 

39. The weight of a body varies inversely as the square of its distance 
from the center of the earth. How far above the surface of the earth 
must a 175-pound person be to weigh 112 pounds? (The radius of the 

earth is 3,960 miles.) 

40. The weight of a body at the surface of a planet varies as the mass 
of the planet and inversely as the square of the radius of the planet. 
How much would a man weighing 175 pounds on the earth weigh on the 
moon if the radius of the earth is 3,960 miles, the radius of the moon is 
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1,080 miles, and the mass of the moon is times the ma.ss of the 

earth? How much would he weigh on Jupiter if the radius of Jupiter is 
44 000 miles and its mass is 1,355 times the mass of the earth? How 
much would he weigh on Mars if the radius of Mars is 2,100 miles and 
its mass is £ the mass of the earth? How much would he weigh on the 
sun if the radius of the sun is 433,250 miles and its mass is 333,000 times 

the mass of the earth? 

41 The squares of the periods of revolution of the planets about the 
sun are proportional to the cubes of their distances from the sun. It 
takes the planet Jupiter 4,332 days to revolve around the sun. hat is 
the relation between the distance Jupiter is from the sun and the earth a 

distance from the sun? 

42. The time required for a planet to revolve around the sun vanes 
as the i power of its distance from the sun. The planet Mars requires 
GS7 days to revolve around the sun. How far-away rona t e sun is 

Mars in terms of the earth’s distance from the sun? . 

43 Two pulleys are connected by a belt. If the one pulley is 10 
inches in diameter and makes 500 revolutions per minute, how many 
revolutions will the other pulley make if it is 15 inches 
Prove that the number of revolutions the pulleys ma 

TlSeSt draws up a lighter weight by means of a cord 
passing over a pulley, then the number of feet passed over by each w eigh 

th^sum If 9 pounds draw 7 pounds up 12 feet in 3 seconds, how high 
will 15 pounds draw 12 pounds in the name time. 

JL WSSEW St 2K K K~ 

unloading it fron’ a truck by permitting it to roll down a plank 10 feet 

101 If the hffo^a 4 monoplane varies as the square of its velocity' ana 
the Ja of its wing, what additional load 

velocity? If the area of the wing of , a Cnf ihe lcond pine must be 
of the wing of the first plane, t e \e °‘‘* 5 if the two planes 

what per cent greater than the velocity of the first plane, 

are to have the same lifting power. 



CHAPTER X 


Complex Numbers 



(fc = any integer) 


54. COMPLEX NUMBERS 

AU numbers of the form a + bi are called complex numbers 
where a and b are any real numbers (rational or irrational) and 
it _ _ i The term free of i, as a, is called the real part of th 
complex number, and the term containing i, as h, is called the 



imaginary part of the complex number. The two complex num¬ 
bers a + bi and a — bi, which differ only in the signs of their 
imaginary parts, are called conjugate complex numbers. 

Since i = V^l and i 2 = -1, then i s = i 2 ' i = ~h i 4 = (^ 2 ) 2 
= (-1) 2 = 1, i B = i 4 • i = i, and so on, wherefore we have the 

different powers of i as listed above. 
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By means of Article 9, the successive powers of i can be repre¬ 
sented graphically in the complex plane as is illustrated in Fig. 

17. , 

Since by Fig. 18 , a = r cos 0* and b = r sin 0, it follows that 

there is a second way of representing the complex number a + bi 
corresponding to the point P. Thus, 

a + bi and r(cos 0 + i sin 0) 


are two ways of writing the same complex number, where r 
= Va 2 + 6 2 is called the modulus, and 6 is called the amplitude 

(tan 0 = a/b). 

a + bi is called the rectangular form. 

r r cos 0 + i sin 0) is called the polar or trigonometric form. 

The following are examples of complex numbers written in eac 

of the two forms. 

16 = 16 + 0 i = 16(cos 0° + i sin 0°). 

_ 1<5 = _i6 + 0t = 16(cos 180° + i sin 180°). 

_ q = 8(cos 90° + i sin 90°). 

1 _j_ i = V2 (cos 45° + i sin 45°). 


( 1 ) 

( 2 ) 

(3) 

(4) 


Two complex numbers are defined to be equal if their real parts are 

>qual and their imaginary parts are equal. Thus, * + V 1 
j th Pn x = a and y = b. Since zero written as a complex num 

,er is 0 + Oi, it follows that if a complex number is equal to zero 

Zn the real part e.uaU zero and the imaginary part e.uals zero. 

it? if r 4- vi = 0, then x = 0 and y — v. 

All pxnres^ions involving complex numbers combined a fim e 

omL' of Ws b “one or more of the five fundamental operations 
number of times by ^ to a complex number of 

i J ^ i xjt whpre a and b arG real numbers. 

It is possible to add, subtract, multiply, divide, and take powers 
of complex numbers either algebraicaUy or geometrically.^ 

br^^ 

and multiplied. 

. Those students who have not Sdat 

following the development of the dng the trigonometric functions are 

least observe the conclusions, the aennm 
given in Article 58. 
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COUPLE* NUMBERS 



ISO 


A5D SUBTRACTION OF COMPLEX NUMBERS 


rtal part* for the reed part* of^ ^ & ^ ^ Xo illustrate: 

coefficients 


Example 

Solution. 


Find the «ira (2 4 3t) — (8 ^ ^ 


r;:- - <•->-—* 







For the general case, 

(a 4- bi) 4 (<* + di) 



Fia. \ 9 . 


% 



Fic. 20. 


To old two complex numbers geometrically, let the point A m 

fj 19 represent the complex mmte • + «, ««'l the |«» 

U,e numUr e + di, then the complex number corresponding to the 

point S, the vertex of the parallelogram AOUS, is the sum 

(a + bi) + (c + di) = (a + c) + (b + d)i. 



This is evident from the construction in lig. 19- 

The difference (a + bi) - (c + di) of two complex numbers 

can lie found geometrically by finding the sum 'o + h) + ( 
di) geometrically. Thus, to find the difference (o + W " V + 
J),S*the number « + W, point A in Fig. 20, then instead o! 

plotting the number c + di, plot the number c h pmn . 
The difference la + bi) - (e + di) is then represented by the 
point L>, found by completing the parallelogram AOB U in Fig. 

20. This difference is • . - 


ta + bi) - ie + di) = (a - c) 4 - <*> - d)i. 
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The point D representing the difference (a + bi) — (c + di) 
can be located in another manner. For if we let A - a + bi 
and B = c + di, and let D = A - B, then solving for A, A = B + 
j) Thus, with OB as one side of the parallelogram, construct the 

other side OD so that OA will be the diagonal. 

* 

56. MULTIPLICATION OF COMPLEX NUMBERS 

To multiply two complex numbers, multiply each part of the one 
complex number respectively by each part of the other complex number 
then after reducing i\ add the real parts for the real part m the product 
and add the coefficients of i for the coefficient of i m the product. To 

illustrate: 


2 i) 


Example 1. Find the product (2 + 3i)(3 2 i). 

Solution. 

(2 + 3i)(3 — 2 i) = 2(3 - 2i) + 3i(3 

= 0 — 4i + 9i — 6i 2 

= 12 -f" bi. 

For the general product, 

(o + bi)(c + di) = ac + bci + adi + bdi 1 

= (ac — bd) 4* ifld + bc)i. 


( 6 ) 


When multiplying several complex numbers together, either 

multiply all the numbers together and then 1 educe g 

tArcs of i or multiply two numbers together and reduce , 

then, multiply this result by the third complex number and reduce 

as before. To illustrate. 

Example 2. Find the product (2 - 3i) 2 (3 + 4t). 

Solution. First Method. 

(2 - 3i) 2 (3 + 4i) = (4 - 12 i + 9 * ! K 3 + J? 

V = 12 - 20f - 2If 2 + 36i 3 

= 33 - 56 i. 

Solution. Second Method. 

(2 _ 3W3 + 4i) = (_-» : 

= 33 — 56f, 

(cy 0,‘\2 r= 4 — 12 i 9^ 2 = _ b ^i- 

since (2 — 6i) 

From the product of two complex numbers, to j PjJ °™; d uct 
very important observations can be made. Let us hnd P 

of the two complex numbers 
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a + bi = n(cos 0 1 + i sin 0i) 

c _j - di = r 2 (cos 02 + 1 s i n ^ 2 )> 


multiplying, we have 

(a + to) (c + d») = 


nr 2 [(cos 0i cos 0 2 - sin 0i sin 0 2 ) + 
{(sin 0i cos 0 2 “h cos 0i sin 0 2 )] 
nr 2 [cos (0, + B,) + i sin (0i + Of)}. 


(7) 


It follows from this that: (1) The modulus of the product of two 

complex numbers is the product of 
the two moduli, and (2) the ampli¬ 
tude of the product is the sum of 

the two amplitudes. 

To find the product of two com¬ 
plex numbers a + bi and c + di 
geometrically, plot the two num¬ 
bers as A and B, in Fig. 21; then 
construct the triangle OBP simi¬ 
lar to triangle ODA, where the 
angle BOP equals 0i and OD is one 
unit long. The complex num¬ 
ber corresponding to the point P 

is the product (a + bi)(c + di). . , . , 

Proof: By construction the amplitude of OP is (0i + 02), and 

the modulus of OP is rir 2 since, by similar tiiangles, 



r 

r% 


r i 

1 


or 




57. DIVISION OF COMPLEX NUMBERS 

Since the quotient of two complex numbers, if the divisor is not 
zero, must be expressed in the form a + bi, the i in the denomina¬ 
tor must be eliminated. This can be done similarly to rationaliz¬ 
ing the denominator, since the product of any complex number and 
its conjugate is a real number. This product is 

(a + to) (a — to) = a 2 — (bi) 2 = a 2 + b 2 . (9) 

To simplifij the quotient of two complex numbers: first, represent 
them in fraction form; then multiply both numerator and denominator 
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by the conjugate of the denominator. To illustrate: 

Example. Simplify (2 + 5 i) -** (3 — 2i). ... , 

Solution. Writing this in fraction form and multiplying both numera¬ 
tor and denominator by 3 + 2 i, the conjugate of 3 — 2 i, we ha\e 

2 + 5i 2 + hi 3 + 2 i = (6 - 10) + (4 + _ 

3 - 2 i ~~ 3 - 2i ‘ 3 + 2i 9 + 4 


4 , 19 . 
“ 13 + 13 1 


For the general case 

a + hi c 


di 


a + bi _ _ 

c + di c + di c — di 


(,ac + bd) , (be — ad) 

jo “T 


+ d 2 


+ d 


i. 


( 10 ) 


The ratio of two complex numbers in polar form is 


a + bi 
c + di 



r i(cos 6 1 + i sin 00 
r 2 (cos 0 2 + i sin 60 
r, ( co s di + i sin 0i)(cos 0 8 - j sin 
r 2 (cos 0 2 + i sin 0 2 )(cos 62 — * sin 

cos 0 2 + sin 0i sin 0 2 ) +" 1 
cos 0 2 — cos 0i sin 0 2 ) 


02 )] 



= Tl [cos (01 - 0 2 ) + i sin (0i 
7*2 


( 11 ) 



* 

sin 2 

cos 


It follows from this that: (1) The 
modulus of the quotient of two 
complex numbers is the modulus 
of the dividend divided by the 
modulus of the divisor and (2) the 
amplitude of the quotient is the 
difference of the two amplitudes 
(amplitude of the dividend minus 
the amplitude of the divisor). 

To find the quotient of two 
complex numbers, a + bi and 
c + di, geometrically, plot the 
two numbers as A and B in Fig- 
22, then construct the tmng; e 
OAQ similar to the triangle OBU, 

1 'n trigonometry * 

cos (-4 — ~ 


WATO -™- 1 - - 4 8in * 

A cos B + sin A sin B. 























193 


COMPLEX NUMBERS 


(a -f- bi) 4- (c 4* di)- „ . « __ a an( j the 

Proof: By construction the amplitude of OQ is »i 


modulus of OQ is j since, by similar triangles, 


Zi 

1 


n 

r 


or 


r i 

r = — 

T 2 


( 12 ) 


questions 

1. Give the meaning of i, and the value of ^ successive powers. 

2. How are complex numbers added oi sub rac e 

3. How are complex numbers multiplied. 

4. How are complex numbers divided? 

EXERCISES 

i. Write the following nine numbers in the form of a complex number 
as a + bi. 


(a) 3-2v C 'l; 

(d) V^24; 

(g) 1; 


(b) 5 + (®) - v^3; 

(e) 8; ( f ) V7; 

(h) 0; (*) *• 

2. Write the following eight numbers in the form of a + bi. 

(a) 2 - V^3; (b) 3 + V'4; (c) Vo; . (J) ~ 8 ’ 

(e) (f) - 1 ; (g) (h) 2 v ^' 

Perform the operations indicated in Exercises 3 through 38 and simplify 

each result. 


3. (2 + 3 + ( _5 + 6 V-V) - 1 

4. (3 + 2 i) - (6 - 2 i) - (- 5 + 6 i). 

5. V 3 ^- 6 * V 3 ^ - V 

8. (3 - 2i) 2 . 9- i 7 - 

11 t *35 12. t 96 . 


3. 


- 2i). 


14. (3t) 4 . 

17 —• 

2z 9 

20. 4t 5 — 5 i* + 3f 2 

21. (3 + 2i) - (5 - 

22. 2(3 - U) - 4( 

23. (2 - 3 i)\ 


16. -■ 


18. 


(-i ) 6 

— 2 i — 6. 

— 6f) — (—3 + 5 i). 

— 3 + 6i) + ( 4 7 i). 


2 Vl). 

7. (2 - i)(3 
10. i~ 20 . 

13. (2f) 3 . 

16. 2f" 5 . 


19. 3 i 3 — 4 i z — 2i + 1 
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24. 3(2 - 5t)(-3 + i)(2 - 3 i). 


25. 

(3 - 

2i) (1 + i)(2 + 3i). 



26. 

(3 - 

i) 2 (l - Si). 




27. 

(2 - 

Si ) 2 - (-2 + 

Si) 2 . • 



28. 

(2 + 

Si V 2) 2 - (2 

- Si \/2)2. 



29. 

2 - 
3 + 

■ 

1 

2 i 

30 ' 2 - 3 i 

31. 

-2 + Si 

3 - U 

on 

3 - 

4i 

33 < 2 ' 3i)! . 

34 

4-3 i 

Ozl * 

-4 • 

- Si 

4 -* -3 - 4 i 

U m 

(-3 + 20 

35. 

/I — i \/ 2\ 2 

(i+iW 

36. (l±±&Y. 

\3 - i V2/ 

37. 

i + j 5 
i - P 

38. 

(2 - 

(3 - 

i)(- 3 - 2 i) 

2t) ( — 2 + i) 





39. Substitute i for x in x 3 + 2a: 2 + x + 2 = 0 and simplify. 

40. Substitute 1 — i for x in x 2 - 2x + 2 = 0 and simplify. 

41. Substitute —1 +2 i for x in x 3 — x 2 — x — 15 = 0 and simplify. 

42. Is 1 — 2 i a root of x 3 + x 2 — x + 15 = 0? 

43. Is 1 + 2 i a root of x 3 — 5x 2 + llx — 15 = 0? 

44. Is 2 — 3 i a root of x 3 — 2x 2 + 36 = 0 ? 

45. Is —3 — 2f a root of 2x 3 + 9x 2 + 8 x — 39 = 0? 

46. Is — 2 — i a root of x 3 — 2x 2 — Sx + 7 = 0? 


58. TRIGONOMETRIC FUNCTIONS AND THEIR 
APPLICATIONS TO COMPLEX NUMBERS 

The angle XOP = 0 (see Fig. 23) is said to have the initial side 
OX, the terminal side OP, and the vertex O. The angle 6 (theta) 
is called a positive angle, if measured in a counterclockwise 
direction from the initial side OX, and is called a negative angle, 

if measured in a clockwise direction from OX. 

In Fig. 23, let the coordinates of the point P be (x, y), e 
the angle XOP, and let r be the distance OP which is always con¬ 
sidered as positive. We shall now define in terms of z, y, and 
the six trigonometric functions of 0 as follows: 


sin 6 = 
cos 0 = 


y 

r 

x 

r 


(read sine 0 ); 
(read cosine 0 )‘, 


tan 0 


- (read tangent 0 ); 

x 
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esc 6 = 


r 

y 


(read cosecant 6 ); 


sec 


0 = - (read secant $) 
x 


cot Q = - (read cotangent 6 ). 

ak *p that for a given angle 6 the value of each of these ratios, 
and hence the value of each of the trigonometric functions, remains 




Fig. 23. 

unchanged for different values of x, y, and r corresponding to 
different points on the terminal side OP of the angle 6 . 

From the properties of an isosceles right triangle, oi an equi¬ 
lateral triangle, we see that a 30°, 45°, or 60 angle has the piop- 
erties indicated in Fig. 24. 

In this article we shall illustrate only the use of sine and cosine, 
since these are the functions primarily used in this chapter. 

From Fig. 24 and the definitions of sine and cosine, it follows 

that: 
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cos 30° = 


V 3 . 

2 ’ 


cos 45° = 


1 


— > 


sin 30° = 


sin 45° = 


V2 

1 


• V2’ 


cos 60° = *; 

x/3 

sin 60° = 



\ 


\ 


\ 




The following complex numbers can be written in polar form by 
using the ioregoing information. 


4- i - 
2 + 1 2 


cos 30° -r i sin 30' 


\ -j- i = V 2 (cos 45° 4* i sin 45°). 

4 + 4 Z - V 3 = 8 (cos 60° + i sin 60°). 

The properties of a 30°, 45°, or 60° angle can be extended toother 
angles In the accompanying illustrations it should not be difficult 
to t" the properties of the indicated angles and their apphoauon 
to represent certain complex numbers in polar torm. 


Illustration 1 


cos 150° = — 


VS 

2 


and 


sin 150° = ~ 


Thus, 


_ y/l + i = 2 (cos 150° + i sin 150°) 




Illustration 1. 
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Illustration 2. 


O _ _ 


1 


O _ _ 


cos 225 = 


V2 


and sin 225 — 


1 

V2 


Thus, 


— 2 — 2i = 2 V2(cos 225° + i sin 225 ). 



Illustration 2. 

Illustration 3. 



cos 300° = 0 and sin 300 ' 


V3 


Thus, 


1 — ^ i = cos 300° + i sin 300°. 

2 2 


Illustration 4. For 0°, we can consider a point P with coor- 
dinates (1,0). Then x = 1, y = 0, and r = 1, and we have 


cos 0° = - = j - 1 


and 


• n o V 0 _ n 
sm 0 = - = r — U. 

r i 


Thus, 


4 = 4(cos 0° + i sin 0°). 


■ r 2 i 


— i 


d-t 


-2 -1 O 


d-1-1— 

12 3 4 


-i 

+-2 i 


Illustration 4. 
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Illustration 5. For 90°, we can consider 
coordinates (0, 1). Then x = 0, y = 1? and r 

cos 90° = 1 and sin 90° = 

Thus, 

3 i = 3 (cos 90° + i sin 90°). 


a point P with 
1, and we have 

0 . 



Illustration 5. 

Illustration 6 . For 180°, 
coordinates ( —1, 0)* Then x 
have 

cos 180° = -1 



; can consider a point P with 
— 1, y = 0, and r = 1, and we 


and sin 180° — 0 


Thus, . . 10 „ 0 . 

-5 = 5(cos 180 + i sin 180 ). 

Illustration 7. For 270°, we can consider a point P with 
coordinates (0, —1). Then x — 0, y , an r , 

have r>r»« 9.70° = 0 and sin270°=-l. 


Thus, 


— 4-i = 4 (cos 270° + i sin 270 ). 



* 


Illustration 7 . 
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The student should verify each of the following. 

V 3 + i = 2(cos 30° + i sin 30°). ^ 

1 _l_ { = y/2 (cos 45° 4 i sin 45 ). 
i = V2 (cos 135° 4 i sin 1^5 ). 
l __ { v'l = 2(cos 300° 4 i sin 300°). 

V3 , i = cos 30° + i sin 30°. 

2 2 

59. de MOIVRE’S THEOREM 

It follows from the law for Tr- 

(Equation 7) that the modulus of [r(cos 0 6)1 times ). 

r („ times), and the amplitude is 0 + 0 + « + 

That is, if n is a positive integer 

(o + bi )« = [r(cos 0 + i sin 0 )]“ = r»(cos n0 + i sin «0). ( ) 

This relation is known as de Moivre’s Aeorem^ ^ Moivre - s 

The different powers of i can now be determ } 
theorem. To illustrate. 


Since 

i = cos 90° + i sin 90 °> 

then 

i n = cos /i * 90° + i sin n * 

Thus, 

= cos 180° 4 i sin 180 

and 

i z = cos 270° 4 i sin 270 

and 

t 4 = cos 360° 4 i sin 360 


= - 1 , 


= -t, 


and so on (see Fig. 10* , . 

It also follows from the law for multiplying complex numbers 

that 

(a + U) vn = [r(cos 6 + i sin d)] 1/n 


e 


= f X/n ( cos - + I 

n 


■ • e \ 

1 sm n) 


( 14 ) 


When a + bi is written in the polar form r(cos d + i sin 6), it is 
understood that 6 is a positive angle less than 360°. However, 



200 


COLLEGE ALGEBRA 


l§59 


any angle that is formed by increasing 0 by any number of com¬ 
plete revolutions can be used. Thus, it is possible to write 

a + hi = r[cos(0 + k • 360°) + i sin(0 + k • 360°)], (15) 

in which k is any integer; then, by Equation (14), 


(a + biy /n = r 


l/n 


COS 


6 + k • 360' 
n 


+ i sin 


0 + k • 360' 


n 


(r * 0 


) 


= r l/n I cos 



, 360° 7 . , . 
H- k ) + i 


n 


■ • ( e 
i sin l - 

\n 


+ ^ 21 * 


)], ( 16 ) 


in which k = 0, 1, 2, 3, * * * , ^ ■“ 
values from 0 to n — 1, Equation 
roots of Oj bi. If, for example, k 


1. As k takes on all integral 
(16) gives the n distinct wth 

= n, then 

# . 


t + k ' ■l 00 = - + 360, 
n n 

which gives the same root as when k = 0. Likewise, «ay other 
integral value of k greater than n — 1 will give one o en roo 
obtaTned in Equathm (16). Equation (16) is another form of 
de Moivre’s theorem. To illustrate this theorem: 

Fvnmnlp 1 Find the three cube roots of unity. 

S" Writing 1 as a complex number in polar form, we have 


1 = cos 0° + i sin 0°. 


By de Moivre’s theorem, Equation (16), the cube roots of 1 are 


k ’ 3t50 ° + i sin ^552! 
COS -- 5 -r 1 bin q 


(k = 0,1,2) 


We shall represent the three cube roots of unity by 1, w, and w 


For (k = 0), 


1 = cos 0° + i sin 0° = 1, 


For (/c = 2), 


1 , . \/3 

1 _ .V? 

w 2 = cos 240° + i sin 240 = " 2 1 2 


For (/c = 1), « = cos 120 ° + 1 Sm 12 °° 


Example 2. Solve the equation x* 16 ° r h ts ot 16 . 

Solution The roots of this equation aie the tom loun 

Writing l" as a complex number in polar form, we have 

16 = 16(cos 0° + i sin0°). 
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( k * 360° • • 

16* ( cos —t— + 1 - m 


k ■ 360‘ 


(fc = 0, 1, 2, 3) 


For (k = 0), 
For (k = 1)> 
For (fc = 2), 
For (k = 3), 


J/lQ = 2 (cos 0° + i sin 0 ) = 2, 

^16 = 2(cos 90° + i sin 90°) = 2 i, 
= 2(cos 180° + i si n 180 ) ” 
^16 = 2(cos 270° + i sin 270°) = 


2 , 
2 i. 


Thus, the four fourth roots of 16 are 2, 2i, % and 


2 i. 


Thus, me iuui -- _ 0 

Since the polar form ofsmy positive ^ Qt ( resulting 

* 0 °>’ U f , OU °'o hSthJAmplitude zero and hence must fall on 

STpSiTi reals- Th^s, in Article 20, Chapter III, it was 

*.*■»*• + 

t 2 180°), hence 6 = 180°. Let us consider the nth root 

n in F,nnat,ion (16) TT ™ no 


resulting from setting k 


e 4 . k • 360° 180° + k * 360° = 180°(1 + 2k) = 18Q0 ^ 

- n - = « 

since 1 + 2k = ». Thus, we see that one of the n nth roots of a 
negative number -a has the amplitude 180 .and hence fail^ 
the negative axis of reals whenever «isodd(n -21 1 ^ _ 

is why, in Article 20, it was possible to define (-a) to be 

for n odd. i80°( 1 + 2k) c 

However, in case n is even, the amplitude - loi any 

of the nth roots of a negative number can have neither the value 
0° nor the value 180° for any integral value of k. This is why, in 
Article 20, we did not define (- a)to be any particular root for 


n even. , , c , „ 

It follows from Equation (16) that all the n roots of any complex 

number have the same modulus, and hence can be represented 
graphically by points on the circumference of a circle drawn in 
the complex plane with center at the origin and radius equal to 
the principal nth root of the modulus of the given number. Fur¬ 
thermore, these n roots will be uniformily spaced on this circle, 
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d 

the one root being at an angle of - degrees from the axis of reals, 


and the remaining roots spaced at intervals ot 


360 


degrees from 


this root. 

From the foregoing discussion it follows that the two square roots 
of 4 the three cube roots of 8, and the four fourth roots of 16 can be 
represented graphically by points oh the circumference of a circle 
of radius 2 drawn in the complex plane as is shown in hig. 2o. 
The complex numbers corresponding to each of these points are t e 
respective roots. The numbers are given for each of these points. 




Fig. 25. 



Fig. 26. 


Observe that the three cube roots of 8|«an be m °^ a “ e £ b | 

multiplying the three cube roots of ^‘‘^f^f^ roots of 8 
where 2 is the principal cube root of 8. The three cuo 

are therefore, 

= -1 - % v3. 


Likewise, the » nth roots rf a can be obtained by multiplying 

the n nth roots of unity by■a 17 ”- cube roots of _ 8 , and the 

The two square roots| of , d phica U y by points 

four fourth roots of -16 2 as shown in Fig. 26. 

on the circumference of a circle of ladius 2 


2o)= _1+iV 3, and 2o> 
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For (fc = 0), 
For (k = 1), 
For (A: =2), 
For (k = 3), 
For (fc = 4), 
For (fc = 5), 


Example 3. Find the six sixth roots of^ 300 “ + i sin 300°). 

Solution. The polar form of 1 - ‘ V3 t 

d v Ap, Moivre's theorem• 

r ,oaa° 4- /-360°) + t sin (300° + A*360°)]} 1,0 
(1 V = 2^[cos (50° + k • 60°) + t sin (50 + A 00 )j. 

(1 — i \/3) w = 2^(cos 50° + i s* 11 50 ), 

(1 _ i V3)H = 2*(cos 110° + i sin 110°), 

(! _ i V 3 )H = 2^(cos 170° + i sin 170°), 

(1 — i -\/3) w = 2^(cos 230° + i sin 230 ), 

(1 — i v 3) w = 2^ (cos 290° + i sin 290 ), 

(l - i \/3) w = (cos 350° + i sin 350°). 

of natural trigonometric functions, since tan 0 - -■ 

Heron of Alexandria, in the first century A.D., gives the oldest 
expression for imaginary roots. W hen solvin g a quadratic equa- 

tion, he obtained the expression V8l^U4, but in jj 
evaluated Vl44^8l. The Italian H. Cardan (1501-15/0), 
tn 1545, was the first mathematician to retain the square root of a 
negative number in the solution of a quadratic equation. 

gave the solution of *(10 - *) = 40 as 6 + V-lo and 5 
V^l5 and was able to prove by multiplication that his resul s 
were correct. In 1631, Oughtred called negative numbers imag¬ 
inary numbers, but Descartes, in 1637, was the first to call the 
*miare root of a negative number an imaginary number, in 177 , 
the Swiss mathematician Leonhard Euler (1707-1783), introduced 
i for V^l, and in 1821, the French mathematician A. L. Cauchy 
(1789-1857) introduced the term conjugate for a + bi and a - hi. 


EXERCISES 

Simplify the expressions in each of the following twelve exercises. 
Express the results in rectangular form. 

1. 2(cos 15° + i sin 15°) * 4(cos 30° + i sin 30°). 

2. 4(cos 72° + i sin 72°) • 5(cos 48° + i sin 48°). 

3. 6(cos 170° + i sin 170°) • 2(cos 130° + i sin 130°). 

4. 3(cos 75° + i sin 75°) • 4(cos 105° + i sin 105°). 
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5. 8(cos 80° + i sin 80°) + 2(cos 20° + i sin 20°). 

6. 12(cos 190° + i sin 190°) -5- 3(cos 70° + i sin 70°). 

7. 6(cos 35° + i sin 35°) - 2(cos 95° + i sin 95°). 

8. 10(cos 120° + i sin 120°) - 5(cos 330° + i sin 330°). 

9. [2(cos 70° + i sin 70°)] 3 . 

10. [3 (cos 80° + i sin 80°)] 3 . 

11. [Kcos 50° + i sin 50°)] 6 . 

12. [2(cos 33° + i sin 33°)] 10 . 

Express each of the following numbers (Exercises 13 
in polar form and then perform the indicated operations. 

results in rectangular form. 


13. (1 T i ) 3 * 

14. (1 - i V3) 4 - 

15. (— 2 — + 2 ) 

16. (3 - 3 i)\ 

17. (V3 - 'f )(~ 1 - 1 VS). 

18. (- v 3 - 0 U + 

_ 9 

19 - roTi- 

l+l 

20 - “V3 + * 


.. (-l+t\/3). 

21 . ( — 1 + i V$) 3 * 

22 . /— 

— ^8 + ^ 


through 24) 
Express the 



\/3 — 8i) 


24. 


V3) 


23. y/ _^ i ^=r < 2-2 iV% 

By de Moivre’s theorem, find the indicated roots o£^ch°tthe» 
ing (Exercises 25 through 32), leaving answers » polar form when 
results cannot be simplified without use of tables. 


25. The two square roots ot i. 

26. The two square roots of — 

27. The three cube roots ot 8. 

28. The three cube roots of 8?. • /* 

29. The four fourth roots of -8 + 8t V£- 

30. The four fourth roots oi —8 - 8i v 3. 

31. The five fifth roots of 32i. 

32. The six sixth roots of — V : 3 + 

Show graphically Tx. Then 

I O A r 4 = \ 36. X A — 

33. x 3 = 1. 3 ^- * *• „„ r , = _ 81 . 40. x 2 = »• 

37. = 27. 38. rr 8 = 256. 39. a. j +i 

41. I s = -27. 42. x 1 = 81. 


43. x ! = 


t. 


44. .r 3 — 











CHAPTER XI 


Quadratic Equations 



methods for solving quadratic equations 

1 

1. Factoring. 

2. Completing the Square. 

3. Formula. 

4. Graphing. 


60. QUADRATIC EQUATIONS 

The standard form of a quadratic equation is 

f(x) = a<jx~ + a\X + «2 = 0, 

but for convenience it is usually written as 

ax 2 *+■ bx + c = 0, 

where a is any constant except aero, and b and c are any constants 

" There' Ire four methods for solving quadratic equations: by 
factoring , by completing the square, by formula, and by grap mg. 

Factoring . 

The method of factoring is used to solve quadratic equations whose 

roots are rational. . . ,, 

The method of solving equations by factoring is based upon the 

following fundamental principle: 

If the product of several numbers is zero, then at least one of the 

numbers must be zero. 

Example 1. Solve the equation 2x -b &x 12 0. 

Solution. Given 

2x 2 + ox - 12 = 0. 

Factoring, we have 

(2x - 3)(* + 4) = 0. 

The only values x can have are those values which will make one of the 
two numbers 2 x - 3 or x + 4 equal to zero. The value of * which will 





COLLEGE ALGEBRA 


(§60 


206 

make 2.x - 3 equal to zero is found by solving the linear equation 

2x — 3 = 0. • 

This value is 3 

x = 

The value of x which will make x + 4 equal to aero is found by solving 
the linear equation 


This value is 


x + 4 = 0. 
x = — 4. 



— £ and x = — 4. 



Hence, the roots or solutions of the quadratic equation 2x 2 + 5x 12 
= 0 are 

Check: If * = I, thcn 2 ' * + 5 ' !f 0 ~ * 2 ~ °' ” 

* = -4, then 2 • 16 + 6(-4) _ 12 - 32 - 20 - 12 - 0. 

. (e>r , _ o\( x ± 4 ) =0 merely states that the 

^ two numbers 2x - 3 and x + 4 is equal to zero, 

product of th both of these numbers are 

T He nee a zero of one factor is a solution of the equation. 

It should be observed that if the product of two or ^ factors 

is equal to some num er ff illustrate suppose we write 

known about each factor separately. To illustrate, suppo 

2 x 2 + 5 x - 12 = 0 as _ 15 . 

2 x 2 + 5x H - 3 — to, 

then we obtain, by factoring, 

(2x + 3)(x + 1) = i5 * 

This equation merely states that the two— 

2X + bcr of d pairs"of numbers whose product is 15, we cannot infer 
from this fact alone the value of the separate factore^ 

Hence, a quadratic equation cannot be solved^ factory q,^ 

the right-hand member of the equa^ ro» /actors; that is, they are 

linear equations formed by setting each of the linear 

fa Z S IT tha^'if there is no term ^ 

the unknown, the roots of sue 1 nown Then by extract- 

by tot ..Wing-• b*» t*« 

ataSS-U- r- « »- 0. •>- 

form of the equation becomes 


XI] 
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ax 2 + c = 0. 

Solving for x 2 , gives 



extracting the square root gives 

* = ± 4~a' 

There are always two square roots of any number. The one square 
root is positive and the other square root is negative. 

Example 2. Solve x 2 25 = 0. 

Solution. Transposing, we have x 2 = 25; 

then, x = +5 or x = -5, 

but we usually write it as x = ±5. 

That is, both (5) 2 and (-5) 2 are equal to 25. 

Graphing 

If the roots of the quadratic 
equation ax 2 + bx + c = 0 are 
real, then they can be obtained 
by finding the ^-intercepts of 
the graph of y = ax 2 + bx + c. 

That is, the real roots of ax 2 + 
bx + c = 0 are the abscissas of 
the points where the graph of y = 
ax 2 + bx + c crosses or touches 
the x-axis. We shall assume a, 
b, and c to be real numbers. 

7 

Example 3. Solve 2a; 2 + x — 

6 = 0 by graph. Fig. 27. 

Solution. Compute the accompanying table of points from the 

equation y = 2a; 2 + x — 6. Plot these points and draw 
a smooth curve through the plotted points as in Fig. 27. 

The graph crosses the a;-axis at x = —2 and x = 1.5, 
which are the roots of the given equation 2a; 2 + x — 6 = 0. 

If the graph of y — ax 2 + bx + c crosses the 
x-axis, then the roots of the equation ax 2 + bx + c 
= 0 are real and unequal. If the graph just touches 
the x-axis, then both roots are equal. If the graph 
neither crosses nor touches the x-axis, then both roots are imaginary 


X 

y 

-3 

9 

-2 

0 

-1 

-5 

0 

i ~ 6 
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EXERCISES 

Solve each of the following eighteen equations by factoring, and show 
the solutions by graphs. 


2. 2x 2 + 5x - 3 = 0. 

4. x 2 — 5a; + 6 = 0. 

6 . 10 - 3.c - x 2 = 0. 

8 . x 2 — ax — 6 a 2 = 0. 
10. 3x 2 — 5 = 0. 

12. (3a - 2) 2 = 9. 

14. (2x + l) 2 = 9. 

16. 6 y 2 - y - 12 ** 0. 

18. 2x 2 + ax - 6a 2 = 0 


1. x 2 - x - 2 = 0. 

3. x 2 - 10.x + 25 = 0. 

5. 8x 2 + 18x + 9 = 0. 

7. x 2 + Sx + 15 = 0. 

9. x 2 - 16 = 0. 

11. 6x 2 - 7x = 0. 

13. 5 = 3x 2 + 2x. 

15. 9 y 2 -5 y = 0. 

Completing the Square 

Every quadratic equation can be solved by the method of completing 
the square. 

If a quadratic equation does not factor readily into its linear 
factors "we may employ a method called completing the square 
to solve the equation. First, we determine a constant to add to 
both members of the equation so as to form a perfect s ^re mft 

power of the unknown. Then, by taking the square root of both 
members of the resulting equation, we have two hnear equat , 
from which the two roots of the given quadratic equation can b 
obtained. That such a constant exists is at once apparen 

the following identity: 

{x + a) 2 = x 2 + 2ax + a 2 . 

The constant a’ which --tj»e^dded to * + 
square is the square ot £ oi 2a, wnere ia 

"TiL coefficient of x> is 1, then the constant ^^ 
the square is the square of one-half the coefficien f 

Example 4. Solve the equation 2x 2 + 5x -12=0 by comp e mg 
the square. 

Solution. Transposing, we have 

2x 2 + 5x = 12; 


dividing by 2 gives 


x 2 + f x - 6. 
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Add to both members of the equation (f) ! , the square of one-half the 
coefficient of x. It is best to add to the left-hand member ol the equation 
the indicated square, but add to the right-hand member of the equation 

the number squared. Thus, 

r. 2 4- 4 X 4- (t) 2 = 6 + fit 


(* + f ) 2 = W- 

Extracting the square root of both members of the equation, we have the 
two linear equations 

* + * = ± ¥; 


that is, 



Solving each equation for x, we have the two roots 


x = f and x — — 4. 

Check: If * = f, then 2(f) 2 + 5(f) - 12 = f + nf - 12 = 0. If 
= —4, then 2( — 4) 2 -h 5( — 4) 12 = 32 20 12 0. 


Formula 

Every quadratic equation can be solved by formula. 

Let us apply the method of completing the square to the general 

quadratic equation 

ax 2 + bx + c = 0; (2) 

transposing c and dividing by a gives 

x 2 + \ x = — . (3) 

a a 


The constant necessary to make the left-hand member of the 

2 

• Adding this to both members 

of the equation, we have 


equation a perfect square 


is (Q 


then 



(4) 

(5) 


Extracting the square root of both members of the equation, we 
have the two linear equations 
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x + 


2a 


= + 


Vb 2 — 4 ac 


2 a 


( 6 ) 


or 


x + 


Vb 2 — 4 ac 


2 a 


2a 


and 


x + 


2a 


— Vb 2 — 4ac 
2a 


(7) 


Hence, the two roots of the general quadratic equation 

ax 2 + bx + c = 0 


are 


x = 


— b + V b 2 — 4ac 
2a 


and 


— b — Vb 2 — 4ac 


x = 


2a 


( 8 ) 


These two roots are usually written as: 


x = 


— b± Vb 2 — 4ac 


2a 


(9) 



The expression b 2 - 4ac is called the discriminant of the equa- 

tion ax 2 + bx + c = 0. , . 

Since Equation (9) gives the two roots of the general quadratic 

equation ax 2 + bx + c = 0, we may use it as a formula for the 

solution of all quadratic equations, where proper values are assigned 

It is evident from the formula given in Equation (9) that the 
roots of a quadratic equation are rational if 6 2 - 4ac is a perfec 
square. Hence, a quadratic equation can always be solved by factor- 

inn if b 2 — 4 ac is a perfect square. 

All quadratic equations in which b 2 - 4ac is not a perfect square 

must be solved either by completing the square or by formula. 

When the quadratic equation is written in standard form « « 

the coefficient of the square of the unknown, b is ^ d 

unknown, and c is the term free of the unknown, lo illustrate, 

a, b , and c for the following equation: 

0^.2 _ bx -4- 5 = kx 2 — 3 x + k- 


Transposing, we have 

3x 2 — kx 2 — kx + 3x + 5 — k = 0, 

collecting gives 

(3 - k)x 2 + (~k + 3)x + (5 - k) = 0, 


whence 

a 



and 



b = —k + 3; 
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Observe that the standard form of a quadratic equation consists 
of only three terms. 

Example 5 . Solve the equation 2x 2 4- x — 6 = 0 by formula. 
Solution. In this case 


a 





Given the formula 

x = 


— 6 ± V& 5 — 4ac 
2 a 


f 



we obtain, by substituting, 


-1 ± Vl* - 4(2)( — 6) 
J = - 2“2 

Simplifying gives 

-1 ± \/ 49 . 

1 - 4 » 

then 

— 1 4* 7 i 

x =-:- and x = 

4 

Hence the roots are 



x = j and x = —2. 

Check: If x = f, then 2 (f)* + f — 6 = f 4 * 7 — 0 = 0 . If x = — 2 , 
then 2( —2)* + (-2) - 0 = 8- 2- 6 = 0. 

A second method for completing the square, if the coefficient of 
x 3 is different from 1, is apparent from the following. If we multi¬ 
ply each term of the quadratic equation 

ax- + bx = —c (10J 

by 4a f we have 

4a s x 2 4* 4 abx = —4ac. (11) 

Then it is evident that the constant b- is all that is necessary for 
completing tlie square. Thus, after adding b 2 to both members of 
the equation, we have 

4a*x 2 -f 4a6x + 6 2 = b 2 — 4ac, (12) 

or 

(2ax + 6) 2 « 6 2 - 4ac. (13) 

Extracting the square root of both members of Equation (13) 
gives 


2ax 4- b = ± Vb 2 — 4ac. 


(14) 
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Solving for x gives 


x = 


— b ± W — 4 ac 
2a 


(15) 


We can complete the square by multiplying each term of the given 
equation by 4a (that is, by 4 times the coefficient of x 1 ), and then 
adding b 2 ( that is, the square of the coefficient of x in the original equa¬ 
tion) to both members of the equation. To illustrate: 

Example 6. Solve the equation 2a: 2 + a; — 6 = 0 . 

Solution. Multiplying by 8 and transposing, we get 

16a: 2 + 8x = 48; 

* 

adding l 2 to both members gives 

16a: 2 + 8a: + 1 = 48 + 1; 

then 

(4a: + l) 2 = 49; 


extracting the square root gives 


4a: + 1 — ±7. 


Hence, the roots are 


„ _ 3 
X = -% 


and 


c = -2. 



find the turning point of the graph of the general quadratic 


Let us 
function 

y = ax 2 + bx + c. 

Differentiating gives 

^ = 2 ax + b. 
dx 

set, the derivative equal to zero and solve for x, we have 


(16) 


If we 


2 ax + b = 0 


(17) 


or 


x = — 


2 a 


( 18 ) 


which is the abscissa oi the turning pon ■ & + where 

turning point is found by solving for ff in V - ax + bx + c, 

b 


~ — — — Therefore 
x 2 a 




+ c 


2 a 
b 2 — 4 ac 


4a 


(19) 

( 20 ) 
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Hence, the coordinates of the vertex of the parabola y = ax 2 + 
bx + c are 

/ b b 2 — 4ac\ 

V 2a’ “ 4a / 

To illustrate, the coordinates of the vertex ot the parabola in Fig- 
27 for the equation y = 2x- -F x — 6 are ( — — W- 


QUESTIONS 

1. Define quadratic equation. 

2. Give the standard form for a quadratic equation. 

3. Give the meaning of a, of b, and of c in the standard quadratic 

equation. 

4 . Give four methods for solving a quadratic equation. 


EXERCISES 


Solve the following forty-eight equations by any method. 


1 . x* + fix + 7 - 0. 

3 . 3x* + 5x + 1 = 0. 

5 . x* - 6x + 9 = -1. 

7 . x* - 3x + 1 =0. 

9. 2x* — x - 3 = 2. 

11. 3x* - 4x + 2 » 0. 

13. x 1 - 2x + 1 =64. 

15. ax(x — a) = x — a. 

17. ax 1 + c = 0. 

19. x 1 + ax — a + x. 

21. x s — ax 4* 2x — 2a =0. 
23. 2x* - 3 xy - 20f/ J = 0. 

26. 3x 5 - 2xi/ - 5y s = 0. 

27. 3x* - 5 ry + 8y 1 = 0. 

29. (2x - 1 )(x + 2) = 12. 
31. x* + 2 hi = a 5 - b\ 

33. x 1 + \ 3x - 1 = V3. 


35. x s - fx + i = 0. 


37 - + 5 i 6 ~ x 

•2x + 1 2 - x 

39. - -f i = — 4* a. 
x a 



2. x s + 3x - 5 = 0. 

4. ax ; + bx — 0. 

6. x 2 = 12x -f 35. 

8. (2x + l) 2 = 9x. 

10. 5y* - 53 y + 30 = 0. 
12. (2x - 3)(x + 2) = 2x. 
14. 18x 2 - 63x + 40 = 0. 
16. a 2 x 2 + 2ox — 8 = 0. 
18 . x 2 + bx = ax -b ab. 

20. cx 2 + bx + a = 0. 

22. x 2 — a- = x — a. 


24. x 2 — 5xy + y- = 0. 

26. 80x 2 - 122xy + 45y 2 = 0. 

28. a-bx- — a 2 x = ob — b-x. 


30. (>(x 2 — a) = z(9a 
32. x 2 + 4a5x = (a 2 ■ 


34. - - - = —^—r 
a x a — b 


~ 4). 

- b 2 ) 2 . 
a — b 


36. 


38. 


x -f 1 


X 

X 




2x 


3 - x 


40. - + - 

a x 


x + 1 

3 - x 3 
x 2 

x b 

r n- 

b x 



x 






(X - 6) 2 


b 2 

(x - a) 2 
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44. 


x 2 — 4 

1 

4x 4* 2 


x — 1 

x+ 2 
1 


45 . £+4*±i! + 


5(2 - x) 

1 _ _ 

2x - 1 1 - 4x 2 

1 


1 

4' 


46. 


47. r- 


x 2 + x - 6 

x + 1 
x(x — 1) 

3 


x + 3 


- = 4. 


1 1 _ _ 1 
3x - 3 + 2x ~ 3 


48. 


1 — x 
x + 2 

x^l 


+ 


6 


x — 2 
x — 2 


x 


2 _ 


:c 


+ 


3 - x 4 — x 

x + 2 


x 2 + x 


= 0. 




49. V = Trf 2 h. 

R _ 

51. gf - W^flT 2 ' 
53. S = | l 2a + 


50. 


3 W (A ®) _ y 

"l^OOO£~~ 

kbdr 


1)4 


52. IF = 


54. A = 27rr/i + 27rr 2 . 


55. m 


57. s 


59. s 


3TFDL 2 

____ I 


vt+\ 9?- 


56. t = 2tt 



g 


mgl 

kirr 


58. 2 


60. p 


f(3fcrf ~~ 2t) 
3(2kd — t) 
200 (t + l) 2 , 

.s — 6 


u-k »-?[>•+(» - ufl - Fi " a *”“•*■ ’ 

R9 The product of what two consecutive integers is 18 • 

62. I he piouuou . , whose product is 110. 

63. Find two consecutive mtegeisj & net of gv5? 

64. What two numbers diffeimg ^ q{ squares is 113. 

66. Find two consecut ive in eg ■ . num ber added to 5 equals twice 

66 Twelve times the reciprocal of a numbei 

the number. Find t» b « r - , onger than the other side and the 

67. One side of a, .ccta, g ■_ -, Qna 

area is 150 square feet, l'ina m 
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68. A rectangle whose length is 15 feet ^"^“^L^he area 
10 feet wider than the sides of a square, has an area three time 

of the square. Find the side of the square. 

69. An automobile is. traveling at ^ unknown rate^:^ Find 

5 miles per hour faster, it "ou “ if 5 miles per hour faster 

the rate of the automobile. Find the rate non * 

reduces the time by 2 hours and^24 minu es. f as ter than another 

70. One automobile travels 10 miles per noui 4 hours 

automobile and the faster one th^lower automobile. Find 

and 10 minutes less time than it takes the slower au 

nrf—a certain amount of goods for 

per cent was equal to what the goods cost him in dollars. How mu 

‘^A merclalifsold a suit of clothes for $25, and his 1<» in per^cent 
was equal to what the suit cost him in dollars. How much did the suit 

C % a l iTn bought a number of eggs for $7.50, and sold all but 5 dozen 
for $7.50. If his profit is 5 cents per dozen, how many eggs j 

days longer than he expected; he thus received 75 cents per day less than 
he expected. In how many days did he expect to comp ete the work. 

75 P A man wishes to make a sidewalk on the two sides oi b coine 
lot, which is 50 feet by 140 feet. How wide can he make the v alk if 

wishes to make it 4 inches thick and has 325 cubic feet of gi a\ e . 

76. How wide a strip must be mowed around a rectangu ai e t 

yards long and 200 yards wide so as to mow | of the field ? 

77 In a group of towns, each one is connected with every other tow n 

by a* road, and no three towns are on the same road. If there are oo 

roads, how many towns are there? , 

78. A and B working together can do a piece of work in 12 days. 
If it takes B 10 days longer to do the work than it takes A , how long c oes 

it take A to do the work? 

79. A square piece of tin 14 inches wide is to have strips along the 
edges turned up vertically to form a gutter with a rectangular cross 
section. How deep should the gutter be to have the greatest carrying 

capacity? (See Article 41.) . _ . 

80. A man walked a distance of 10 miles, and wished to return m -( 

minutes less time than it took him to go. If this was accomplished by 
walking back 1 mile per hour faster than he went, find his late of valking 

in each direction. 

81. If a particle is thrown upward with a velocity of F 0 feet per second, 
the distance S from the ground to the particle after a gi\cn time t is 
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given by the formula S = Vot - igt\ in which g may be taken as 32. 
If the particle is thrown downward with a velocity of V the distance 
from the starting point to the particle after a given time i is given y 
the formula ,S = V a t + igt*. In each case find the formula for the 


velocity V at any given time - vj. 

_ , • 1 * I „ ___ t'H Tl 


82 If a particle is thrown upward with a velocity of 100 feet per 
second (see Exercise 81), (a) how high will it rise? b) when will it 
strike the ground? (c) with what velocity will it strike the ground? 

it whit time will the particle be 156 feet high? (f) how high ,s the 

particle at the end of 2* seconds? at the end of ^seconds? 

P 83 \ bombing plane is traveling m a straight line at the rate of lb 

86. A DO b p jjow far behind the target 

(measured'horizontallyj'must the’bomb be dropped so as to strike the 

tar r each 

road at the same ^ofer 

thtfirrtlnd ^132 miles from the automobiles when they pass, find the 

speed of the automobiles. . , , ... , 1„ n i an e in Problem 

85 \ defense gunner on the ground wishes to hit the plane in Jn 10 

83 b, d "'c*•<"• 

fired (measured horizontally) ( K Assume 

to the law S = V 0 t - hjjt 2 and g~ 32 ) f from B as 

86. A man is between two towns .4 and B and » „ 

from A. If he travels 21 miles toward B he w.11 then x 

as he is from A. Find the distance between A and B. ^ down . 

87. A road between A and B is m , ^ m ;i B a speed of 

hill, and 1 mile level. An‘ ^ ou r,' and downhill at 45 miles 

. the tet mile ,o 
aV 88 ag T^ r,o P 2 raThirpit beam supported at both ends is 

. , w 500 bd? where b is breadth in inches, d thickness m inches, 

given by W — 9 i ” MO inches wide and 2 

and L length in feet. What is the and wheelbarrow, if the 

:si —. ■««* ^ b ’ - 

hold the man and loaded wheelbarrow ? 
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89 K rectangular flower bed a feet long and b feet wide has a rectangu- 
,ar b ;irXrf of equal width. How wide is the border tf the area of 

,U flmvpr bed and the border are equal. 

h 90 The circumference of a rear wheel of a carriage exceeds the cn- 
cumfe^nce oTXe front wheel by c feet. In traveling a d,stance of d 
miles the rear wheel makes n revolutions less than the tiont w tee . 

tW circumference of each wheel. , . _ 

9 V boat crew can row a distance of i miles downstream and return 

Js in t hours. If the rate of the current of the stream » r nnles pe. 

hour find the rate of the boat in still water. 

« if a bicycle wheel c feet in circumference took f seconds less to 

revolve, the rate of the bicycle would be n miles more per hour. Find 

' h 93.^ Find 'tile 'radius of a circle, the area of which would be doubled if 
the radius were increased by n feet. 

94. A rectangular piece of tin is n times as long as it is wide. A square 
of side a is cut out from each corner, and the sides turned up so as to 
form a box of volume V. Find the dimensions of the piece o tin. _ 

95. What value can be added either to the diameter </ or to the height h 
of a cylinder so that the increase in volume will be the same in both cases. 

96. An automobile radiator has a capacity of q quarts. If a quarts 
of water are drained out and replaced by a quarts of alcohol, and later 
another b quarts are drained out and replaced by alcohol, still later how 
much must be drained out and replaced by alcohol so that the final mix¬ 
ture will be p per cent alcohol? (Assume there is no loss by evaporation.) 

97 It takes B b days longer to do a piece of work than it takes A to do 
the same work. How long will it take A alone to do the work if the two 
together can do the work in d days? 

61. EQUATIONS IN THE QUADRATIC FORM 

We may have equations that are not quadratic equations in the 
unknown, but that are quadratic equations in some function of the 
unknown. To solve such equations, we solve the quadratic for 
the function of the unknown. Having the value of the function, 
we can then solve for the unknown. To illustrate: 

* 

Example 1. Solve the equation x* — 13x- + 30 = 0. 

So/uU'on. This equation is not a quadratic in x, but is a quadratic in 

x s and mav be written as 


Factoring gives 


(x*)* - I3x* + 30 = 0. 
(x* — 9)(x* — 4) = 0; 


9 = 0 


and 


x 2 — 4 = 0, 


then 


2 IS 
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,VM 


whence 


li preferred, the funetum m 
T 0 illustrate: 


i x - 

:i\ lie rrplarcd by * *»*<ond unknown 


Fxample 2. Solve (x> + 3x)> 2(jr - hr) * 0 

sl,l. This i- a qua.lr.vic equat.nn m x’ + 3-. and 


w<* rony • ■ 


Solution 

r 4 + 3x - !/• Then 
Factoring, we obtain 
solvinit for '/ jilvc® 


— — 3 *= 0. 


(» - 4HV + 2) 


0: 


or 


— 2 


To solve for x, it is now 

x* 4- 3x * 4 


V * 4 • 

. notary t o solve the t w o equations 

x* + 3x m 2 


anil 


Factoring each equation, we get 

(x 4* 4)(x - 1) = 0 


and 


solving for x gives 


(x + 1)(X + 2) - o; 


x = -1. -2- 


j - -4, 1 and I ■ ■ 

, _ 2U > + 3x) - 8 = 0 can be «Jv«l 


by 


The equation (x* "i" 2x) 
writing it as ^ + 3j) _ mi , + 3x) + 2] = 0; 

then the sCuriona can i « ^ «*** 

and x> - «* - 2 = 0. 


X 4 4- 3x — 4 = 0 
Factoring each equation, we have 

(x + 4)(x - l ) * 0 


and 


solving for x gives 


(x -4 l)(x + 2) - 0; 


x ~ 1 • 2. 


j = -4. 1 and 

t : If x = ~4- then ~ 

S B x = 1. -hen a + *)* - 2(1+ • - • ; «- 4 * :-VA 

H--Vrr: - 2 1 - i -S-4-4-8-0. 

if j = —2. then v 4 0, . - 

quite frequentlvmet» 


Another type erf equati^_ _ ^ 

square roots. as= N ^ tionl l equations. 
These equations are cauea 
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To solve moJiw containing square roots, it is necessary in most 
eases ZqZe both members of the equation to reduce the number of 

raAcaJs.^ ^ eqm ti on containing but one square root, write the 
equation with the radical on one side of the equality 

Then, after squaring both members of the equation, solve the result- 

ina eauation , which is free of radicals. 

To solve an equation containing two or three unlike square roots 

and more than two terms, write the equation with the most complicated 
radical.on one side of the equality sign and the remaining terms on 
the other side of the equality sign. Then after squaring both memb 
of the equation, there will be but one radical remaining. 1 he result¬ 
ing equation can be solved as previously described. 

Observe that (Va + VbY = a + 2 Vab + b and does not 

equal a + b. _ 

Example 3. Solve V2i - 1 + V4* + 5 - Vl9 - 3r = 0, 
Solution. We transpose one radical: 

y/2x — I + V4x + 5 = \/19 — 3x; 

# 

square both members: 

o T _ 1 4- 2 \/2x — 1 y/Ax + 5 + 4x + 5 = 19 — 3.r, 


collect and transpose: 


square a second time: 


2 \/8x 2 + 6.r - 5 = 15 - 9z, 

32x 2 + 24x - 20 = 225 - 270x + 81x 2 , 


and collect and divide by 49: 

x 2 — 6x -f" 5 = 0. 

Then, solving for x, we obtain 

x = 5 and x = 1. 

Since both members of the original equation have been squared, 
these roots may be extraneous roots and hence ma\ not be loots of 
the original equation. Checking in the original equation, we have: 

If x = 5, then V9 + V25 — V4 ^ 0. 

If x = 1, then VT + V9 - Vl6 = 0. 

* 

Since x = 1 satisfies the equation, it is a root of the original 
equation, but x = 5 is not a root. Since x = 5 does not satisfy 


% 

(I. 














220 


COLLEGE ALGEBRA 


m 


the original equation, it is uncertain whether an error has been 
made in the process of solving the equation, or whether 5 is an 
extraneous root. By the following method we can determine 
whether the root is extraneous or not. After equating both rmm- 

TqllZZt always be such that they will satisfy the original 

Xstrate, x = 5 does not satisfy the given equation in Example 3, 
but x = 5 does satisfy the alternate equation 


since 


- V2^1 + V4^F5 - Vl9 - 3x = 0, 

- V9 + V25 - V4 - 0. 

This indicates that no error was made in the solution. 

EXERCISES 


Solve the following equations. 

L. - 16 = 6 ' 

3 . y/x = 6 - 


8 


2 . y/x + 9 — 5. 

4 . x — 8 y/x + 9 + 24 = 0, 


y/x 

5 . x 54 + — 2 = 0 . 


7 . 3 + y/Sx — 15 — 2 x. 
9. 2V5T1 = 


V- - 

y +T = 5 — y/y- 

y/x 


6 . 4 x^ — x H — 3 = 0 . 

8. x - 5 y/x - 36 = 0. 


13. + 6 _ y* 

14. r=~i - = V3x + 1. 

16. x/^2 + - 3 = 0- 

16. + VT^+l “ V^+5- 

17. a 3 - -8 = 0. 

18 8x" 3 — + 8 = 0. 

19. 5z* + - 3 = 0. 

20 . AfS 1 - 5 - 36 = 0 . 

21. (X - 2) 2 - 2(x - 2) - 35 - »•. 

22. (x 2 - 3x) 2 - 2(x 2 - 3x) - 8. 

23. m' 6 - 33nt'“‘ + 32 = 0. 



























xn 


24. 


QUADRATIC EQUATIONS 


221 


4- 


I + y/2x 4- 6 ' x - V2x + 6 

25. x 4 - 29 j 1 -f 100 = 0. 

26. (x* + 3x + D* = lOx 5 + 30x + 21. 

12 


4 

3 


27. x* 4- x - 8 + 


= 0. 


X s + x^^^H 

28. 4(x - D* + 36(x - I)"* = 25 - 

29. 2x + 4 - 6(x + 2)~ l = -1. 


30. (2x - |) 


+ 8x - - - 5 = 0. 

X 


62 PROPERTIES OF THE ROOTS OF A QUADRATIC 

EQUATION 

The roots r» and r t of the quadratic equation ax + ^x + c 


0 


are 


r 1 = 


_ 5 4- \/b* — 4 a c 


2 a 


and 


— b — Vb 2 — 4ac 


r? 


2a 


If certain relations exist among the coefficients a, b, and r, then 
the roots of the quadratic equation will have certain properties, 
and conversel if the roots of a quadratic equation have a given 
property, the coefficients of this equation must satis ; a giwn 

relation. . , . „ , ,• 

As previously stated, the expression b- - 4ac is called the dis- 

criminant of the equation ax 1 + bx + c = 0. It a, b, and c are 
real numbers, then the value of the discriminant determines certain 

properties of the roots. 

Pkopeuty (1). If b 2 - 4 ac is positive , the roots are real arid 

unequal. 

Property < 2). If b 5 - 4ac is negative , the roots are imaginary. 
Property (3). If b 1 - 4ac is zero , the roots are real and equal. 

b . b 

The quadratic is a perfect square, and the roots are — 2a an< 2a' 

For example, in the equation x 2 — 6x 4- 9 = 0, b 2 — 4 ac 
= 36 - 36 = 0. Also, x s - 6x 4- 9 = (x - 3) 2 = 0, and the 

roots are 3 and 3. 

Property (4 li b~ ~ 4qc is zero , or is positive and a perfect 
square, the roots are rational. If b 2 — 4<zc is positive and not a 
perft d aquan , the roots are irrational. (For this case, a, b, and c must 
be rational numbers.) 
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Property (5). 7/ b = 0, and a and c have opposite signs, the 

roots are numerically equal but opposite in sign. 

If b = 0, the quadratic reduces to ax 2 + c = 0, and the roots are 



Property (6). If c = 0, one of the roots is zero. 

If c = 0, the quadratic equation reduces to ax + x 

Factoring gives x{ax + b) = 0, and the roots are 0 and - 

Property (7). If b = c = 0, both roots are zero. 

If 6 = c = 0, the quadratic equation reduces to ax U, ana 

tl *YlUhe foregoing conditions are necessary and sufficient and hence 

^The sum of the two roots of a quadratic equation is 

equal to minus the coefficient of the unknown ^ 

of the square of the unknown; that is, the sum of the two roots equa 

- b 

to 


a 

The sum of the two roots is 


ri + r 2 — 


— b + Vb 2 


— 2b 

2a 


2 a 

-b 

a 


4 ac , -b - Vb 2 
-r 2a 


4ac 


. - /n\ Th„ nmduct of the two roots of a quadratic equa- 

PuopEKT't (.))• i ' p ti rnrlfirient of the square 

Hon is equal to the constant term divided by the coefficient of the « 

Of the unknown; that is, the product of the two roots is equal to -■ 

The product of the two roots is 


_ 0 -r v v . -b - V^ 2 - 

ri * r 2 = 2a 2a 

b 2 - (b 2 - 4ac) = c t 
= ^a 2 a 

PnoPERTY (10). The quadratic - 

w-« k - »i»*e - "><* - 

r\){x — — u, vi 

= 0. 
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In the following examples we shall illustrate a few of the fo 
going properties by using the equation 

kx 2 — 2kx + x — 2 = 0. 

0 ' 

The standard form of this equation is 


kx 2 "h C — d“ ^ 


and the valuesof a, b, and c are ^ ^ # _ 

Example 1 . Determine k so that the two roots of kx 2 - 
'solution ™ 1 From Property (3), the roots will he equal if 

_ w 


- 2 . 

- 2 kx x — 2 


hence, . 

Simplifying, we have 
factoring gives 


b 2 - 4 ac = 0; 
(-2fe + l) 2 - 4/c( —2) = 0. 

4 A: 2 + 4fc + 1 = 0; 


(2fc + l) 2 = o; 


solving for k, we obtain 


k = 


1 


Check: If k = -i the original equation reduces to .f 4.i + 4 
_ / x _ 2) 2 = 0, hence, the two roots are 2 and • ^ „ 

Example 2. Determine k so that the two roots ot kx- - + x 

= 0 are numerically equal but opposite in sign. 

Solution. From Property (5), the roots are numerically equal 

opposite in sign if 

b =>= 0; 


hence, 

Solving for k gives 


-2k + 1=0. 

k = 4. 


4=0, and the 


Check: If k = + the original equation reduces to x 2 
two roots are 2 and —2. 

Example 3. Determine k so that the sum of the two roots of kx — 
2 kx + x — 2 = 0 is 1. 

Solution. From Property (8), the sum of the roots is —» hence, 


- - = 1 . 
a 
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2k + 1 


k 


1 


k 


* 

Solving for k gives 

r . If fc = 1 the original equation reduces to i*— x - 2 = 0, and 

the root; are 2 and -1. . Thus, £££ ^ 2fcl + * - 2 = 0. 

Example 4. it must satisfy the equation. Thus, 

Solution. It 3 is to be a _ miat i on we have 

substituting 3 for * in the original equation, 

„ r . O _ O = 0! 


collecting, we have 

* 

solving for k gives 


9/c — 6fc + 3 — 2 — 0, 

3/c -h 1 = t), 
k = - 


0, 


Check: If*--*. original equation reduces to 

and the roots ^ ^2^^ w hose roots are -2 and f 

S From Property (10) this equation is either 

0(r. -1- 2)(x — • 


(i + 2)(i - i) - °> 

either form is equivalent to 


or 


2(x + 2)(x - I) - °- 


or 


(x + 2) (2x - 3) - 0, 
2x 2 + x — 6 = 0* 


equation might be written as 


X 1 


(n + r 2 )a: + rir 2 - 0. 


The sum of the roots i» 



T\ + r 2 


(3 + V2i) + (3 - V2<) 


= 6, 


and the product of the roots is 

r.r, = (3 + V2i)(3 
= 9 - 2i 2 
= 11 . 


- V2t) 


Therefore the equation is 


X 


— 6x + 11 — 




t 
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Chech: As an exercise, the student shouid solve this equation for the 
two roots. 

63. INEQUALITIES 

If we wish to determine 

tion are "Tnci^ qual to or greater than zero, or is less 

than, and the inequality symbol < for less than, ana 
restrict their use to real ; n ^ the same manner as 

We can operate with themequa y operations. 

m VSiSS bothZ’emberlof an inequality by a negative number 

reciprocal of both members of the inequahty, reverses 

ZfJZZ m W» •» rr Z 

inequality may reverse the inequahty, xf one or both members 
negative. Thus, if 

a > b 


then 


and 


but 


and 


a + c b c f 

a - c > b - c, 

ac > be, 

a b 

c > c’ 

■\/a > \^b, 

a n > b n ; 

— a < —by 


1 1 

- < T 

a b 


(c positive) 
(c positive) 


(a and b positive) 


To illustrate the last two conditions, we have that 5 > 2, but 


-5 < -2 


and 


1 1 

5 < 2 


Illustrating the third condition 


-5 < -2 


but 


( — 5) 2 > (— 2 ) 2 . 
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Example 1. If « and ft are not equal, prove that «* + *>?£ 
Solution. Subtracting 2aft from both mend •ere of the inequality. 

we have 

a 2 - 2 ab + b 2 > 0, 


or 


(a - b) ! > 0, 


which is always a true statement since the square of any real number 
positive number; that is, it is a number greater than zero 

Example 2. For what values of k are the roots of x - Ax + •» 

“‘solution. If the roots are to be real, the discriminant, must be zero or 
positive; that, is, it is necessary that 


Thus it is necessary that 


or 


5 2 — 4ac 0. 


k 2 - 36 ^ 0, 

(fc + 6) (ft - 6) ^ 0. 


1 <■ a a- C^(k — 6) will be zero if ft = ± 6 > an( * 

The product (fc + «)<£ ^ ^ g ^ ^ n(Jgative or both P os,t.ve. 

will be positive if , + Oarerealiffc S -6, or if k g 6. 

Hence the roots of x T 

QUESTIONS 

1 How many roots does a quadratic equation ba\e. 

i ^ r,;s 

3. When are the roots ot a qua ^ ; irrational? 

4. When are the roots of a quadratic eq a on 

5. When are the roots of a c l ua ‘*™ £ ^ uation imaginary? 

s:: ” :s i“: 2: . . 

-* oft,:: 

10. What is the product of the r0 ° „ L, numb er is a root of a 

11. How does one determine whether a gne 

How do"we form a quadratic equation when its roots are given? 

EXERCISES 

, , nrt of the roots for each of the following twelve 
Give the sum and produc t 

equations. 


XU 
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1 . 20x 2 — 13x + 240 = 0. 

3. x 2 — 65x — 350 = 0. 

5. 3x 2 4 - 8 x = 50. 

7. 3 x 2 + * = 3x + 1. 

9. kx 2 + fcx = 7. 

.2 _ 3 ^ 4 = kx + 2 fc. 


2. 3x 2 — 5 x 4 - 4 = 0. 

4. 10x 2 - 25x = 12. 

6 . x 2 = 6 x — 2 . 

8. kx 2 4“ 2# 5 — 0. 

10. x 2 - 2 fcx + k = 5. 

12. 5 - ax + 3x 2 = b + 2x cx , 


U A : the roots of each of the following equations (Exercises 13 through 
24) real or imaginary? 

13. 2.r 2 - lOx 4- 9 = 0. 

15. x 2 = 9 x - 20. 

17. 13x 2 - 625x - 422 = 0. 

19. 3x 2 + x = 3x + 1- 
21. 4 - 2 x + 6 x 2 = 0. 

23. 6 x 2 — 2 x + 5 = 0. 


14. 

16. 

18. 

20 . 

22 . 


3x 2 - 5x + 4 = 0. 
10x 2 — 25x = 12. 
x 2 = 6 x — 2 . 

2 = 5x — 3x 2 . 
x 2 + lOx = 10 . 


24. 4 x 2 = 12 x - 9. 


For what values of k will the roots of the equations in Exercises 25 
through 39 be equal; be real; be imaginary. 


26. fcx 2 + 2 x - 5 = 0. 
28. kx 2 + 2 kx — 2 = 0. 


30. 

32. 

34. 


2 x 2 — 3 fcx + 18 = 0 . 

3 x 2 — 6 x + k = 0 . 

kx 2 — 4x — k + 4 = 0 . 


36. x 2 — kx — k 4- 3 — 0. 
38. 3x 2 4- 2 fcx = 3. 


25. x 2 4" kx 4" 9 = 0. 

27. kx 2 — 2x 4" 5 = 0. 

29. x 2 — kx 4- k 4- 3 = 0. 

31. x 2 - 8x 4- k = 0. 

33. 2x 2 - 3x 4- 2fc - 1 = 0. 

35. x 2 4* kx - 4 = 0. 

37. x 2 4- 2x 4- 1 = kx 2 - kx 4-4. 

39. 9x 2 4- 7x 4- k 2 = 0. 

In each of the following equations (Exercises 40 through 55) determine 
k so that the indicated conditions will be satisfied. 

40. x 2 — 3x 4- k = 0; the product of the roots is 6. 

41. x 2 — 5x 4- k = 0; the product of the roots is 5. 

42. x 2 — kx 4- x — 5 = 0; the sum of the roots is —4. 

43 kx 2 _4x 4~ 2 k = 0; the sum of the roots is twice the product of 

the roots. 


44. kx 2 - 5x 4- 2fc = 0; 3 is a root. 

45. fcx 2 4- 2x - 5fc «= fcx; 3 is a root. 

46. 10x 2 4- 6fcx - 5fc 4- 8 = 0; one root is zero. 

47 . x 2 - fcx 4- 5 = fcx 2 - x 4- 5fc; one root is zero. 

48. fcx 2 - 3fcx 4- 2fc 4* 4x - 4 = 0; the roots are equal. 

49. x 2 — 5x 4- fc = 0; the roots are equal. 

50. (3x 4- fc) 2 = 9; the sum of the roots is 6. 

51. x 2 - x - 1 = fcx 2 4- fcx 4- 1; the roots are equal. 
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2 3 

6 °. 3 > 4 ’ 

63. a, 

a 


68 . -3, —5. 

a b 

61. r> - 

b a 


62. x 2 - 3x + 4 + kx - 3fc = 0; the roots are real. 

53 u _ x - x 2 = 0 ; the roots are imaginary. 

54 * A-x 2 4- kx + A* + - 4-1 = 0 ; tl product of the root? is n 
56 * ox 2 - 6 fec - 2 fc - x + 4 ® 0 ; the roots are arithmetically ©qua 

but opposite in sign. 

Find the quadratic equation with integral coefficients whose roots are 
given in Exercises 56 through 70. 

56. 2, 3. 57 - 1 * 

59. 2, -5. 

62. i, — i. 

R6 3 -t 

65 * 4 ’ 5 

67. i 4- ^ V3, 

69. 3 4~ L 3 ” 

i nf nr* 4- 5i + c - 0, form the equations 

71. If ri and r 2 are the roots ot ax 

whose roots are: 


64. 1 4* V3, 1 VI- 

66. -3 4- 2 v 2, -3 - 2 V2. 


1 

2 


^V3 


68. — 2 4* h ^ 


i. 


1 V3 • 1 4 . y? i 

7 °. - 2 " “ 2 " l ’ " 2 + 2 


(a) — ri, -x 2 ; 


(b) 2 ri, 2 r 2 ; 

(d) p 

x ’ T\ Ti 


(c) n 2 , r 2 ", 

. 2 , hr _L r = o. and the value of the 

72. If n and r, are the roots of + bx + , 

following in terms of o, b , and c. 


(a) t'r 2 + r °- 2 ’’ 


^ fl 4- —* 

^ f 2 + rx’ 


(d) (ri " rA 2 - 


For what real values of * do the inequalities expressed in Exercises 73 
through 88 hold? 


73. 6 .r - 5 > 7. 
76. 2 x + 1 < 4 - 
3 .r 4 - 2 


79. 


x - 3 


> 0 . 


74. 6x - 3 > 2. 
77. 3x 2 4 - 7 x < 6 , 

2 x - 3 . n 

80. o-- < °* 


75. x 2 < 9. 

78. 3 x 2 - x - 10 < 0* 


81. x 2 > 9. 


82. x + -> 2 * 


83 


* 3x - 2 

2m 


* x — 3 < X — 2 


84 


x 4 - 5 
* 2x^3 


> 0. 
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3) 


2x + 5 . 3 - x 

ss. —3— > -zr 

86. (x - 3)(x + 1) > ~~ })■ 

87. (x - 2)(x + 4) < (x + 1)(* “ 

88 . 

Prove that the following inequalities are true if a and 6 are d.stmct 
positive numbers. 


89. 


91. 


93. 


s + -> 2 . 

b a 


90. 


a + b 


> \/ab. 


a + b 
2a 


> 


2b 




a + - > 26. 
a 


o + 5 2a5 

92 ‘ 2 > a + 5 

94. a 3 + b 3 > a 2 b + ab 2 . 










CHAPTER XII 


Theory of Equations 



64. HIGHER-DEGREE EQUATIONS 

In 1545, Cardan published a partial algebraic solution of the 
general cubic equation and the general quartic equation; that is, 
he gave a formula for the solution of the general cubic and the 
general quartic in terms of radicals. However, the Italian Ferro 
(1465-1526), in about 1515, was the first to find an a ge ra 
solution of certain cubics, and another Italian, Ferrari ( 

1565), while yet a youth, was the first to find an algebraic solution 
of the quartic, but these solutions were first published by Cardan. 
Ferro solved the equation ** + P* = and Cardan observed 
how to transform the general cubic to this form. ot avmg a 
eLr idea of the three cube roots of unity, nor 

solution.' However, Cardan did give all the roots for several 

■ - , i i i.p 1 ...,] solved which showed that he had 

numerical equations that he had son eu, w. 

some idea of how many roots the cubic equation sho • 

It ms not until 1824 that the Norwegian mathematician . • 

VIJin 802-1829) proved that the general fifth-degree equation has 

|„| .111!!,««II* muol lb.Ih. 

solution; that is, the ■ iOOT T+prl in terms of radicals. 

SSI«* 

The linear, quadratic, cubic ana qua but these 

their special methods lor obtaining _r of ’ ua tions of 

methods are no1 ^iWsTecessary to develop methods 

!sii?ssrss. - -—»" 
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fnrmulas for the solutions 
to solve equations of any degree. h f 7g 79 _ and 80, but 
of the cubic and quartic are gn en i ^ ^ so lve these 

since these methods aie; ra ei tbe general equation, 

equations by the methods us lKebra i c equation with real 

A proof of the theorem J' least root, real or 

or imaginary coefficients tbig vear the German 

imaginary was "“(1777-1856) gave in his Dissertation 

mathematician K. r • c , alpebra which states that 

r ( +u 0 -funHamental theorem oi aigeora, wwt 

This was published m 1799- , algebraic equations 

,hi, chapter - ** * *‘~ d ™ «h 

'“S S7SSS h«di W , (1) ® >“®- 

nary roots, and (3) irrational roots. 

65. RATIONAL ROOTS 

If an equation has a rational root, this root must be of the form |- 
We may suppose that p and 9 do not have a common factor greater 

than 1; that is, we shall assume that the fraction 11« 


form. If ^ is a root of the algebraic equation 

fix) = aoX n + aix n_1 + a 2 x” -2 + - * * + 

CLn—2% 2 "b Un— 1^ “b 





Multiplying each member of Equation (2) by q n \ we have 





a 0 — + aip n_1 + a 2 p n b * * * + 

q a^ 2 p 2 q n ~ z + CLr^m n ~ 2 + « n_1 = °* ^ 3 ) 

If all the coefficients in Equation (1) are integers, then the sum 
of all the terms in Equation (3) after the first term is an integer. 

n 

Therefore the first Jterm a 0 must be an integer if the sum of all 
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the terms is zero. There are two conclusions we can draw from 
this fact: 

First, if a 0 = 1, then a 0 ~ = y is an integer only if q equals 1. 

Therefore, the rational roots of an algebraic equation with integral 
coefficients must be integers whenever flo = 1* 

Second, if a 0 is different from 1, then a 0 ^r is an integer only if 

a 0 contains q as a factor. That is, the rational roots of an algebraic 
equation with integral coefficients must be either integers or fractions 
whose denominators are factors of a,. (Observe that a 0 is the coef¬ 
ficient of the highest power of x.) 

V 


Next , multiply each term of Equation (2) by then 


aop 


+ ai p n ~ 2 q + a 2 p n ~ s q 2 +•**.+ 

a n -2pq n ~ 2 + a n -iq 


n— 1 


+ a n — = 0. 

p 


(4) 


If all the coefficients a, (t = 0, 1, 2, • • * , n) are integers, then 
the sum of all the terms in Equation (4) up to the last term is an 

integer. Therefore the last term o„ ^ must be an integer, if the 

sum of all the terms is zero. Now «. £ is an integer only if «. 

contains p as a factor. Therefore, the numerator p of any raftonoi 
root of an algebraic equation with integral coefficients must be 

factor of a n , the constant term. + v PTn o 

These results may be stated as the following 

Theorems on Rational Roots 

Theorem 1. If an algebraic equation with ^T'am^mnal 
16 ^Theorem t U an algebraic equation 

the coefficient of the highest power of x of th J ^stant 

rational roots, they arc either meger (he mnstan t term 

term or fractions whose numerators are fa J f H hesl 
and whose denominators are factors of the coefficient oj 

power of x. I o illustrate. 


xm 
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By Theorem 1, the rational roots of 

x* + 4 x 2 + x - 6 = 0 

must be included in the following set of + ±1, _Te ’=T 0 ’must 
Since a. - 1, all the rational roots of + ** + * 
be integers and must be factors o • 

By Theorem 2, the rational roots o 

6 x 3 — 5 x 2 — 19® + 10 = 0 

i • i ir> tVip following set of numbers, il> 

must be included in the follow mg + JJt: + 4 , ± f, 


must be included in me , .4 + J#-+i,± 

, in + 1 +2 + 4 ± ± i,- As, ± s» — 3 t — 6> 

I ^ + A’ ""(Some of these numbers are equal, but the complete 
ven to show the general method.) All the rations roots 
of this equation must be such that the numerators are factors 

10 and the denominators are factors o b. it is necessary 

To find the rational roots of a given equation, it is nece.>ui > 

to substitute in the equation those numbers that might be root 

and see whether or not they satisfy the given equation To test 

each possible number by substitution may be long and ehfficu t 

unless we can derive methods that will shorten and simplify the 

work In the remainder of this chapter we shall derive such 

methods and prove many useful theorems. 


66. REMAINDER THEOREM 


Observe that 



dividend = quotient X divisor + remainder. 


(5) 


To illustrate, if we divide 125 by 7, the quotient is 17 and the 

remainder is 6 , and we may write 

* 

19 * = 17-7 + 6 . 


Likewise, if we divide /(*), a polynomial in *, by x - r and if we 
denote the quotient by the polynomial Q(x) and the remainder, 

which is free of x, by R , then we may write 

f(x) = Q(x)(x — r) + R, ( 6 ) 

which is an identity and hence is true for all values of x. Sub¬ 
stituting r for x, we have 

f(r) = Q(r)( 0) + R, 


(7) 
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hence, 

R = f(r). 

(8) 

Therefore, 

fix) = Q(x)(x - r) +/(r). 

(9) 


This result may be stated as the following theorem. 

The Remainder Theorem. If a polynomial fix) be divided by 
x _ r until a remainder free of x is obtained, then this remainder is 
equal to }(r), the value of fix) when r is substituted for*.^ _ g 
To illustrate, suppose we divide fix) x + 
x — 2; then 

^ x 3 + 4a; 2 + 
x 3 — 2a; 2 


x — 6 


x — 2 

x 2 + 6a; + 13 



6a; 2 + x 
6a; 2 12a; 

13a; - 6 
13a; - 26 

” 20 

..... s . Art 4- r - 6 bv x - 2, the quotient is x 2 + 
Thus, dividing x 3 + *+* £ he rema inder 20 is the value 

6* + 13 and the remainder is 20. 1 f , in /(*), fo r 

of /(2). This can be verified by substituting - 

tlien> f(2) = (2) 3 + 4(2) 2 -b (2) - 6 

= 8+16 + 2- 6 
= 20. 


67. THE FACTOR THEOREM 


• + an -+ a » 


0, 


r) + fix). 


Jf r is a root of the equation 

f(x) = aoX n + a a ”' 1 + * ' 

ten x — t is a factor oj /(*)• 

By Equation (9) ^ ^ 

nd by hypothesis 

fix) = °» 

Hence it follows that 

fix) = Q(.x)(x -r). 6 

_ 2 is a root of the equation x 3 + 4x +x 

o') = ( —2) 3 + 4( —2) 2 + (-2) 0 


nee r is a root. 


To illustrate. 
0 because /(• 
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16 - 2 -6 - o «« , T , h “, 

theorem, * + - ohooM U * J“ ".J,/ „ H ,„ sl 
\x — r = x — ^ “ J 


X 3 + 4a: 2 + X 

x 3 + 2x 2 __ 


6 


x + 2 


a: 


+ 2x — 3 


2x 2 + x 
2x 2 + 4s 

— 3x 

— 3x 


6 

6 


we see that /(*) does contain the factor * + 2. The factors of 
x * + 4x 2 + x - 6 are, therefore, 

, (xi , x i + 4 x ! + x - 6 = (* + 2)(x 2 + 2* - 3) 
f(x) = (x + 2)(* + 3) (as - 1). 

68. THE NUMBER OF ROOTS OF AN EQUATION 

Every algebraic equation of degree n has n roofs, real or imaginary, 
nndno more (The n roots need not be all distinct. 

By the fundamental theorem of algebra, every aigebram equa¬ 
tion /(x) = 0 has at least one root say r„ 1 hen, bj Ore 
theorem, /(as) contains the factor (as - r,). Hence, 

f(x) = (x — r,)Qi(x). 

If fix) is a polynomial of degree n, Qfx) is a polynomial of degree 

" Since Q,(as) = 0 is an algebraic equation, then by the funda¬ 
mental theorem of algebra, this equation has at least one root, 
say n, and by the factor theorem, Q,(x) contains the factor (x 

To). Hence, we may write 


By Equation (11) 


Qi(x) = (x - r 2 )Q 2 (x). 
f{x) = (x — ri)Qi(x); 


( 12 ) 

(13) 


then by Equation (12) 


f(x) = (X — T\){x — T 2 )Qi(x)f 


(14) 


where Qt(x) is a polynomial of degree n - 2. ' . 

This process can be continued until the final quotient is a 

constant. Since the fcth quotient Q k (x) is of degree n - k, it 
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follows that the Tith quotient Qn(x) is of degree zero and hence is a 
constant. Thus, every polynomial of degree n must have at least n 

linear factors, and we may write 


f{x) = (x - ri){x - r 2 )(x - n) • • * 

(x — r„_i) (x — r n )Q 


(15) 


where Q n is a constant. Since this product must be equal to 

the original polynomial f(x) = a». r“ + a,*"' 1 + ' ' ' +“*->* + 
a , which has a 0 for the coefficient of x n , it follows that Q n must 

ft / 

equal a Q . Hence we may write 


fix) = a 0 ix — r 1 ) ix — r 2 )ix - r 3 ) 

(x - r n -i)(x - r n ) = 0, 


(16) 


and thus the given algebraic equation fix) = 0 of degree n has 

the n roots r i, r 2 , r%, • ■ ' > r n - . , 

We have just proved that if an algebraic equation oi degree » 

has one root, it must have at least n roots. We shall now show 

that it cannot have more than n roots. 

If fix ) = 0 has an (n + l)st root, say r, differe 

roots, r„ r* n, • • ' , f„ then the product 


f(r) = a 0 (r — ri)(r — r.)(r r 3 ) ' ' 

(r - r_0(r - r.) 


(17) 


must be zero. But this product can be zero only if one o 
Factors is zero. Since r was assumed to be different from n, 2 , 
. . . . r it follows that none of these factors can e zero. 

Hence /(r) cannot be zero and r cannot be a root of ^ 

This completes the proof that every algebraic equation of degree 

ST.ULEf W - 0«»• 

QUESTIONS 

1 What is the fundamental theorem of algebra? 

2 . what are the two theorems on rational roots. 

3 What is the remainder theorem. 

4 . What is the factor theorem? , , 

e. How many roots does an algebraic equation have. 
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EXERCISES 


1. Give the set of numbers which includes all the lational loots of 
each of the following equations, 


(a) x 3 — 5x 2 — 4x + 20 = 0; 
(c) x 3 + 6x 2 + 5x — 12 = 0; 
(e) 2x 3 + 7x 2 — 7x — 12 = 0; 


(b) x 3 - 5x 2 - 2x + 24 = 0; 
(d) 2x 3 - 3x 2 - 3x + 2 = 0; 
(f) 6x 3 + 19x 2 + x - 6 = 0. 


2. What is the remainder when x 3 — x + 1 is divided b> x 1. 

3 What is the remainder when x n - a n is divided by x - a. 

4. What is the remainder when x" - a'* is divided by x + a! 

5. What is the remainder when x" + a" is divided by x - a. 

6. What is the remainder when x” + a" is divided by x + a. 

7. Does x n — a" contain the factor x — o? 

8. For what values of n will x n — a n contain the factor x + a? 

9. Does x" 4- a n contain the factor x — a ? 

10. For what values of n will x n + a n contain the factor x + a? 

11 . What value must k have so that x 3 + 2fcx 2 — x + 5 contains the 

factor x — 1 ? 

12. Solve each of the following equations by factoring: 

(a) x 3 - 2x 2 - 5x + 6 = 0; 

(b) x 4 — 5x 2 + 4 = 0; . 

(c) x 3 — 2x 2 — x + 2 = 0. 


69. SYNTHETIC DIVISION AND SUBSTITUTION 

Suppose we wish to find the linear factors of 

f(x) = x 3 + 4x 2 + x — 6. 

From the factor theorem and the theorem concerning rational 
roots, it follows that all the possible rational factors of x 3 + 4x 2 + 
x — 6 must be included in the set (x + 1), (x ± 2), (x ± 3), 
(x + 6). 

In Article 66 we divided x 3 + 4x 2 + x - 6 by x - 2 by long 
division and found the quotient to be x 2 + 6x + 13 and the 
remainder to be 20; that is, 


x 3 + 4x 2 + x — 6 = (x — 2)(x 2 + 6x + 13) + 20. 


Instead of using long division it is possible to abbreviate the 
work as shown below. This abbreviated method for division is 
called synthetic division. Both methods of division are shown 
below for the purpose of comparison. 
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By synthetic division we have 


1+4+ 1- 6 2 

+ 2 + 12 + 26 
1 + 6 + 13 + 20 • /(2) 


Bv long division we have 


x* + 4x 2 + x — 6 
x a — 2x 2 

6x 2 + x 
6x 2 - 12x 

13x - 6 
13x - 26 

l S'T 1 sHH 


x 2 + 6x +13 


In synthetic division when dividing fix) by x r, we "riu* 

only the coefficients of/(x\ and user instead of x — r. 

In long division the coefficient of x 2 , which is the first term m the 
quotients 1, so in synthetic division we write the first coefficient 
1 immediately below the line. In long division -2 is multiplied 
bv r 2 and the product. -2x‘ is subtracted from the second term \x ■ 
In synthetic division we multiply +2 by 1 and therefore must add 
the product 2 to the second term 4. Continue b> mul ip ving 

S5S the sum 13 by 2 and add the product 26 to the fourth 
term -6. This last sum 20 is the remainder and the other sums 
6. and 13 are the coefficients of the quotient. The quotum 

of one degree less than /(*). Hence, if ** + f *‘ + * - 6 » 
d vided bv* - 2 the quotient is x 2 + 6* + 13 and the remainder 

o 0 aI1 d bv the remainder theorem, 20 is the value of f 2). 

From the foregoing illustration we see that synthetic dmsion is 

mifeh shmter than long diidsion, and that synthetic th-oni- 

very simple method for obtaining the values of fix) for diff 

' ^ThVlbbreriatcd tr ay of representing long dut>ioti ts 

thetic division, and this abbreviated method for finding the eolue of 

fir) is called synthetic substitution. , h ialue 

t* a ■ f y\ hn x — t by synthetic ot to Ji 

To dinde ) x oy x „*4Rr4*ni* of f x > m 

of f(r) by synthetic substitution: first , rente the coeffieter, fj 
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m r / \ 111/ / i u' tJMMWi ti i if r ; v i i 

xm 

■** ;/as—l zl 

the missing term ^ s ’* other / m , m ite the first term, 

iZete tine under the secoJterm, and add the product to the second 
term writing the sum below the line; then multiply this sum by r, ac V 

txthan the degree affix), and the last sum is the remainder and is 

^It^houk/be observed that if we divide/(x) by x + 2 by syn- 

...... _ (—<2) = x + 2. To illustrate. 

thetic division, x — r - x l -) ^ 


Example 1. 
Solution. 

(z + 2), r = 


Factor x 3 + 4x 2 + x 

The work by synthetic division is as follows. 
— 2 and we have 

1 + 4 + 1 — 6 | —2 


-2-4+6 
1 + 2 - 3 + 0 =/(~2) 


Testing 


Since the remainder is 0, /(-2) = 0, x + 2 is a factor of x 3 + 4x= + x - 
6 , and the quotient is x 2 + 2x - 3. Thus, we may write 

x 3 + 4# 2 + x — 6 = (x + 2)(.r- + 2.i 3). 

To find the remaining factors of rr 3 + 4z 2 + x - G, we need only to 
factor x 2 + 2x — 3. Since these factors are (x + 3) and (x — 1), it 

follows that 

4 . 4 X 2 + x - 6 = (x + 2)(.r + 3)(x - 1). 


When a root r of the equation f(x) = 0 has been lound, it is 
possible to write f(x), thus: 

f(x) = (x - r)Q{x) = 0. 


The remaining roots of f(x) = 0 can always be found by finding the 
roots of the equation Q(x) = 0, which is called the depressed 

equation. To illustrate: 

Example 2. Find all the rational roots of x 4 + 2x 3 — 7x 2 — 8x + 
12 = 0. 

Solution. All the rational roots of this equation must be included in 
the set of numbers +1, +2, +3, +4, +6, ±12. 
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Testing 1, we have 


1+2-7 
+ 1+3 


8 + 12 [1 

4-12 


1+3-4-12+ 0 


Therefore 1 is a root. 

Testing 2 in the depressed equation x z + 3a* 2 — 4x — 12 = 0, we have 

1 + 3 — 4-12 [2 
+ 2+10 + 12 
1 + 5 + 6 + 0 

Therefore 2 is a root. 

Solving the second depressed equation x- + 5x + 6 - 0, we have 

x 2 + 5x + 6 = Or + 2) (a; + 3) = 0, 




and the roots of this equation are -2 and -3. 


Thus the roots of x‘ + 2z 3 - lx 3 - 8* + 12 - 0 are 1, 2, 2, 

£LncL _3 . 

It is possible, however, if all the roots are real an<l distinct, to 

find all the roots of /(*) = 0 by using the coefficients of the origin 

equation when testing for each root. 

If fix) is divisible by (* - r)- but not by (x - r) , then r 

is called a root of multiplicity m of the equation /( ) ’ . 

sometimes called a multiple root of order m A root of J ult ‘P' » 
2 is called a double root, a root of multiplicity 3 is called a triple 

r ° To determine whether or not r is a multiple root, it is necessary 
to see whether or not r is a root of the first depressed equation 
Q(x) = 0, where Q(x) is the quotient obtained by dividing/( ) y 

(X A root r is^a^multiple'root of order m if r is a root both of the 
original equation and of the first (m - 1) depressed equations, but 

" We TaU to^n equation that has 

multiple roots. 

Example 3. Solve - 8** + 21*’ - U*’ - 20* + 24 = 0. 
Solution. Testing 2, we have 

1 — 8 + 21 — 14 — 20 + 24 [2 

4-2 — 12 + 18 + 8 — 24 
+ 9+4 -”12 + 0 
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the first depressed equation x‘ - 6x 3 + 9 x s + 4x - 12 

1-6 + 9 + 4-12 [2 
+ 2-8 + 2+12 
1 —4 + 1 + 6 + 0 


Testing 2 in the second depressed equation a 3 4a + x + 6 0 

we have 

1 - 4 + 1 + 6 [2 
4- 2 - 4 - 6 
1-2-3+6 


Hence 2 is a triple root. 

Solving the third depressed equation x 2 — 2x — 3 - 0, we nave 

x 2 — 2a* — 3 = (x 3) (a + 1) — 0. 

* 

Hence 

x — 3 and x = 1. 


Therefore, the five roots of the given equation are 2, 2, 2, 3, and 1. 

The graph of the function y = fix) is helpful in visualizing the 
real roots (rational or irrational) of any equation f(x) = 0. The 
real roots of f(x) = 0 are the zeros of the function/(x) and hence 
are the abscissas of the points where the graph of y = f(x) crosses 
or touches the x-axis. 

The y-intercept of the graph of y = /(x) is the constant term 
in/(x). 

Whenever any number is tested for a root of the original equa¬ 
tion by using the method of synthetic division, this number, along 
with the corresponding remainder, should be plotted. After a few 
points are plotted, they will serve as an aid in locating the roots. 
Additional points on the graph can readily be found by synthetic 
division by using any arbitrarily chosen values for x. 

To illustrate, let us graph the function given in the equation 
x 4 + 2x 3 — 7x 2 — 8x -f 12 = 0 of Example 2. To do this, let 


y = x 4 + 2x 3 — 7x 2 — 8x + 12. 

The t/-intercept is 12, and from the results obtained in Example 2, 
we see that the x-intercepts are 1, 2, —2, and —3. This is suf¬ 
ficient information to draw an approximate graph. However, 

we shall in addition to these points find the value of/( — 1), thus: 

■ 
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1 + 2 
- 1 

1 + 1 


7-8 + 12 
1 + 8 + 0 
8 + 0TT2 


-1 


= /(-!)• 


, + 2 x 3 - 7x 2 - 8x + 12 is given in Fig. 28. 

The graph ot y - x ^ LX 

70. LOCATION OF REAL ROOTS 

• a i(n\ nnd fib) are opposite in sign for the two 
If the remainders, f{a) and }(0), w one 

red numbers a and b, then the equaLon fx)- 0 has = 

real root or an odd number of real roots, between x 

(A root of multiplicity « is counted as « roo« ^ p< 

This is evident from the grapi respectively, 

and P* whose coordinates are [a, sidesof the 

x-axis. Hence any contin¬ 
uous curve connecting Pi 
and Pi must cross the x- 
axis at least once, or an odd 
number of times,^between 

x = a and x = b.* 

If /(a) and fib) are alike 

in sign, the two points Hi 
and Pi are on the same side 
of the x-axis. Hence, any 
continuous curve connect- 
jmr p x and Pt either does 

not cross the x-axis; or must 

cross the x-axis an even 
number of times. 1 hus ’ f 

the remainders , /( fl ) f!l ‘ 

f(b), are alike in sign for the 

, J d, fix) = 0 either has no 
two real numbers a and b, then te cqu^ ^ ^ fln even num ber of 
real roots between x = a and : j 

real roots between x - a and x-b ^ x3 + 4x + 

In an attempt to locate the o ' _ 4 syn thet.c 

6 = 0, let us try the numbers 1 , 

division then 

A 

. This is visually obvious and we offer no proof. 



Fig. 28 . 
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1+4+1 - 6 S-l 
-1-3+2 
1 + 3 - 2 - 4 - /(-1) 


1 + 4+ 1- 6 [2 
+ 2 + 12 + 26 
1 + 6 + 13 + 20 = /(2) 
6 |-4 
4 


1 + 4 + 1 - 
- 4 + 0 - 
1 + 0 + 1-10 = /( — 4 ) 


From this it follows that there is at least one real root between 

x = — 1 and x = 2, because /( —1) = ~ 4 an( * /( 2 ) ® aie 

opposite in sign. There is either no root or two real roots between 

x = -l and x = -4, because /( —1) = — 4 and /( —4) - 10 


are alike in sign. __ n 

Let us now find the roots of the equation x 3 + 4x + x - b - U 

Testing 1, we have 

1 + 4+1— 6 [1 

+1+5+6 
1 + 5 + 6 + 6 


Therefore, x — 1 is a root. 

From the depressed equation 

x 2 + 5x + 6 = (x + 2)(x + 3) =0, 

we see that the other two roots are x = — 2 and x = —3. 

Therefore, the root between -1 and 2 is x = 1, and the two 
roots between —1 and —4 are x = — 2 and x = — 3. 

71. UPPER AND LOWER LIMIT OF REAL ROOTS 

There can be no real roots greater than a, a being positive, if all the 
sums are positive in the synthetic division by x — a, nor can there be 
any roots smaller than b, b being negative, if the sums alternate in 

signs in the synthetic division by x — b. 

This is apparent because a number greater than a would merely 
increase each sum, including the remainder, and a number smaller 
than b would increase the numerical value of each of the sums. 

In the illustration given in Article 70, all the signs in the sum 
are positive when x 3 + 4x 2 + x — 6 is divided by x = 2 by 
synthetic division. Hence, the equation x 3 + 4x 2 + x — 6 = 0 
does not have any real roots greater than 2. The signs alternate 
in the sum when x 3 + 4x 2 + x — 6 is divided by x = —4. Hence, 
the equation x 3 + 4x 2 + x — 6 = 0 does not have any real roots 
less than —4 (the sign of 0 can be considered either positive or 
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negative). Thus, all the real roots of x 3 + 4x 2 + x 6-0 
must lie between —1 and +2. 

72. A USEFUL THEOREM 

If the constant term a. of f(x) has many factors many trials 
may be required to find all the rational roots of }(x) - 0 or to 
show that f (x) = 0 does not have any rational roots The follow¬ 
ing consideration is very useful to help exclude certain numbers as 

P °Hr is Troot of the equation/(i) = 0, then by the factor theorem 

fix) = (x r)Q(x), 

which is true for all values of x and hence must be true for, say, 

x = m. Therefore, (18 n 

f(m) = (m - r)Q(m) ^ } 

whenever r is a root ot f{x) =0. a tion fix) 

Theorem. For a real number r to be a root of the eqimtio ) 

= 0 (m — r) must be a factor of fijn). 

Example. Find all the rational roots of f(x) = x 4 - 8x + 6x + 

= Solution. All the rational roots of this Tht 

factors of 40. Hence, all the ^ tl0 ^ ±g , ±10 , ±20, and ±40. 

following set of numbers, _ , - > - ■ rQ0 J.. Note the use of 0 for the 
Let us test to see whether oi not . th • ven equation, 

coefficient of x fl - since the x* term is missing in the gn eq 

Testing 1 , we have ^ 8 + o + 6 + 4Q 

+ 1- 7- 7 - 1 
\"_ f — 7 — 1 ■+ 89 = /(l) 

Since 1 is not a root, we may choose m to 

value of SIX). Let r assume the d “ ™ /(m) = SO) = 39- 1“ this 

roots and test whether m - r is a facto + ) are excluded as 

manner 5, 8, 10, 20, -1, -4, - 5 y 8 > W ' X _ 19 , 2, 5, 6, 9, U, 

n^eThes^umJers r £- - 39- This 

feaves oX M, 40^ and - 2 to be tested for poss.ble root. 

Testing 2, we have^ _ g + Q + g + 40 j? 

, 2 - 12 - 24 - 36 

T (> — 12 — 4 = /(2) 

Since /(2) = 4, we can exclude 40 as a possible root. Why? 
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Testing 4, we have 


Testing — 


1 

— 8 + 

0 + 

6 

+ 

40 

[4 


+ 4 - 

16 - 

64 

— 

232 

= /(4) 

1 

- 4 - 

16 - 

58 

— 

192 = 

have 






1 - 

- 8 + 

0 + 

6 

+ 

40 

-2 


- 2 +: 

20 - 

40 

+ 

68 

= /(- 2) 

1 - 

- 10 + 

20 - 

34 

+ 

108 = 

= X 

4 - 8z 3 

+ 6x 

+ 

40 

= 0 does not 


roots. However, this equation does have an irrational root between 2 
and 4 because /(2) and /(4) are opposite in sign. 

Testing 8, we have 


1 — 8 + 0 + 6 + 40 [8 
8 T 0 -f 0 T 48 
14-0 + 0 + 0 +88 = /( 8 ) 


Since /(4) and /(8) are opposite in sign, there is another irrational root 
between 4 and 8. Irrational roots will be studied in Article 77. 

Many of the numbers could have been excluded as possible roots of this 
equation by using the upper and lower limits of roots. Since the signs 
of the sums alternate in the synthetic division by x = —2, there cannot 
be a root less than —2. Since the signs of the sums are all positive in 
the synthetic division by x = 8, there cannot be any roots greater than 
8. (The student should try numbers smaller than —2 and greater 
than 8 and observe that the numerical values of the respective sums do 
increase.) 


73. DESCARTES’S RULE OF SIGNS 

* 

Another helpful consideration when solving algebraic equations 
is the determination of the maximum number of positive roots 
and the maximum number of negative roots any algebraic equa¬ 
tion f{x) = 0 can have. The maximum number of positive roots 
any algebraic equation f(x ) =0 can have, can be determined 
from the number of variations of sign of f(x). (We shall give only 
a partial proof of Descartes’s rule of signs.) 

If the terms oif(x) are arranged in descending powers of x, then 
wherever the coefficients of two adjacent terms have different 
signs, we say f(x) has a variation in sign. 

Let us multiply any polynomial f(x) by x — r (r positive), 
where/(x) is arranged in descending powers of x, and let us suppose 
that the signs of f(x) and x — r are as indicated in the first two 
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- 

lines below. The signs of the products are shown by the sub- 
sequent lines. 


(x 


fix): 

x — r: 
f(x) X x: 
fix) X -r: 
r)fix) = L(x): 


— + 4 ~ 4 " — 4 ~ 


4 - 4 ~ + "" 

q.. -f + — —-h + H -'-- 

- + + + - + ~ + 


4 " 


4- 


+ - 4 - 


Thus we obtain the known signs of the product 1* r)f(x) 

“ Sr^rtXt we can 

concerning the general product F{x) = C* ~ for any P °‘ y 

normal/(*)• ^ ^ coeffic i en t of the highest power of x m tte 

product m ^ the same as the sign of the coefficrent of the highest 

P Tlf°[he i (/- ) i)st and the kth terms in f(x) are alike in sign, 

, 2 - “ the \ th A th term in the product F{x) is in doubt. 

'I" tZ -1st arid the fcth terms in /(*) are opposite® 
sign, then the sign of the fcth term in /(*) and the sign of the 

tC T xhellTertin F (if and the last term in /(*) are opposite 

in sign. „ limhftr 0 f variations of sign in fix) 

In practice we count the num ■ ^ However 

without supplying any '. lg F . (19) we assumed that each 

in obtaining the results in^Eq i{ all the coefficients 

missing term had a sign. V ^ ^ assume that the missing 
ST« ^ ^ coefficients of the remaining missing 

tive root than/(a) - 0, and than y^). therefore, for 

has at least one more variation ^ ^ = 0 wit h real coef- 

every positive root of an a ge var i a tion in sign in /(*)• Ho *' 
ficients there must he at The following theorem was 

ever, the converse need not be tru . known as Descartes s 

first proved by Descartes in 1637, ana 

rule ol signs. „ ph e algebraic equation f(x) — 6 

Descartes's Ruee op Signs. The a ^ f{%) has 

W ilh real coefficients cannot have more po 
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variations of sign, and the number of positive roots of fix) = 0 is 
either equal to the number of variations of sign of fix) or is less than 

this number by an even integer. 

By substituting -x for x in y = fix), the graph of the resulting 
function y = fi — x ) will be the graph ot y — fix) reflected in the 
y. axis, or, what is the same thing, will be the graph of y = fix) 
rotated through 180° about the y- axis. Hence, the positive roots 
oi fi — x) = 0 are the negative roots of fix) = 0, and the negative 
roots of fi—x) =0 are the positive roots of fix) = 0. Applying 
Descartes’s rule of signs to fi—x) for the negative roots of fix), 
we have that: 

The equation fix) = 0 cannot have more negative roots than 
fi — x) has variations of sign, and the number of negative roots of 
fix) = 0 is either equal to the number of variations of sign of fi~x) 
or is less than this number by an even integer. [The student should 
not confuse fi—x) with — /(x).] 

74. RATIONAL FRACTIONAL ROOTS 

When testing to see whether a fraction is a root by using the 
method of synthetic division, the work need not be carried beyond 
the point where fractions are introduced. To illustrate: 

Example. Find the rational roots of 12x 3 — 4z 2 — 17x — 6 = 0. 
Solution. All the rational roots must be included in the following set 
of numbers, ±1, ±2, ±3, ±6, +-£, ± f, ± £, ± f, ± ± f, + £, ± 

Testing to see whether £ is a root or not, we have 

12 - 4 - 17 - 6 g 
+ 6 + 1-8 
12 + 2 - 16 - 14 

hence \ is not a root. 

Testing to see whether is a root, we have 

12-4-17-6 || 

+ 8 
12 + 4 

The work need not be carried any farther, because if fractions are intro¬ 
duced for any sum, then the remaining sums will contain fractions and 
the remainder cannot be zero. 

T esting -f 

12 - 4-17-6 || 

+ 18 + 21+6 
12 + 14 + 4 + 0 





COLLEGE ALGEBRA 


248 

hence f is a root, and we may now write 

12a; 3 - 4x 2 ■ “ 


[§75 



or 


factoring 


C LXICLJ uvm " 

17x _ 6 = (x - f)(12x 2 + 14x + 4) 

= (2x — 3)(6x 2 + 7x4- 2); 

= (2x — 3)(3x -I - 2)(2x + 1). 


Therefore, the roots of the equation 12x 3 4x 17x 6 0 j, 

__ 2 nri q — w. 

75. IMAGINARY ROOTS 


If 


f( x ) = a 0 x » + aa"~ l + ' • • + + a ” - 0 


( 20 ) 


„ i hi then f(a + bi) must be zero, 
has an imaginary root, say a + bi, th J{ 

and we have 

«• + » - + »' + +'« +m 

». shall mmm *" «• ■ ■ ■Wl tw l * 

to be real numbers. , i t u e higher powers 

f (21) wiu be conned 

tZt r^ e of°an the te^. free of f and Q the eunr of the 

coefficients of i; then we may write 

f(a + bi) = P + Q* = 

*„,» P and <1... ..ah 1* <*- '«•“ M *“ P + ^ “ 

equal zero it is necessary that 

P = 0 and Q = °- (28) 

Le t us next consider the value of /(*) when a - ^ has been 
substituted for x ; then 

- »•+«<• - -»+«■■•» 
Now Equation (24) is noth ^f rLl.'it (oi'. ws 

i 1 *” .. . < * P “““ 


f(a — bi) = flo(o 
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sign to the same odd powers of -H‘, it follows that the sum of the 
coefficients of i in Equation (24) is the negative of the sum of the 
coefficients of i in Equation (21). Thus, 

f(a - bi) = P - Qi. 

But since P = Q = 0, 

f(a - bi) = P - Qi = 0. (25) 

Thus we can state the following theorem: 

Imaginary Roots. If the imaginary number a + bi is a 
root of the algebraic equation f(x) = 0 with real coefficients , then the 
conjugate imaginary number a — bi is also a root. Therefore, the 
total number of imaginary roots of an algebraic equation with real 

coefficients must be an even number. 

We shall make no attempt to find the imaginary roots of any 
equation unless the quadratic factors of f(x) can readily be found. 
If the depressed equation is a quadratic, then this quadratic 
equation can always be solved by the quadratic formula, whether 
the two roots are real or imaginary, rational or irrational. 


Summary 

We shall now illustrate how the preceding theorems can be used 
to solve equations. 

Example. Solve f(x) = 6t 4 4- x z — 5x~ — llx — 6 = 0. 

Solution. Since /Or) has only one variation in sign, the given equation 
must have one positive root. From the equation 


/(-x) = Qx* - x 3 - 5x 2 + 1 lx -6 = 0, 

we see that /( — x) has three variations of sign. Hence, the given equa¬ 
tion either has three negative roots or it has only one negative root. 

Therefore, the given equation has either one positive root and three 
negative roots, or it has one positive root, one negative root, and two 
imaginary roots. 

The rational roots of this equation must be included in the following 
set of numbers 


±1, ±2, ±3, ±6, 
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Testing 1, we have 


6 + 1-5-11 
+6+7+ 2 

6 + 7 + 2 - 9 


6 (1 

9 


- 15 


One is not a root. 
Testing 2, we have 


6 + i_ 5-11- 6 

+ 12 + 26 + 42 + 62 

6 + 13 + 21 + 31 + 56 


£ 


The positive root must be less than 2 since ^ ‘he s^ns of the sums are 

... « Ti'nrthprmore the positive loot must l 
positive. 1 urtnermo e, 1 . number between 1 

5E Z —* - -*-* roots ’ 


is f. 


Testing f, we have 


6 + 1 - 5 - 11-6 
+ 9 + 15 + 15 + 6 

(T+ 10 + 10 + 4 + o 


Therefore f is a root, and we may wide 


or 


;iUitr 2 **■* ^ * t A\ 

fo . + ** _ 5x 2 - 11. - 6 - (* - + 101 + 4) 

= (2x - 3)(3x 3 + 5x 2 + 5x + 2). 

We shall now solve the depressed equation 3x° + 5 x 2 + 5x + 2 
Buffiit let us test -1 in the originai equafon. 

Testing -1 , we have 


0. 


6 + 1 — 5 — 11” 6 
- 6 + 5 + 0 + 11 

5 


1 


6 


5 + 0 — 11 + 


T , h " r ”sis"-“ s t-*> - T*"'* h " 

try only some thirds for roots. 

Testing - + we have 

3 + 5 + 5 + 2 
- 1 


3 + 4 


This shows that i is not a r00 ^ 
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Testing - f, we have 


3+5+5+2 
- 2 - 2 - 2 

3 + 3 + 3 + 0 



Therefore - 1 is a root, and we may now write the given equation as: 


f(x) = 6x 4 + x 3 — 5x 2 — 1 lx — 6 

= (2x — 3)(x + f)(3x 2 + 3x + 3) = 0 
/(x) = (2x — 3)(3x + 2)(x 2 + x + 1) = 0, 


and the four roots are 

3 2 — 1 + \/3 i — 1 — 'V 3t 

x = 2 ' — 3 ’ 2 ’ 2 ’ 


since the roots of x 2 + x + 1 =0 are 


-1 ± \/3 i 

.1 u ii m 

2 


The graph of y - 6x 4 + x 3 - 5x 2 - 1 lx - 6 is given in Fig. 29. 


Had we divided the de¬ 
pressed equation by — 1, as 
follows, 

3 + 5 + 5 + 2 [-I 
- 3 - 2 - 3 

3 + 2 + 3 — 1 

then the remainder — 1 would 
not be the value of /(— 1) of 
the original function. How¬ 
ever, since 

/(x) = (2x - 3) 

(3x 3 + 5x 2 + 5x + 2), 

then 

/(“D = (—2 — 3)( —1) =5. 
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Fig. 29 . 


(5 was the remainder when we divided by — 1 above.) After we have 
found a root r of the given equation /(x) = 0, then the value of f(m) 
equals (m — r) times the remainder obtained by dividing the depressed 
equation by x m. This is evident from the following since 

/U’) — (x* — r)Q(x); (by Equation 10) 


f(m) = (m - r)Q(m). 


then 
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QUESTIONS 

IP 

1. What is synthetic division? 

2. What is synthetic substitution? 

3. How can a real root be located ? 

4„ What is an upper bound lor real roots? 

5 What is a lower bound for real roots. 

{ iS ca“d ££ t^nLber of binary roots of an 

algebraic equation ? 

EXERCISES 

By Descartes’s ruled 

STrhaTet ST- least how many ima g inary roots must 

each of the equations have? 


1. (a) 
(c) 

2. (a) 

(c) 


ox 6 — 6x 2 + 2 — 0; 
6x 7 - 2x 5 - x 2 - 6 
3x 6 — 4x 2 — 2x + 5 

x 6 + 64 = 0; 


0 ; 

0; 


(b) 

(d) 

(b) 

(d) 


x s + 5x 3 + 10 = 

x 3 — 1 =0. 

2x 8 + 6x 3 + 2x 
X n — CL n = 0. 


0 ; 


0 ; 


• TTvproise^ 3 through 48 for all the roots. 
Solve each of the equates m f | et0r8 of each function 

Find all the rational roots hist, ^ 1V 

and also draw the graph of each function, 


3. 

5 . 

7 . 

9 . 

11 . 

13 . 

14 . 

15 . 

16 . 

17 . 

18 . 

19 . 

20 . 
21 . 
22 . 

23 . 

24 . 

25 . 


x 3 — 

X 3 — 

X 3 + 

X 3 — 

X 4 + 

X 4 + 

X 3 — 

X 3 — 
4 __ 


5x 2 — 4x + 20 = 0. 

5x 2 — 2 x + 24 = 0. 

6x 2 + 5 x — 12 = 0. 

7x -6 = 0. 

7x 3 — 36x = 0. 

2^3 — l lx 2 — I2x 4" 36 

2x 2 — 4x + 8 = 0. 
x 2 — x — 2 = 0. 

2x 3 - 17x 2 + 18x + 72 


4. x 3 - 9x 2 + 23x - 15 = 0. 
6. x 3 + 12x 2 + 44x + 48 = 0. 

8 . x 3 — 1 = 0 . 

10. x 3 - 2 x 2 - 5x + 6 = 0. 

12 . x 3 — 6 x — 4 = 0 . 

0. 


= 0 . 


X* — 2X“ — j-^ I 

x z x 2 — 2x + 12 = 0. 


x 


x 3 + 
x 3 — 
x 3 — 


x 4 + 

X 3 — 
X 3 + 
X 3 + 


5x 2 — 8x — 12 = 0. 

3x 2 2x 6 = 0. 

35x -6 = 0. 

3 x 2 — 9x + 2 = 0. 

2x 3 — 10x 2 — 68x - 
2x 2 — 4x + 3 =0. 

x 2 — 20x = 0. 

12x 2 + 44x + 48 = 0. 


60 = 0 . 
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26. x 4 + 3x 3 + x 2 - 15x — 14 = 0. 

27. 6x 3 - 17a; 2 - 5x + 6 = 0. 

28. 4a; 4 - 8a; 3 + x 2 - 3x + 9 = 0. 

29. 2a; 3 + 3a; 2 - llx - 6 = 0. 

30. 16a; 4 - 24a; 2 + 16x - 3 = 0. 

31. 6a; 3 — 5x 2 — 22a; + 24 = 0. 

32. 3x 3 + 8x 2 - x - 10 = 0. 

33. 6x 4 - 13x 3 - x 2 - 2x - 20 = 0. 

34. 6x 3 - 5x 2 - 37x - 6 = 0. 

35. 4x 3 - 33a; - 20 = 0. 

36. 6x 3 - 35x 2 + 19x + 30 = 0. 

37. 9a; 4 - 22x 2 + 24x - 8 = 0. 

38. 12x 3 — 4x 2 — 53a; — 30 = 0. 

39. 4x 4 - 8x 3 — 5a; 2 + 16x — 6 = 0. 

40. 36x 4 - 12x 3 - 101x 2 + 17x + 30 = 0. 

41. 3x 3 — 4x 2 — x + 2 = 0. 

42. 3x 4 - 12x 3 + 14x 2 - 8x + 8 = 0. 

43. x 3 + 7x 2 - 14x - 120 = 0. 

44. x 4 x 3 “H 13x 2 "t - 25x 300 = 0. 

46. x 4 — 37x 2 — 24x + 180 = 0. 

46. x 4 + x 3 + 12x - 144 = 0. 

47. x 4 — 190x 2 — 864x + 360 = 0. 

48. x 4 — 41x 2 + 400 = 0. 

76. TRANSFORMATION OF EQUATIONS 

If all the coefficients of the equation 

f(x) = a 0 x n + cnx 71 " 1 + a 2 x n ~ 2 + ■ • * + 

dn- 2 X z + iX + a n = 0 


(26) 


are integers, and a 0 and a n have many factors, then it may take 
many trials to find all the rational roots because there are many 
possible roots in the set of numbers containing all the rational roots. 

Sometimes the work for finding rational roots is simplified if 
the given equation is transformed into a new equation in which the 
coefficient of the highest power of the new unknown is 1 and the 
remaining coefficients are integers, for then the rational roots of 
the transformed equation must be integers. This transformation 

V 

is obtained by substituting — for x in the given equation. Thus, 


m 


y 


substituting — for x in Equation (26), we have 
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/ 


(«) “ (m) 


+ Oi 


0 ” 


+ a 2 
2 


AA” 2 

\m/ 


+ • * * + 


Clearing this equation of fractions by multiplying each term by 
m n , we have 


OoJ/“ + + “tf* V + ' ■ ’ j\ , , _ n 

o„_ 2 y 2 TO” _! + + a*W - °- 


(28) 


Since * = x implies y = w, it follows that the roots o) the 
transformed equation are m times the roots of the original equation 

f{ % : always possible to choose m so that each term of Equation 
“ I ' he dW ded by no without introducing any fractions. 

"r,S,'u q : k ‘“ ” - -».««»—- *- 

m times the roots of a given equa ^ second 

~-j» u - 1-. * 

teim by , . ^ transformed equation is of 

ZlXTJ » 1 £-7* «*— -i - - > *• - 

term is n). , . ■ „: D i e \ e t us solve the 

by ^’ transforming the 

equation ^ - 17 x - 6 = 0 


into 


Let m 


12 ?/ 3 — 4i/ 2 m — 17ywi 
= 0; then by substitution . 


2 — 6 m 3 = 0. 


12 ?/ 


s _ 4.61/ - 17 • 6 ! y - 6 • 6 3 = 0; 


dividing by 12, we have 

F(y) = y 3 - 2y s - Sly - i<> 8 = °- 
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In this transformed equation the coefficient of the highest power 
of the unknown is 1 , and hence the rational roots of the transformed 

equation are included in the set of numbers ± 1 , ± 2 , ± 3 , ± 4, ± o, 
±9, ±12, ±18, ±27, ±36, ±54, ±108. By Descartes s rule oi 

signs, this equation must have one positive root. 

Testing 1, we have 

1-2-51-108 [1 

+ 1-1-52 
1 - 1 - 52 - 160 = F( 1) 

Since F{ 1) = —160, then by Article 72, 4, 12, 18, 27, 36, 54, 108, 
_o _ a _i 2 -18 -27,-36, -54, -108 cannot be roots of 

the transformed equation because (1 — r) equals —3, —11, —17, 
-26, -35, - 53 , -107, 3, 7, 13, 19, 28, 37, 55, 109, and none of 

these numbers are factors of —160. This leaves only 2, 3, 6 , 9, 
_ 1 } - 3 , - 4 , -9 to be tested for possible roots. 

Testing 2, we have 

1-2-51-108 [2 
+ 2 + 0-102 
1 + 0 - 51 - 2 l 0 = F( 2 ) 

Since F( 2) = -210, then 6 and -9 cannot be roots because 
(2 — r ) equals —4 and 11 and these numbers are not factors of 

- 210 . 

Testing 3 and 9, we have 

i - 2 - 51 - 108 [3 1-2-51-108 19 

+ 3 + 3 — 144 + 9 + 63 + 108 

1 + 1 — 48 — 252 • 1 + 7 + 12+ 0 

Hence, 9 is a root, and 

y 3 - 2 y 2 - 51 y - 108 = (y - 9 )(y 2 + 7y + 12 ) 

= (y ~ 9 )(y + 4 ){y + 3) 

= 0 . 


Thus the roots of the transformed equation are y = 9, — 4, and —3. 

Since we let m = 6 , the roots of the transformed equation are 6 

times the roots of the original equation. Thus the roots of the 

i/9 4 3 3 2 

original equation are x = ^ ^ and - ^ or a: = ^ 



1 

2 


* 
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Transformations 

(T). The equation whose roots are m times the roots of the given 
equation fix) - 0 is f (£) = 0. Proof: Since the unknown y in 

the new equation is to have the value mi, then x — m Therefore 
the new equation is obtained by substituting ^ for x in the given 

q (2). The equation whose roots are h umts more than the roots °f 

the given equation fix) = 0 is /(if - « = & ***** ^ 

unknown y in the new equation is to have tta value * + fe hen 
x = y _ h. Therefore the new equation is obtained by sub 

ina v - h for x in the given equation. 

(3) The equation whose roots are h units less than the roots of the 

given equation f'X) - Vis){y n ^ r = w + h. 

u in the new equation is to have the value x , 

Therefore, the new equation is obtained by substituting y + 

* wSKS*™ in EqUat f i0n (28) 'CattnTan'be 

whose roots are m times the roots of a given equation can 

° b W? shall now show how the equation whose roots are k units 
less than the roots of a given equation can be obtained. 

Let the given equation be 

f(x) = a„x n + + • • • + «—■* + = 0: 

then the transformed equation is 

a*+«- “•« + *>' + » + +»'+V - o + w 

Th. proc- o, »p-in f ."I 

r -«»—« 

manner. . T?mi«tinn (29), if simplified, 

Let us suppose the transformed Equation 

reduces to 

f(y + h) = aoiJ n + RnV n ~ l + . p - 0 

1 R-*r* + ■ • • + RiV + 1 " 


(30) 


theory of equations 
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XIII . , t u p’s, then we will 

Now if we can determine these coefficien , 

have the transfomedeq'aaUon. substitut ing % - * for # m 

Since y — x ’ 

Equation (30), 

/<»+»-»+*■-»■ <3U , 

R " x '. *U * p i, the remainder obtained 

From this equation it ^dent «ra ^ obtaine d by divid- 

by dividing/(x) by x -***“*£ r forth .. That is, the B’s are 
ing the quotient by x ’ • ed by dividing /(*) and the sue 

the successive remainders ^ ege rema i n ders can be found by 
cessive quotients by x * Th me thod for obtaining 

USA •» ““ pl " 

these remainders 2 units )ess than the 

Example 1. Find the equaUon whose ^ _ 6 = Q 

roots of the fl: in X the transformed equation by each of the 

Thus we have , + + + 2 ) 2 + iv + 2 ) ” 6 " 0; 

expanding gives 9 __ 6 _ q- 

{ „ 3 + 6;,. + I2y + 8) + 4(y* + *V + 4) + V + 
hence , . 0 n _rv. 

„, + ^+12y + 8 + 4^ + 16y+16 + » + 2-6 , 

collecting terms gives ^ + ^ + ^ + 2Q . 0 . 

By the method of synthetic division we divide /(x) by x - 2. Then: 

1+4+1- 6 !? 

+ 2 + 12 + 26 _ 


1 + 6 + 13 + 20 — R\ 
+ 2+16 

29 = Rz 

+ 2 

i + 10 = Rz 


x 2 + 6x + 13, 


Q 2 (x) = x + S, 
do = Qs(*) i* 


I -t- W - 41,3 , r 

Therefore the equation whose roots are 2 units less than t e ® 

i» + 4x^ + x - 6 = 0 is y s + 10y + flXf , 4 „ 2 , _ 6 = 0 and 

J+'wFS + 20 V = 0 anl^e tU the three roots of the latter 
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equation are respectively 2 units less than the three roots of the first 

e 'Example 2. Find the equation whose roots are 4 units more than the 

roots of the equation f(x) = z 3 + 4x 2 + x - 0 = 0. 

Solution. In this case we must divide f(x) by x + 4. Hence 


1 + 4 + 1 
— 4 + 0 


6 j — 4 
4 


1 + 0 + 1 
-4 + 16 
1—4 + 17 

-4 

1 - 8 = Rz 


- 10 = Ri 


= R 


Therefore the equation » student 

Itld'olte+es! two equations and see that the three roots of flatter 
S"are respectively 4 units more than the three roots of the first 

equation. 

QUESTIONS 

1. What is the equation whose roots are m times the roots of the equa 

11 °2. “What is the equation whose roots are h units more than the roots of 

th 3 . e What°^he equation whose roots are h units less than the roots of 
the equation f(x) = 0? 


EXERCISES 


1. Give the equation whose roots are 


six times the roots of 6x 3 


111 2 . Givethe equation whose roots are twice the roots of a 3x + 


2j 3. Give*the equation whose roots are twice the roots of 2*> + 3r’ 


1 ' *4. Give tile equation whose roots are three times the roots of 2*’ 


X 


+ l Give the equation whose roots are twice the roots of 3.r‘ 5* + 


1 = 0 . 


6°Give the equation whose roots are three times the loots of 9* 


7 . Give the equation whose roots are t the roots of ** + 31 

5 s!' Give the equation whose roots are i the roots of 2x 5x 

= 0 . 
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• IHtun' ' . . roots of 

n whose roots are the negative o 
9. Give the equati , ,u e roots ol 

te* ' *x* ' te * + "JL roots are the negatives of 

10. Give the equation ^ roots 0 f 

v e^"t he" equal ion whose roots are the ree.procals 

Jr* : 3r* + 2x + 4 - »• root9 are the reciprocals of the roo ■ o 

12 Give the equation whose 

3x’ - 5x* + 2x* - te + ; r00ts are 3 less than the roots of 

13. Give the equation wh . _ 5j 

+ 3x + 6 = o. are 2 less than the roots o 

14. Give the equation who.e 

+ 2 = °. wh06e roots are 1 more than the roots • 

16 Give the equation *hos 

+ 6x> + 3 x + 5 = 0 j more than the roots of a + 

16 . Give the equation whose 

** + x + 1 - °- . n whose root8 are 0.2 less than the roots of 2x + 

17. Give the equation whose io 

9i’ + 12 r + 5 = °- roots are -* ' ess ,han the r °° 3 

18. Give the equation who. 

*• + 3x’ - 9* - 5 “ ° n route are 1 more than the roots of x 

19 Give the equation w hose 

owe : h r Ration whose roots are 1 the roots of 
dte roots of each of the following equations. 

2i x‘- 37x* - 24x + 180 = 0. 

S «?-»»+»- a 

25 X 4 - 190X 5 - Stex + 300 o. 

26. 4x* - x* - 36x + 9 = 0. 

27. 3x> + 7x> - 36 x -81 - 0. 

28. 12x* - "3x ! + 30 • _ 

29. 9x> - 9x* - 190X +400 - & q 

30. 2x* - - 10x ‘ + 2x 

77. IRRATIONAL ROOTS 

Thm „ ..ml 

roots of a numerical equation to any desired 
places. 

Homer s Method v npr hans not the short- 

The method most commonly used (1786-1837), an 

est, was published in lBiy °y 
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English mathematician, and is known as Horner’s method for 
approximating irrational roots. The procedure for approximating 

the irrational roots is as follows: 

Step 1. Locate a root between two consecuti\e integers, sajr 

ai and oi ± 1. Thus Xi = <zi is the first approximation of the 
given root. In actual practice a l can be either larger or smaller 
than the root. However, in the following discussion we shall sup¬ 
pose ai to be positive and smaller than the root. 

Step 2. By means of transformation (3) given in Article 76, 
find a new equation whose roots are ai units less than the roots of 
the given equation. Graphically this means to change the origin 

to the point (oi, 0). 

Step 3. The first transformed equation will then have a root 

between 0 and 1. Continue by 
locating this root between two 
consecutive tenths, say between 
0.a 2 and 0.a 2 + 0.1. The approxi¬ 
mate root of the first transformed 
equation is then x 2 = 0 .a 2 . 

Step 4. Apply transformation 
(3) to the first transformed equa¬ 
tion to find a second transformed 
equation whose roots are 0.a 2 units 
less than the roots of the first trans¬ 
formed equation. 

Step 5. The second trans- 



Fig. 30. 


jp'ig. ou. formed equation has a root between 

0 and 0 1 say between O.O 03 and 0.0a 3 + 0.01. The approxima 

^ppl'oximatfvl? of The "t S^ven Equation's by 

E the sum of the successive approximations. Thus the 
approximate value of a given root is 


X\ — fll 

x 2 = 0.a 2 

X3 = 0.0a 3 


* 


x — ai.a 2 a 3 
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1 J 

, • o+ori fnr pach of the irrational roots. 

« C«'. —to «* 

6 Example- F m-1 all Ihe iirational roots of 'he equation /(*> - 2l 

5x 2 — 3x + 7 6. . ,. • oirrn then bv Descartes s 

. e»’ ~ v><i<5 two variations m sign, rueu y 

J.S. ,S: «.o pm,*. F '“ 

the equation _ 2j , _ 5*» + 3* + 7 = 0, 

we see that /(-*) has one variation in sign. Hence, the given equat.cn 

"we^aU now locate greets by synthetic division 

2 T 5 2 : 3 3 t 7 6 1 2 + 6 + 3 jKO 

- 


2 - 3 - 6 + 1 

2 — 5 — 3 + 7 
-2+7-4 


-1 


5-3 

2 — 5 — 3 + 7 
- 4 + 1 8 - 30 

2 — 9 + 15 — 23 


2+1+0+7 

-2 


It follows from this that the given equation/(x) - 0 

"re opposite in sign, /(2) = -3 and /(3) - 7 

are n 0PP These I resuHs are Lorded in the accompanying table, and the 
grlph ta given in Fig. 30. Additional points obtained from the work o 

fnllnw have been included in the table. 

Zm Fia 30, observe that if the graph of y = /(*) goes dawn across the 
From ng. * ^ ^ ^ gf ^ f{x) , then any 

value of x in the neighborhood of this root that gives a 
positive remainder by synthetic division is smaller 
than the root, and any value of x in the neighborhood of 
this root that gives a negative remainder by synthetic 
division is larger than the root However, the opposite 
is true if the graph rises as it crosses the x-axis at a 
root. The former case is illustrated in Fig. 30 at 
the root located between 1 and 2, and the latter at 
the roots located between 2 and 3 and between — 1 

and —2. 

If a root is a double root, then all the remainders 
by synthetic division will be alike in sign for values 
of x in the neighborhood of this double root, whether x is less than the root 

or greater than the root. _ 

Let us approximate the root between 1 and 2. Hence, Xi — Ui 


From Fig. 30, ol 

X 1 

y 

— 0 

7 

i 

1 

i.i 

0.312 

1.14 

0.045 

1.15 

- 0.021 

1.2 

- 0.344 

2 

-3 

3 

, 7 

-1 

3 

-1.1 

1.588 

- 1.19 

0.019 

-1.2 

- 0.056 

-2 

-23 
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Decreasing the roots of the given equation by 1 by the method described 
in Article 70, we have by synthetic division 


2-5-34-7 
4- 2 - 3 - 6 


a 



2-3-64-1 

4-2-1 


2-1-7 

4* 2 


2 4-1 


Therefore 2, +1, -7, and +1 are the coefficients of the first transformed 

equation, and hence the first transformed equatton > 


(I) 


2x 3 + x 1 - 7x 4- 1 = 0- 


Since all the roots of Equation (I) are 
td e “l ^ThisrootISeVbetweTn 0 1 and 0.2 because the remainder- 

ar oEt: «- * take - ° f the proper 

number of decimal places. 


2 1.0 — 7.00 + 1.000 

+ 0.2 + 0.12 — 0.688 


|0.1 


2 1.2 — 6.88 + 0.312 

4- 0.2 + 0.14 

5 4- 1.4 — 6?74 


= /(l.D 


0.2 


2 4 - 1-6 

2 -j- l.O — 7.00 4" 1-000 
+ 0, 4 4- 0.28 - 1.344 
2 + 1.4 — 6.72 — 0.344 


102 


= /a -2) 


Hence £2 = 0/2 


= 0.1, and the second transformed equation is 


(ID 


2 X » + I.Gj 2 - 6.74* + 0.312 - 0. 


All the roots of Equation (II) *^4^ betwten 0 Ini 

Equation (I), and hence ^ f " t he terms containing r 2 and higher 

0 i Observe that for sma v a coefficients are not too large! i 

powers of * will be small ^^^t term. Thus, an appron- 
comparison with the term in x u the sotui ion of the linear 

mate root of any of the iran ^^ imat i on to the root between 0 an _ 
of Equation (II) is tne mj 
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_ Ml? = 0 047 

x ~ 6.74 


Testing 0.05, we have 

o _i_ i 60 - 6.7400 + 0.312000 
+ o'. 10 + 0.0850 - 0.332750 


[005 


2qrr76'^i!6&^^ - /C 1 - 15 ) 

Since 0.05 gives a negative remainder, it is too large ( 

Testing 0.04, we have 

2 + 1 60 - 6.7400 + 0.312000 (004 

+ 0.08 + 0.0 672 - 0.26691 2 
2 + 1.68 - 6.6728 +1+645088 - /(.1.14) 

+ 0.08 + 0.0704 
2 + 1.76 - B.oOii 
+ 0.08 
2+1M 

iTattn fm " Hence 

1° 0,04, and the third transformed equation is 

/jjj\ 2x 3 4- 1.84x 2 — 6.6024x + 0.045088 - 0. 

jss sss a rx 0 -^ + A o.sn: 

and hence is 0 .045088 


X = 


6.6024 


= 0.0068. 


T Therefore 0 , 4 arSrf the given equation correct to three decimal places 


IS 


XI 

Xi 

Xz 

Xi 


dl 

dz 

dz 

di 


1.000 

0.100 

0.040 

0.007 


x = 


1.147 


As a matter of fact, this root correct to four decimal places is x 1.1468. 

By continuing in this manner, it is possible to find the irrational roots 
of an algebraic equation correctly to as many decimal places as may be 

^wfshall now approximate the root between-2 and 3 of the given 
equation 2x 3 — 5x 2 — 3x + 7 = 0. 
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Let xi = 2 and divide: 

2-5-3+ 7 [2 

+ 4 - 2-10 
2 - 1 - 5 - 3 
+ 4 + 6 
2 + 3 + 1 
+ 4 
2 + 7 

Hence the first transformed equation is 
< + 2x 3 + 7x 2 + x — 3 = 0. 

Let x 2 = 0.6 and divide: 

2 + 7.0 + 1.00 - 3.000 
+ 1.2 + 4.92 + 3.552 


[ 0.6 


2 + 8.2 + 
+ 1.2 + 


5.92 + 0.552 
5.64 


2 + 9.4 + 11.56 

+ 1.2 


2 + 10.6 

* 

therefore the second transformed equation is ^ 

/jj) 2x 3 + 10.6x 2 + 11.56x + 0.552 = 0. 

Then the approximate root may be obtained by the solution 


11.56x + 0.552 — 0, 


and therefore 


x 3 = — 


0.552 

11.56 


— 0.05. 


-0.05 


It is possible to approximate irrational roots by using numbers erther 

little greater or a little less than the given roo . 

Let x 3 = -0.05 and divide: 

o _i_ 10 60 + 11.5600 + 0.552000 
_ o 10 - 0.5250 - 0.551750 

0.000250 

- 0.10 - 0. 5200 
2 + 10.40 + 10.5150 

- 0.10 

2 + 10.30 

Therefore the third transformed equation is 

(1H) 2.r 3 + 10.30x 2 + 10.51501 + 0.000250 0. 

The approximate root is obtained by the solution of 

10.5150x + 0.000250 = 0, 
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J4 = 


Therefore the root is 


xi 

Xj 

x 3 

X 4 


0.000250 
” 105150 
-0.0000238. 

2.00000 

0.60000 

-0.05000 

-0.0000238 


x 


-= 2^5499762 


• The negative root of the given equation can be approximated 
following manner. The given equat.on is ^ 

2x 5 - 5x 2 - 3x + 7 = 0. 

Testing -1 and - 2, we have 

i — l 2 — 5 — 3 + 7 

L — _ 4 + 18 - 30 

rrr is - 23 


a) 


2 - 5 - 

3 + 7 

- 2 + 

7 - 4 

2^T+ 

4 + 3 

- 2 + 

9 

2 - 9 + 13 

- 2 

2-11 


= a\ * - 

1;then 


2x 


= — 1; then the first transformed equation is 

2x 3 -- llx 2 + 13x + 3 = 0. 

Hence the approximate root is found by the solution of 

l3x + 3=0, 

3 
13 


x = 


_ ± = -0.23. 


Testing —0.1 and — 


2 - 



2 - 


0.2 we have 

11.0 + 13.00 + 3.000 
0.2 + 1.12 - 1 + 12 
11.2 + 14.12 + 1.688 = /(-l.l) 
0.2 + 1.14 


2 -11.4 + 15.26 
- 0.2 


- 0.2 


2 - 11.6 

2 - 11.0 + 13.00 + 3.000 
- 0.4 + 2.28 - 3.056 
2 - 11.4 + 15.28 - 0.056 = /(-1.2) 


-2 
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Since the remainder is positive for x = —0.1 and negath e for x 
the root of the first transformed equation lies between -0.1 an 
Let x 2 = a 2 = -0.1; then the second transformed equation i 

(ID 


l§77 

- 0 . 2 , 

- 0 . 2 . 


2.r 3 - 11.6x 2 + 15.26x + 1.588 = 0. 


For the approximate root solve: 


15.26x + 1-588 
■Hi. 588 


= 0. 


x = 


15.26 


= -0.104 


Testing -0.09, we have 


| —0.09 
= /(—1.19) 


Let Xz — q 3 

an ) 


^ __ 11.60 + 15-2600 + 1.588000 

- 0.18 + 1.0602 — 1.468818 

2~— 11.78 + 16.3202 -Mb® 1 ® 2 

- 0.18 4- L0764 

17.3966 

- 0.18 

2^12.14 

= -0.09, then the third transformed equation is 

2x 3 _ I2.14x 2 + 17.3966X + 0.119182 = 0. 



For the approximate root solve: 

17.3966x + 0.119182 = 0; 

0.11918 2 = _ 0.OO68. 

x = “ 17.3966 

Hence x 4 = «4 = -0.007. equation correct to three 

Therefore, the negat.ve root of the gn 

decimal places is ^ = ax = -1.000 

*; = a\ = -0.100 

xz = as = -0.090 

X4 = «4 = — Ch007_ 


ox 2 


3x + 7 = 0 are 


Thus, the three roots of the equation 2a 

1 147, 2.550, and . _ q mn be approximate. 

' The negative roots of any egua tion f(-x) = 0. 
btJ approximating the positive roots of i 

Straight-Line Method • telv a straight line in the 

equations - * a - 












theory OF EQUATIOAS 


267 


approximation for this root, whether ^^^ “ ht-Une method 
^'obtained by the strai g ht-hne r,M ^ ^scissz of the 
consists of choosing two points on the cure , 

one point being a little less than 
the root and the abscissa of the 
other point being a little greater 
than the root; then an approxi¬ 
mation to a root is the x-inter- 
cept of the straight line drawn 
through these two points. 

In Fig. 31, connect the points 
A and B on the graph of 
y = f(x) by a straight line. 

Let a be the abscissa of the 
point A , and b the abscissa of 
the point B, and let h be the 
distance from x = a to the 

>;«r - th ' 

, n ia * - a 4-h. From similar triangles 



o is i = a + h. From similar triangles 

h /(«) 

7(b)’ 


b — a f{a) 


(32) 


solving for h 


h = 


(b - a)f(a) 


(33) 


/(a) - /(b) 

Sin. e/m, and/(b) are opposite in sign, the sum of their ordinates 

k »> '«r7‘ m "S 

rootoby approximating the root which lies between 1 and 2 of the 

equation 2i’ - hx- - 3i + 7 - 0. 

Solution. Here we let a = 1 and b = 2, and divide as follows: 

2-5-3 + 7 11 2 T 5 4 _3 2-10 2 

i o_ q — a 4 — 2 in 

2-3-6 + T = /(1) 2 - 1 - 5 - 3 = /(2) 

Then /(a) = /(1) = 1 and/(6) = /(2) = -3. Hence, by Equation (33) 

(b - a)f(a) _ (2 - 1)(1) = 1 = 

hl " /(a) - /(bj (1) ~ (-3) 4 

= 1 +0.25 = 1.25 



0.25. 


Therefore an approximation to the root is x — a + hi 
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Let us test to see whether the root is greater than or less than 1.2. 

Testing 1.2 we have 

2 - 5.0 - 3.00 + 7.000 [L2 
+ 2.4 - 3.12 - 7.344 
2 - 2.6 - 6.12 - 0.344 = /(1.2) 


Testing 1.1 we have 

2 — 5.0 — 3.00 4“ 7.000 |1.1 
+ 2.2 - 3.08 - 6.688 
2 - 2.8 - 6.08 + 0.312 = /(l.l) 


Since f(1.2) = -0.344 is negative, we see from Fig. 30 that the root is 
less than 1.2. Since /(l.l) = 0.312 is positive, the root must be between 

For the second approximation we let a = 1 •1 ^ and b = 1.2, then 
from the foregoing calculations f(a) — /(FI) — '• an /( ) / 

= -0.344. Hence, 


h*i — 


_ (1.2 - 1.1)(0.312) _ 00312 = 0 047. 
(0.312) - (-0.344) 


0.656 


Therefore, a closer approximation to the root is x J*.+J** * f 

accuracy is desired. (See approximation by Horner's method, page 263.) 


Ne iTl669lir th llc Newton (1642-1727) published a method for 
approximating the irrational Lists of 

drawing a tangent line to the curve 
= j-(s) a t a point whose abscissa 

is approximately a root of the given 
equation; then the abscissa of the 
point where this tangent line 
crosses the x-axis is an approxi¬ 
mation to the root. If there are no 
turning points nor points of inflec¬ 
tion in the neighborhood of the root , 
then the tangent line will cross the 
x-axis at a point approximately 
where the curve of y = fix) crosses 


P[a,f(a)] 



. a\ 


Fig. 32. 


1 1U * WrltlV UW xsmv'' '-V ^ " 1 

■ TV,i, orocess can be continued by drawing a second 
the x-axis. curve whose abscissa is 

st;™ r - - «• 
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^ a + +hp t aneent line is drawn at 

For the general case > * U P f P “ ( Se } w h er e * = a (see Fig. 32). The 

ordinate of this point is f(a), ‘ d distance from * = a to the 
are therefore [o, /(«)]• Let ^ the x . ax is. Therefore, the 

point 4 where the tangent line crosses tn 

coordinates of ^“ he tangent line is f(o), and by 
By Article 41 the slope f(o) - 0 Ther efore 

Equation (12), Article 41, the slope is 0 _ ( a + h) 

to 


/'(a) 


Solving for h, 


((a) - 0 M. 

a — (a + h) h 

(34) 

♦ 

1 

II 

42 

(35) 


If a is less than the root, the 
slope of the tangent line is nega¬ 
tive when /(o) is positive, and 
positive when /(«) is negative, 
hence h is positive. If a is greater 
than the root, /(a) and f'(a) are 
alike in sign, hence h is negative. 

We shall illustrate Newton s 
method by approximating the 
root that lies between 2 and 
3 of the equation ~2x 3 — 5a- 2 - 

• „ -r,. oo we see that the graph of y — /(a") has a 

Solution. From Fig. 33, »e see i » should not let 

turning point in the neighborhood of * = 2. Thus we should no 

a = 2 but should let o = 3 instead. 

The given equation is 

f(x) = 2x 3 - 5z 2 - 3x + 7 =0 




y\ 








T 

« 

\ 

















1 i 












v' 













X 

Jt r 3fci 

ot 


T| 


2 1 

[2 

l 

4 

/\ 

/ 

5 












/ 

C - 



.1 



-r 







/ 

^- 




1 









/ 

/ 

£ 






* 1 


-2 

k 1 —_ 




f / 

■ a f ^ 






1 



rr- 



M* 

? 

1 






i 



i - 



3)' 






i— 



1 












r/ 

/ 










Fig. 33. 


and the derivative is 


f(x) = 6x 2 - 10x - 3. 


Let £1 = 0-1 — 


3, then 
/(oi) 


hi — 


_ _ m. = - 1 = -0.33. 

21 


f M 


Therefore x 2 = oi + hi — 3 


f(3) 

0.33 = 2.67. 
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Let 02 = 2.6, then 

h>2 = 


f<Ml = - = -0.048. 


h 



/'(2.6) 11.56 

Therefore x 3 - a 2 + ht = 2.6 - 0.048 = 2.552. 

Let a 3 = 2.55, then 

_ _ /<2 1 55) = _ 0.00025 _ _ 0 000 0238. 

h3 ~ j*'(2.55) 10.515 

Therefore x, = a, + ft, = 2.55 - 0.0000238 = 2.5499762. (See solu¬ 

tion by Horner’s method, page 265.) 

If we had let xi = a = 2 , the calculations would be as follows: 

■■■ /(a) _ _ M = = 3. 

1 = " fw " /'(2) 1 

Hence the second approximation of the root would be *’ = “ + 
l = 2 + 3 = 5. which is not a very close approximation to the root be¬ 
tween 2 and 3. However, if we were to continue the process we wou 
eventually approximate the root between 2 and 3. 

Newton’s method is more general than Horner’s method. Both 

braic equations can be 
solved by Horner’s 
method. 

Newton’s method h 
sometimes considered to 
be shorter than Horner’s 
method because an irra¬ 
tional root can be deter¬ 
mined correctly to several 
additional decimal places 
with each operation. 
However, it is possible to 
use more than one decimal 

at a time with Horner’s method. F °^ iHhavfus ed OOdlTnstead 
mating the root between 1 and 2 we cou Homer’s method, 

of 0 04 when transforming Equation (II) under Homer 

(S s«z« -«';,7“ 

has either a maximum or a minimum / 



Fig. 34. 
























































































































271 


XII] 


theory of equations 


11 • * nf it) flection in the neighborhood of 

X = a, or if the graph has a pom care is necessary when 

X = a. Fig. 33 and Fig. 34 illustrates how Newtons 

selecting an approximate roo • ' if 0 is chosen as indicated. 

method may fail to approxima™^^ ^ ^ of the three 
An irrational root can be M>p ^ ^ located> usually 

methods decribed, provided the re J editions we 

between two consecutiveunt 8 ^ irrational roots. This 

may have difficulty in rootg are repeated, or if two or 

is especially true if some of conS ecutive integers. In 

more irrational roots he betwe um and min imum values 

Article 41 we saw ho ^“ at ion is very useful in determining 

whether or not the graph o J j ^ In this way it is possible 
times between two consecutiv e 8 = Q hag two or more 

to determine whether or not the equation jw 

roots between any two co^ecu iv g t he location 

of all the real roots of a nume l (1803-1855), and is 

by a Swiss mathematician ' . ' th d is given in many treatises 
known as Sturm’s theorem. This method g 

on the theory of equations. 

EXERCISES 

real roots of each of the equations (Exercises 1 through 32). 

» q L 0^2 QT 


1 . 

3 . 

5 . 
7 . 
9 . 
11 . 
13 . 

15 . 

16 . 

17 . 

18 . 

19 . 

20 . 
21 . 


- 5 x 2 + 3x + 6 = o. 

x 3 ■— 6 = 0 . 

x z - 6x 2 + 3x + 5 = 0. 
4 x 3 _ 33 x - 20 = 0. 
x 3 — 7x + 3 =0. 


3x 2 — Ox 5 — 0. 


ft _ 

x 3 + 2x 2 + 3x + 4 = 0. 

2x 4 _ x 3 - 10x 2 + 2x + 12 = 0. 

16®* - 10x 2 + 23x - 36 = 0. 
o r 5 _ 7x 4 — 6x 3 + 9x + 6 = 0. 

x 3 — 6x 2 + 3x + 5 = 0. 

4x 3 — 15x 2 4“ 30 — 0. 

6x 3 — 15x 2 + 13—0. 
x 3 — 5x 2 + 2 = 0. 


2. x 3 + 2 x 2 + 3x + 4 - 0. 

4 . x 3 + 9 = 0. 

6 . 3x 3 - 5x 2 - 9 = 0. 

8 . x 4 — 3x 3 + 4x — 12 = 0. 
10 . 5x 3 — 3x 2 — 7x + 8 = 0. 
12 . x 3 - 3x - 1 =0. 

14 . 4x 3 — 17x' 2 + 24x — 15 — 


0 , 


ft 3 — i " — 

i it i<? npcpssary for the root to be located in. an 

* In the case of Newton’s method, it is necessary ior 

interval meeting all the necessary conditions. 
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22. x 4 + 4x 3 - 2x 2 + 32 = 0. 

23. x 3 - 2x 2 - 13x + 18 = 0. 

24. x 4 + 2x 3 + x 2 — x — 5 = 0. 

25. x 3 — 3x 2 — 2x + 5 = 0. 

26. 3x 3 - 2x 2 + x - 1 =0. 

27. 2x 3 — 3x 2 — 12x + 21 =0. 

28. 3x 3 - 2x 2 + x + 1 = 0. 

29. 4x 4 — 3x 3 — 6x 2 + 5 = 0. 

30. 2x 4 — x 2 — 6 = 0. 

31. lGx 3 - 18x 2 + 24x - 27 = 0. 

32. 3x 4 - ox 2 + Ox -8 = 0. 

33. A sphere of radius r inches and having a specific gravity s will sink 

to a depth of x inches given by the equation x 3 - 3rx 2 + 4r 3 $ = 0. (a) 

For ice s = 0.92, find the depth for a sphere 10 inches in radius, (b) 
For pine s = 0.5, find the depth for a sphere 2 feet in diameter, (c) For 
oa k s = o.8, find the depth for a sphere 6 inches in radius, (d) What size 

oak sphere will sink 4 inches ? 

34. A buoy made in the form of a hollow iron sphere has an external 
radius of 3 feet. What must be the thickness of the wall if the sphere will 

just float in water? Iron weighs 7.86 times as much as water. 

35. One ladder has its base against house A and its top against house B, 
the other ladder has its base against house B and its top against house .4 
The two ladders cross 8 feet from the ground. The ladders are 12 and 
16 feet long, respectively. How far apart are the houses? 

78. SOLUTION OF THE CUBIC EQUATION 

To solve the general cubic equation 


ax 3 + bx 2 + cx + d — 0, 


(36) 


we transform it into the form of the equation 


y 3 + py + Q — 0. 

This is accomplished by setting 


(37) 


x ~ y 3 a 


(38) 


in Equation 
Hence, 


(36). a transformation that increases the roots by ?>n 
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simplifying gives 2 6 3 - 9abc + 27 aM = Q (39 ) 

y s + 22--^- y + 27a 3 


3a 2 


, * „3 4 . mi 4- a = o if we set 

This equation reduces to y + PV 

3 ac - f> 2 

p = - 


(40) 


3a 2 


and 


ff = 


2b 3 — 9 abc + 27 a 2 d 


(41) 


27a : 


, |8 i + a = 0, we introduce two 
To solve the equation V + W + ® unknowns we can impose 

unknowns, u and v. m p or the first condition we 

»» »»«“ Thus we set' 

let their sum be a root ol this cud 4 


w + v = y 

Substituting in Equation (37) we get 

(u + r) s + p(u + #) + 9 = ° : 

simplifying, gives ^ 

„» + t, 3 + (3tt« + P)(« + »)+«- O- 


(42) 


(43) 


(44) 


For the second condition we set 


(3it» + p) = 0 


or 


t? = 


JL, 

3 u 


(45) 


Substituting in Equation (44), we have 


u 3 + 


JL 

3 u 


q — O’, 


simplifying, gives 


u 6 + qu 3 - ^y 


V 


= 0. 


(46) 


This equation is a quadratic in -w 3 , and hence can be solved 
u 3 by the quadratic formula 

q 


u* = ~ I + 



i 2 , pi 

4 + 27 


(47) 


From Equations (44) and (45) 

t > 3 = -q - w 3 ; 


hence 


ti 3 = 


9, \ 4 


4 + 27 


(48) 












274 


COLLEGE ALGEBRA 


[578 

The double sign before each radical is omitted because the 
other choice of signs would simply interchange the values of u 
and v. 

Let U\ and t’i be the principal cube roots of the right-hand mem¬ 
ber of Equations (47) and (48), respectively; that is, let 

u ‘ = >/-2 + + W (49) 

and _ 

Vl = >/” 2 _ "v/l + 27 - (50) 

By Example 1, Article 59, the three cube roots of 1 are 1, w, and 
a> 2 . Hence the three values of u are Ui, wwi, oj 2 mi and the three 
values of v are Vi, coih, o> 2 Vi, where a> = — \ d - i i Vd and w- 

= — 2 ~ 1 ^VT 

By Equation (45) uv = - |, thus the values of u and v must be 

paired in such a manner that their products are equal. The only 
pairs of values that satisfy this condition are 

U\ and Vi’, wifi and u) 2 Vi] o> 2 ui and wvj. 

Therefore, the three roots of Equation (37) are 

yi = U\ + Vi, 

y 2 = cowi + oi 2 Vi, (51) 

2/3 = 0> 2 Ui *T 0)V\. 

By means of Equations (45) and (38), the roots of the general 
cubic Equation (36) are 

p 

Xl ~ Ul Sui 3 a 

V 1 , (52) 

" 3^ 3a 

p 6 

*3 = " 2u > _ 3o>%i _ 3a 

If the coefficients of the given cubic equation are real numbers, 

g- p 

the equation has one real root and two imaginary roots if j + 27 

. 9 2 P 3 • 

is positive, and two equal roots if J + 27 1S Zer °* 
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If «! + 1- is negative, the three roots are real and distinct. 
However, to obtain a in to 

wou ,d involve ‘^^‘^gebraic process exists, this case is 

algebraical^ • However the three real roots can be 

will be discussed in Article 79. 


Example. Solve 2x> + x* - 2x - 6 - 0. 

Solution. In this case a - 2, 6 1, 


— 6 . 


q = 


3ac - b* _ ~ 12 - 1 = 

l 2 , 

2b* — 9abe 4~ 27a 
27a* 


13 
12 ' 

2 + 30 - 648 
216 


305 

108 


Ul 



+ 



^ 27 



+ IS + 



Since 


216 

= \ y /305 + 174 V3 = i ( 5 + 2 

P _ A, 
11 “ Wl " 3ui 3a 


• 29 2 
6 4 


then 


T\ = 


I (5 + 2 v/3) + g (5 + 2 V3) 6 

= i(5 + 2 V3 + (5 - 2 \/3) - 1] 

-I. 

The other two roots can be obtained from Equation (52), and they are 
Js = — l + i and Ji = -1 _ *• 

79. IRREDUCIBLE CASE 

If £1 Hi is negative for the equation y* + py + q = () » then 

by Equation (47) u 3 is imaginary. We can express this imaginary 
number in the trigonometric form 



%■ + = r(cos 6 + i sin 0), 

4 2 / 


(53) 


and the conjugate imaginary number r 3 in the form 


N l 


4 


(54) 
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Adding corresponding members of Equations (53) and (54), we 
obtain 

— q = 2r cos 6; (55) 

multiplying corresponding members of Equations (53) and (54) 
we obtain 


t _ (t 

4 V4 


2 3 ' 

‘ + %=) = r 2 (cos 2 6 + sin 2 d) = r\ 


(56) 


Solving Equations (56) and (55) for r and cos 0, we obtain 


/_ p! 

“ \ 27’ 


(57) 


and 



cos 0 = 


_£ 

2r 


(58) 


By means of de Moivre’s theorem (Article 59), if 


u 


3 = r(cos 0 + i sin 0), Equation (53), 


then 


u i = 



6 , . . 

COS 7^ "T ^ SU1 


\l<l — 


U 3 = 


+ 120 ' 


+ 240' 


(59) 


And if 


t? 3 = r(cos 0 - i sin 0), Equation (54), 


llien 


Vi 


, A r e . . 01 

= vV cos r.—t sin I 


V'i 


= \/r cos 



• • (° 
— i sin 1 


+ 120 ' 


(60) 





= \/r cos ( 5 + 240°) - i sin + 240 



By Equation (45), uv = - §■ The only pairs of values of « 


and v that satisfy this condition are 

Ui and v<i\ 


u\ and v i; 


u A and Vz. 
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Since y 


THEORY OF EQUATIONS 
= „ + and x = V-h the three r00tS ° f the Seneral 


cubic Equation (36) are 


3 /- i _ 6 

X\ — 2 v T COS ^ 




= 2 


cos 



3a’ 


+ 120 



= 2 \/t cos + 240 




_ 5 _ 
3a 
b_' 
3 a 


(61) 


By Equation (57), r i. imajinoy » V j.’JSSw 

tbi . wld shwild be used only if V f 

- - - 

"to iatot. tl« irreducible m » «< o'™ «• *"“P" in 
Article 77. 

Example. Solve 2x 3 - 5x 2 - 3x + ' = ° = o > = ? 

Solution. In this case, a = 2, 6 - 5, c , 


P 


-18 - 25 _ 


3 = 


43 

12 12 
250 - 270 + 756 


216 


59 

54' 


r~9 _ / 7975c 

\ 27 \ 46,6c 


Zl 

x 2 

X 3 


cos t = - | r - -0.4184845. 

6 = 114° 44' 20".2, 

- = 38° 14' 46".7. 

3 

2 -v^r = 2.185813. 

2 ^(008 38° 14'46".7) + t = 1.716643 + f = 2.549976, 

2 v^(cos 158° 14' 46".7) +f = -2.030151 + 1 = -1.196818, 
2 v / r(cos278° 14'46 7 '.7) + I = 0.313508 + t = 1.146842. 


Compare these results with the results obtained in Article 77. 

EXERCISES 

Solve each of the following equations (Exercise 1 through 20). 

2. x 3 + 3x 2 - 6x - 20 = 0. 


1. x 3 — 9x — 12 = 0. 

3. x3 - 3x 2 - 6x - 4 = 0, 


A i*3 — fir 2 4- 3x 
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5. x 3 + 2.x 2 + 3x + 4 = 0. 
7. 5x 3 — 3x 2 — 7x + 8 = 0. 
9. x 3 - 12x + 16 = 0. 

11. x 3 + 3x 2 - 9x + 5 = 0. 
13. x 3 — 7x — 6 = 0. 

15. 4x 3 - 33x - 20 = 0. 

17. x 3 - 5x 2 + 2 = 0. 

19. x 3 + 3x 2 - 9x - 5 - 0. 


6 . 3x 3 - 5x 2 - 9 = 0. 

8. 3x 3 - 2x 2 + x + 1 = 0. 
10. x 3 - 3x - 2 = 0. 

12. 2x 3 + x 2 — 4x — 3 = 0. 
14. x 3 - 2x 2 - 5x + 6 = 0. 
16. x 3 - 3x - 1 =0. 

18. x 3 - 6x 2 + 3x + 5 = 0. 
20. x 3 — 3x 2 — 2x + 5 = 0. 


163) 


80. SOLUTION OF THE QUARTIC EQUATION 

To solve the general quartic equation 

ax 4 + bx z + cx 2 + dx 4 - e = 0 , (62) 

. , b 

we set x = y -j-’ a transformation that increases the roots by 
and gives us a quartic equation of the form 

y* + py 2 + qv d - r = 

where the term in ,f is lacking. Let us express the left member of 
this equation as the product of two quadratic factors as follows. 

y i + py 2 + qy + r , . , 

= (y* + 2 hy + m){y- - 2 hy + n) 

= y t + ( m 4 . n - 4/i 2 )!/ 2 + 2ft(n - m)y + mn. (64) 

It is possible to solve for m, it, and ft from the three 
formed by equating the coefficients of like powers of y. The 

equations are 


m + n - 4/i 2 = P, 

2 h(n — m) = q, or 

mn = r, 


n + m = P + 4/i 2 , 


n — m 


JL 

2b! 


(65) 


mn = r. 


Solving the first two equations for m and n in terms of p, V, 
and h, we have 


m 


_ 1 
" 2 
1 

n = 2 


V + W ' 2 h J 

P + 4/l2 + 2 h 


( 66 ) 

(67) 


Since, by Equation (65) 


mn = r, 
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then 


1 

4 


p + 4/i 2 - 


2 h 


p + 4/i 2 + 


1 

2/i 


r; 


simplifying, gives 


64ft 6 + 32pft 1 + 4(p 2 - 4r)ft 2 - g 2 - 0. 


( 68 ) 


This is a cubic equation in ft 2 and can be solved for ft 2 by the method 
This is a cubic equal o va l ue of ft, we can 

given in Article /8 or Article /y. ^ (66') 

find m and n by substituting this value of h in Equations bO) 

and (67). The four roots of Equation (63) can be o aine y 
solving the two quadratic equations 

y 2 + 2by + m = 0, and y 2 - 2hy + n = 0. (69) 

The roots of the general quartic Equation (62) are found by 
adding - ^ to each of the roots of Equation (69). 

Example. Solve x< - 4x 3 + 5z 2 - 4x + 4 = 0. 

Solution. Set . = y - £ = V + 1- is equivalent to finding 

an equation whose roots are 1 unit less than the roots of the given equa¬ 
tion, and by Article 76 this equation can be found as follows. 

!_4 + 5- 4 + 4 jl 
+1-3+2-2 
1 — 3 + 2 — 2 + 2 
+ 1 — 2 + 0 
1 - 2 + 0 ^2 
+ 1 - 1 
1-1-1 
+ 1 
1 + 0 

The transformed equation is y* - y 2 - 2y + 2 = 0. Thus, p = -1, 
q = — 2, r = 2. Substituting these values in Equation (68), we have 

64/i 6 - 32A 4 - 28A 2 -4 = 0, 

♦ 

01 

16ft' - 8ft 1 - 7ft 2 - 1 = 0. (70) 

By observation it is evident that ft 2 = 1. Hence, 

m = U- 1 + 4 + 1] = 2, 


and 


„ = it- 1 + 4 - 1] = 1. 
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Therefore, by Equation (64) 

V 4 _ y 2 - 2y + 2 = {y 2 + 2 hy + m)(y 2 - 2hy + n) 

= (; y 2 + 2 y A 2 )(y 2 - 2y + 1) = 0. 

y i _ 2y + 1 = 0 > and y 2 + 2y + 2 = 0 . 

Solving for y, we have y — 1,1 and — 1 + f. __ 0 

Since x = y + 1. the four roots of the given equation are j - 2 

2 , and ±i. 

EXERCISES 

Solve each of the following equations. 

1 . re 4 + 4x 3 + 7x 2 4- 8 x + 10 = 0. 

2. x 4 - 4x 3 + 7 a ; 2 - 4 a: + 6 = 0. 

3 < a : 4 4“ 8 a : 3 4" 17x 2 4~ 8 a* 4" 16 — 0 . 

4 . a : 4 4- 4 .r 3 — a ; 2 — 6 x 4- 18 = 0 . 

5. x 4 4- 4x 3 — 3.x 2 — lOx + 8 = 0. 

6 . x 4 4- 8 x 3 4- 13x 2 - 8 .x - 14 = 0. 

x 4 — 4 x 3 — ox 2 4 ~ 22 x 8 = 0 . 

8 . 16x 4 — 32x 3 + 56x 2 — 24.x 4- 33 = 0. 

9. x 4 - 4x 3 4 - 8 x 2 — 7x 4- 4 = 0. 

10. x 4 4- 4x 3 4 - 4 x 2 - 3x — 6 = 0. 

11 . 16x 4 4- 32x 3 — 8 x 2 4- 24x - 15 = 0 . 

12. x 4 - 12x 3 4- 43x 2 - 38x - 24 = 0 . 

13. x 4 4- 4x 3 4- 2 x 2 4 - x — 2 = 0 . 

14. x 4 - 8 x 3 4- 20x 2 - 11a: - 14 = 0. 

15. x 4 - 4x 3 4- 4x 2 - 1 =0. 

16. x 4 — 2 x 3 —. 2 x 2 + 2 x 4-1 = 0 . 

17 r 4 _ g r 3 4 . I4x 2 - 14x 4-5 = 0. 

18 ' T 4 _ 4 x 3 + 5 x 2 - 2 x - 2 = 0 . 

19*. x 4 - 2x 3 4- 7x 2 - 8 x + 12 = 0. 

20 . x 4 4- 4 x 3 4- 9a ; 2 4- 10 x 4- 6 = 0 . 


* 




CHAPTER XIII 



81 . GRAPHING QUADRATIC EQUATIONS 

The type of functions studied thus far were single-valued; that 
is Tor every value of the independent variable z there was only one 
vllue for the dependent variable y. We shall^^now study Rouble- 
valued functions ; that is, functions in which one of the variables 

has two values for some or all 
of the values of the other vari¬ 
able. To illustrate, if we solve 
the equation x 2 + V 2 = 25 for 
y in terms of x, then y is a 
double-valued function of x 
because 

y = ± V25 - x 2 . 

* 

Thus, we see that for each 
value of x between — 5 and + 5 
there are two real and distinct 
values for y ; the one value of y 
is positive, the other value of y 
is negative, and the numerical 
value of the two are equal. Thus, the graph of z 2 + V = 2o is 
symmetric about the z-axis. From Fig. 35 it is easy to see tha-u 

the graph of 

x 2 + y 2 = 25 

is a circle, since it is the locus of a point 5 units from the origin. 

The graph of _ 

y = V25 — x 2 

9R1 
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is a semicircle above the x-axis, and the graph of 


y 


= - \/25 - x 2 


is a semicircle below the x-axis, as shown in F ig. 35. 

If we solve the equation x 2 + y* = 25 for x, in terms of y, then 

x is a double-valued function of y because 

# 


x 


= + V25 - y\ 


There are two real and distinct values of x for each value of y 
between -5 and +5, and we see that the graph is also symmetric 

about the y- axis. . . . , , . 

The most general form of a quadratic equation in two \ aiia ) s, 

x and y, is 

Ax 2 + Bxy + Cy 2 d" Dx + Ly + F — d, 

« 

where at least one of the three coefficients A, B, andl C, is no* zero 

Equations of this type can be graphed by calculatmg a tab 

Cigh the plotted points. This table of points can be calculated 
either bv assigning values to the one variable and then solving or 
the'other variaWe or by solving the given equation for the one 

variable in terms of the other variable, and th “ a “^ mg va 
to the variable appearing in the solution. To illusti ate. 

Example. Graph 2i- 2 . + Txy + y J> x 0 f x an( j then 

“ues St '"To iTnecessary to write the given equation 

^quadratic in y, and then we can use the quadratic formula, Equatmn 


y 


* + (7* - 10)» + (2x* 2 - 5x + 5) = 0; 


applying the formula gives 


V = 


(7x - 10) 


2 


y = 


10 - 7x ± a/ tlx 2 — 120.r + j 0 

2 


simplifying gives 
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Then 


if x = 0, 

10 + Vso 

y - — 2 — i 


9.47 

or 

0.53; 

^ * 

H 

II 

V— 1 

3 + 1 

y ~ ~~2 

— 

2 

or 

i; 

if x = 2, 

-4 + 2 

y - ~ 2 

— 

-1 

or 

-3; 

if x = 3, 

— 11 + V89 

y -— 2 

— 

-0.8 

or 

-10.2; 

if x = 4, 

-18 + 16 
y- — 2 — 

= 

-1 

or 

-17; 

if x = — 1, 

17 + V241 

y - 2 

— 

16.3 

or 

0.7; 

if x = — 2, 

24 + 22 

— 

23 

or 

i; 

if x — —3, 

31 + \/809 

y -- 2 W 

— 

29.7 

or 

1.3. 


These points are plotted and the graph is drawn in Fig. 36. 

As an aid in drawing an 
approximate graph of a quad¬ 
ratic equation in two vari¬ 
ables, we shall give without 
proof the following properties 
of such graphs. These prop¬ 
erties can be found in any 
analytic geometry textbook. 

The graph, if it is a real 
locus, of any quadratic equa¬ 
tion in* two variables is called 
a conic and has the form of a 
cross-section of a right circular 
cone intersected by a plane . 

(This includes the limiting 
cases of a cone.) 

The conics are classified as follows: 

1. Two straight lines (intersecting, parallel, or coinciding). 

2. Circle. 

3. Ellipse (including a point). 

4. Parabola. 

5. Hyperbola. 
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The form of the graph of each of the different conics is given in 

Fig. 37. . ■ . . c 

Furthermore, if the quadratic equations have the special forms 
indicated in Fig. 37, then for a, b, and c positive, the graphs of 
such equations will have the indicated relation with respect to 




Y 


lY 

V 

J 


Y' 





( 4 ) m gM 

Fig. 37. (1) Two straight lines, (or* + hV + c '^“ p a Jb 0 fa. + »*’- tax. 

(2) Circle, ** + f - r 4 - ® Elh P se - ax + hy C ' 1 

(5) Hyperbola, ax' 1 — by 2 — c. 

the coordinate axes. We may call these equations the standard 
forms for the conics. 

1 The graph of (a,® + hy + c 2 ){a 2 x + biy + ««)' = 0 1S the 

1 . me gupii ' , _ , u ,. 4 . c , = 0 and a 2 x + b 2 y + c 2 

graph of the two lines a,x + 0 ,y + 1 

11 1 *r _ nthprwise ths two linos 

= 0. The two lines are parallel if ^ 

intersect. , „ - _ r 2 r 

2 . The radius of the circle x + V - _ ls ■ about the 

o The graph of the ellipse ax 2 + by - e is odio b 

JL «.*<», w ■ *>»“« fj *»* .k 

* the p* - <■»"M* * 7 i“_SK S—*• •»- 

positive x-axis, and the giapn or y 

the negative x-axis. symmetric about the 

The graph of the parabola x - m > 
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positive y- axis, and the graph of *• = -4 ay is symmetric about 
the negative y-axrs. ^ oa;2 _ j , _ c is symmetric 

about the i-axis, and the graph of af - bx> = c is symmetric 
about the y- axis. 


An approximate graph of an equation in the standard form can 
be drawn quite readily by using the foregoing ideas and by detei - 
mining the x- and y-intercepts, if they exist, along with a e\\ 

other points. . . 

It may happen that the locus of a quadratic equation m t\v o 

variables is imaginary; that is, there are equations that are not 

satisfied by any real values of the two variables. In such cases 

the locus cannot be represented by a graph in the real plane. 

The graph of the general quadratic equation Ax 2 + Bxy + 

Cy 2 + Dx + Ey + F = 0, if it is a real locus, will be one of the 

forms given in Fig. 37, but will be located differently with respect 

to the coordinate axes. 

If B 2 - 4 AC < 0, the graph is an ellipse or a circle (including a 


point). 

If B 2 — 4AC = 0, the graph is a parabola or two parallel lines. 

If B 2 — 4 AC > 0, the graph is a hyperbola or two intersecting 

straight lines. 


82. SOLUTION OF SYSTEMS OF EQUATIONS INVOLVING 

QUADRATICS 

W‘ 

Problems involving one linear and one quadratic equation were 
solved by the Egyptians, and the Greeks studied the geometry of 
such problems centuries before Christ. But it was Diophantus, in 
the third century, who was the first to consider seriously an alge¬ 
braic treatment of two quadratic equations, and these equations 
were of special types. 

By a solution of a system of two quadratic equations in two un¬ 
knowns is meant finding a pair of values of the unknowns that will 
satisfy each equation of the system. Thus, in any complete solution 
the unknowns must be grouped in correct pairs. 

If the pair of numbers in a solution are real, they represent the 
coordinates of a point of intersection of the two graphs. If one or 
both parts of a solution are imaginary or infinite, then the solution 
does not represent a point on either graph. 
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To solve a system of two quadratic equations in two unknowns 
is to find all the pairs of values, whether real or imaginary, that 

will satisfy each of the two given equations. 

It can be shown that if the number of solutions in any system 

of two equations in two unknowns is finite, then the number of solu¬ 
tions is equal to the product of the degrees of the two equations. 

If the two given equations of a system have a common poly¬ 
nomial factor, then the system will have an infinite number o 
solutions. If the two equations of a system are inconsistent, 
there will be no solutions. If some of the solutions are infinite, 
the number of solutions of a given system may appear to be fewer 
than the product of the degrees of the two equations, since infinite 

solutions usually are not recorded. , t 

The graphs of the two given equations of a system of t 

quadratic equations in two unknowns have one of the following 
properties: 

1 If a complete solution consists of four distinct pairs of rea 
numbers, then the graphs of the two equations intersect in four 

16 2 ^Aa complete solution contains two like pairs of real values, 
then the graphs of the two equations are tangent at this point. 

7 If each pair of values in a complete solution contains an 
imaginary number, then the two graphs will not intersect at any 

Tfto pairs of values in the solution are real numbers and 
the'other two pairs of values contain imaginary numbers, then 
the two graphs intersect in only two real points. 

Let us consider the following system composed of the two genera 

equations /(jt> y) = 0 , ® 

an<1 F(x, y ) = 0, (3) 

in the two unknowns x and y. t ion by k and each 

If we multiply each member tubers of 

member of the second equation by A and then aaa 

the two resulting equations, we nave 

kf(x, y) = 0 

KFfffil ( 4 ) 

kf(x, y) + KF{x f y) = 0. 
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If (xa Vo) is a solution of the given system of Equations (2) 
and (3), then (** V.) must satisfy each of the given equat.ons and 
hence /(** y.) = 0 and F(z„, y.) = 0. Therefore, 

kf(x o,yo) + KF(xo,yo) — 

Geometrically, this means that the graph of the^ ® 
equation kf{x, y) + KF(x, y) = 0 passes through all the pomte of 

intersection of the graphs of the two given equations /(*, y) - 
and F(x v) = 0. From this we see that it is possible to obta 

the solutions of a given system of two equations by solving t e 
given system of equations, or by solving a system composed 
of a derived equation such as Equation (4) and either of the « o 
given equations, or by solving a system composed of two derived 

equations. . , 

The process for solving a system of two general quadratic 

equations may be rather long and difficult. However, there are 

certain special systems of equations that are easily so ve . le 

most common of these systems aie the following. 

Case I. A system of one linear equation and one quadratic 

* 

equation. 

Case II. A system in which both equations 






by 2 = c. 

Case III. A system in which both equations are of the form ax 2 + 

bxy + cy 2 = d. 

These coefficients may be positive or negative constants, or 
zero. 


Case I: One Linear Equation and One Quadratic Equation 

A system of one linear and one quadratic equation can always 
be solved by solving the linear equation for one of the unknowns in 
terms of the other unknown and substituting the result in the quadratic 
equation. The resulting equation is a quadratic in one unknown 
which can be solved for this unknown; then by substituting these 
values in the linear equation we have the corresponding values for 
the other unknown. 

The complete solution of a system of one linear and one quadratic 
equation in two unknowns consists of two pairs of values. (The 
product of the degrees of the two equations is 1 X 2 = 2.) Fur¬ 
thermore, since the graph of the linear equation is a straight line, 
the two graphs have the following properties: 
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1. The straight line intersects the graph oj the quadratic equation 
in two distinct points if the two solutions are real and distinct. 

2. The straight line is tangent to the graph of the quadratic equation 

if both pairs in the solution are real and equal. 

3 The straight line neither intersects nor touches the graph of the 
quadratic equation if each of the two solutions contains imaginary 

numbers. 

Example 1. Solve the system of equations 


(I) 

(II) 


x 2 y~ — 4x d - 6 y 12 — 0, 

x — y — 4 = 0. 


Algebraic Solution. Solving Equation (II) for y, we obtain 

y = x - 4; 

substituting in (I) gives 

x 2 + (x — 4) 2 — 4x + 6(x — 4) 12 = 0; 

simplifying gives 


x 


2 - 3.r - 10 = 0; 


factoring, we have 


Hence, 


and since y = x — 4, 


(x — 5)(x + 2) — 0. 


x = o 


or 


x = 


2 , 


y = 1 


or 


y = -0, 



„r the solutions may be written in the form (5,1) and ( 2, fi). 

If we substitute * = 5 in the quadratic equation (I) instead 

stituting in the linear equation (II), then 


simplifying gives 
factoring, we have 
solving gives, 


25 + 2/ 2 — 20 + 6?/ — 12 0, 

yi + Gy - 7 = 0; 


(y — l )(y + ”) — 


y = 1 


or 


y = -7- 


sr.-n *» -^- 

coordinates do not satisfv h a lon _2 in Equation (I), 

solution. In a similar manner, if we Bubstitute . - ^m M ^ 
, hen from the resulting equation we obtain the solutions ( A 
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3 

2 

1 

-1 

-2 

-3 

-4 
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(-2 0). However, the coordinates of the point (-2, °) satisfy Equa 
tion (I), but they do not satisfy the linear equation (II). Hence ( 2, 0) 

is not a solution. This is illus¬ 
trated by the graphs in Fig. 38. 

Thus, after finding the values 
of the one unknown in any 
system of one linear and one 
quadratic equation , these values 
should always be substituted in 
the linear equation and not in 
the quadratic equation to find 
the value of the other unknown. -6 

Graphical Solution. The 

graph of x 2 4* 2/ 2 4 x -b 6 y 

12 = 0 can be obtained by plot¬ 
ting points whose coordinates are 
found in the following manner. 

Let us solve this equation for y in terms of * and then assign values to x. 
Solving for y we obtain 

y = —3 i \/21 -f- 4.x x 2 . 

Hence 
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4 5 6 7 8 


when x = — 2, 

when x = 0, 

when x = 2, 

when x — 5, 

when x = 7, 


or 

or 

or 

or 


y = -6; 

y = -7.58; 

y = -8; 

y = -7; 


y = —3 + \/9 = 0 
y = -3 ± V2l = 1.58 

y = —3 i \/25 = 2 

y = —3 ± \/lb = 1 

y — —3 ± VO = — 3. 

The graph of x — y — 4 = 0 is a straight line with x-intercept 4 and 
//-intercept 4. The two curves intersect at the points (5, 1) and ( — 2, 
— 6). These two pairs of values are the solutions of the given system of 

equations. (See Fig. 38.) 

EXERCISES 

i 

Solve each of the following systems graphically and algebraically. 


1. x 2 + y 2 = 25, 
x — y + 1 = 0. 
3. 2x 2 — y 2 = 14, 
x 4* 2y = 7. 

6. xy = 10, 

y — x “b 3 = 0. 

7. + y 2 = 16, 
x + y = 6: 



2. 9x 2 + 25 y 2 = 225, 
3x — by -b 3 =0. 
4. y 2 = 8x, 

y -b 2x — 8 = 0. 

6 . 4x 2 -b 25 y 2 = 100, 
2x — by + 10 = 0. 
8. 9x 2 — 16 y 2 = 144, 
3x — 4y — 4 = 0. 
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10. y 2 = 24x, 

4y = 9x — 6. 

12. x 3 + y 3 = 19, 
x + y = 1. 


9. x 2 + 3 xy + 4y 2 = 64, 
x — y — 4. 

11. y 2 = 8x, 
y = 4x — 4. 

13. 4x 2 - 3y 2 - 5x - 2 y + 7=0, 

2x + ?/ + 1 =0. 

14. 16x 2 - 7y 2 = -48, 

4x — y — 12 = 0. 

15. xy — 3x + 2y = 6, 
x + 2 y — 1. 

16. 2x 2 — 3xy + 5x — 6y + 2 = 0, 

2x + 2>y = 11. 

17. 2x 2 — 5 y 2 = 5, 

2x — 3i/ + 1 =0. 

18. x 2 + 2 xy + 3y 2 = 19, 

x — 2y = 8. • j| 

19. x 2 + 8 xy - y~ - 4x - 14y + 19 = 0, 

x + 3y — 1 = 0. 

20. 3x 2 + 12x1/ + y 2 - 8x - 18?/ + 13 = 0, 

x — 3y + 5 = 0. 

Case II: Both Equations of the Form ox 2 + by 2 = c 

rr both equations of a system contain only the squares of e m- 
knovmsand constants, then it is possible to solve for the square f 
each unknown as in the case of a system of two hnear equations. 
The four solutions consist of pairing the values of the two un nown 

in all possible ways. tWp will be 

Since both equations are of the second g > 

2X2 = 4 solutions. 

Example 2. Solve the system of equations 

n 9?/ - 4x 2 = 108, 

II) 4?/2 + = 73> . . , 

Algebraic Solution. It ^possible to 
nantl Tor l aV^by addition and subtraction; thus, 

by subtraction, we have 

36y 2 - lbx 2 = 432 

36?/ 2 + 9x 2 = 657 

— 25x 2 = —225 


x 


2 = 9. 


Hence 


x = ±3. 
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Bv addition, we have 


9 y 2 — 4x 2 
16 y 2 + 4x 2 
25y 2 


108 

292 


Hence 


= 400 

»* = 16- 

y = ± 4 


To determine the solutions it is necessary to pair these values properly. 

From the discussion of the system of the two general e 9 uat, ° ^ 

. „d (31 we see that the solutions of the system of equations in this 

example are obtained by finding the coordinates of the points of inter- 



-9-8-7-6 -5-4-3 -2 -1 123456789 


Fig. 39. 

section of the two lines x = 3 and x = -3 with the two lines y = 4 and 
y = — 4. (See Fig. 39.) Hence, the solutions are 

x = 3, 3, 3, 3, 

V - 4, -4, 4, -4. 

These solutions may be written in the form (3, 4), (3, —4), (—3, 4), 
and ( — 3, —4). 

Graphical Solution. From Article 81 and Fig. 37, we see that the 
graph of 9y 2 — 4x 2 = 108 is a hyperbola and the graph of 4 y 2 + x 2 = 73 
is an ellipse. The ^-intercepts of the hyperbola can be found by solving 
the equation 9 y 2 = 108 for y . Hence the ^-intercepts are y = ±3.46. 
To find other points on this graph, let x = ±5; then 9y 2 = 108 + 100 
= 208, or y = ±4.8. Hence the graph of the hyperbola passes through 
the four points (5, 4.8), (5, —4.8), ( — 5, 4.8), and ( — 5, —4.8). These 
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four points and the ^-intercepts are sufficient for us to draw an approxi- 
mate graph of the hyperbola 9y 2 - 4x 2 = 108. The ^-intercepts of the 
ellipse 4 t / 2 + x 2 = 73 are x — + V?3 = ±8.54. The y-intercepts are 
found by solving the equation 4y 5 = 73 for y. Hence the y-intercepts 
are y = +4 27 An approximate graph of the ellipse can be drawn 

through these four intercepts. The graphs of the two equations are 
»iven in Fig. 39, and the coordinates of their points of intersection are 
the four solutions. Hence the four solutions are (3, 4), (3, -4), ( 3,4), 

and ( — 3,-4). 

EXERCISES 

Solve each of the following systems graphically and algebraically. 

I . x 2 + y 2 = 25, 
x 2 + 4 xf- = 52. 

3 . ix 2 + 16 y 2 = 100 , 

16x 2 + 4 y 2 = 100. 

5. 4.x 2 + 9t / 2 = 36, 
x 2 + y 2 = 49. 

7. x 2 + 3>y 2 = 12, 

4 x 2 + 3 y 2 = 12. 

9. 5a: 2 -f 2 y 2 = 20, 

by 2 - Sx 2 = 9. 

II . 4 x 2 + 9 y 2 = 72, 

25 y 2 - 4x 2 = 64. 

Case III: Both Equations of the Form ax- + bxy + cy d 

If both equations contain only constants and terms of t e secon 

r<m —. * * sr, 

hu rliminatinq the constant terms. After Jadoring 

can be formed by using each one of the two linear equ 

of the two given equations. 

Example 3. Solve the system of equat ions 

m 3 x 2 + xy + y 2 = 15 » 

' 2^.2 _ 31 X y 4" 5 y 2 — 45. 

Solution. The constant terms can be eliminated b\ milltl P^^ g ui 

(■> ^ » d ,k r sir 

equation to the members ot Equation (II). g 

9x 2 + . 3 xy + 3 y 2 = 45 

3z 2 - 31 xy + by 2 = ~ 45 
12x 2 - 28 xy + fyp = 0 


2. 16 y 2 + 5x 2 = 36, 

25 y 2 - 4x 2 = 9. 

4. x 2 + y 2 = 25, 

4x 2 y 2 ~ 52. 

6. 3x 2 - by 2 = 43, 
x 2 + 2 y 2 = 18. 

8. x 2 + y 2 = 8, 

9x 2 + 16 y 2 = 100. 

10. 25x 2 + 9 y 2 = 225, 
25x 2 - 9 y 2 = 225. 

12. 16x 2 - 9 y 2 = 55, 
63y 2 - 32x 2 = -65. 
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Factoring, we have 


4 (3a: - y)(x - 2y) = 0. 


Therefore, 


3 x — y ~ 0 


or 


x — 2y = 0. 


Using the first of these results we can form the following system of 
equations: , „ 1 _ 

3x 2 + xy + y 2 = 15, 

— ?/ = 0 * 


Solving for y, gives 
substituting, we have 
simplifying, gives 


y = 3x; 

3x 2 + x(3x) + (3x) 2 = 15; 

15x 2 = 15. 


Hence, 



or 



and, since y =. 3x, 

y = 3 or ?/ = -3. 

Then, using the second linear factor, we can form another system of 
equations, as follows: 

3x 2 + xy + y 2 = 15, 

x — 2y - 0. 


Solving for x gives 
substituting, we have 
. simplifying, gives 

* 

Hence, 

and, since x = 2 y, 


x = 2y, 


3 (2y) 2 + (2i/)2/ + y 2 = 15; 

15i/ 2 = 15. 

y = 1 or y = — 1 ; 

x = 2 or x = — 2. 


Hence, the solutions are (1, 3), ( — 1, — 3), (2, 1), and { 2, 1). Ihe 

graphic solution is given in Fig. 40. 

If one of the equations of a given system is of the form ax 2 + 
bxy + ct/ 2 = 0, then this equation can be factored into two linear 
factors from which the two linear equations can be formed without 
first eliminating the constant terms. It may be necessary to use 
the quadratic formula to solve the equation ax 2 + bxy + cy 2 = 0 
for one of the unknowns. To illustrate, we shall solve this equa¬ 
tion for x. 
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X = 


X = 


— by ± vVy 2 — 4act/ 

2a 

— b i V& 2 — 4ac 


2a 


y 


Any system of two quadratic equations in two unknowns can be 

solved in the following manner: 

1. If one of the two given equations is linear in one of the unknowns, 

then solve this equation for this unknown in terms of the other unknown 

and substitute the result m tfw 
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Fig. 40. 


other equation. The resulting 
equation contains but one un¬ 
known and can be solved for 

this unknown. 

2. If neither of the two 

given equations is linear in 

one of the unknowns, then 

eliminate the square of one 

unknown. If the resulting 

equation is linear in one of 

the two unknowns, solve the 

equation for this unknown in 

terms of the other unknown, 

then substitute the result in 

either of the two given equn- 

_ * 


a i n s but one unknown, it can be solved for thisunkno 
•orrcspondinq values for the other unknown can he found by suhsh 

if any, the final y^hXd^ribed in 

unknown SELfi} -ESS. these roots in the derived 

equation. 

* If this final equation is a quadratic equation, that us, if the° f ,he solu- 
solutions. 
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We shall illustrate the general method for solving a system. of' two 
quadratic equations in two unknowns by solving the tollowu „ 

system of equations. 

m/ 


Example 4. Solve the system of equations 


(I) 

(ID 


2x 2 4- 7 xy 4- y- - ox - lOy + 5 - 0, 
x 2 _ X y + 2y i - x + 4*/ - 14 = 0. 


Solution. Eliminating y« by multiplying the members of Equation 
(X) by 2 and then subtracting the members of Equation (II) from the 

result, we have 


4x 2 + 14xy + 2 y 2 - 10x - 20y 4- 10 = 0 

x 2 - xy + 2i/ 2 - x + 4y - 14 = 0 

3j j + 15xy - 9x — 2±y + 24 = 0 


dividing by 3, gives 


x 2 4- 5xy 


— 3x — S y A 8-0; 


solving for y , gives 


hence 


(8 — bx)y = x 2 — 3x + 8; 


y = 


— 3x 4" 8 
8 — 5x 


Substituting in (I), we have 


2x 2 + 



- 3x + 8 


8 - 5x 


+ 


5x 




- 3x + 8 
8 — 5x 

— 3x 4- 8 



5x 


4-5 = 0; 


simplifying, gives 


16(x 4 — 5x 3 4- 20x — 16) = 0. 


Solving this equation by using synthetic division, we have 

1 - 5 4- 0 4- 20 - 16 jl 
4- 1 - 4 - 4 4- 16 
1 - 4 - 4 4- 16 |2 

4-2-4-16 
1-2-8 [4 

4-4 4-8 
1 4 * 2 

Therefore, 

- 5x* 4- 20x - 16 = (x - 1)(x - 2)(x - 4)(x 4- 2) = 0, 
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and the roots are 


x = 1, 2, 4, —2. 


x 2 - 3x + 8 ^ 
Since y = — g _ —, then 

when x = 1, 

when x = 2, 

when x = 4, 

F 

when x = —2, 


y = 


y = 


y = 


1-3 + 8 
8 - 5 
4 — 6 + 8 


= 2; 


8-10 
16-12 + 8 
8 - 20 
4 + 6 + 8 


= -3; 


= -i; 


y = - 


8 + 10 


= 1. 


■ I 


—r 


-[ 


Yl 











A 












4 












o 

-.2 


k: 

2) 







-2,1)^ 








jX' 1 





1 






X 


-4/-1 

w 

1 -5 
| 

> -1 

L 

_1 

O J 

2 ; 

5 4 

If’ 

LA 

-1) 






1 




m M 








- -1 

-O 



p, 



■ 






0 



Li 








— 4 













Y' 







These solutions may be written 
as (1, 2), (2, -3), (4, -1), and 
(- 2 , 1 ). 

The solution by graphs is 
given in Fig. 41. Equation 
(I) was graphed from data used 
in Fig. 36. As an exercise the 
student should compute the 
data necessary to graph Equa¬ 
tion (II). 

Example 6. Let us solve 
Example 3 by this general 
method. The equations are 

(I) 3x 2 + xy+ y 1 = 15, 

(II) 3x 2 - 31 xy + W = ~ 45 - 


Fig. 41. 


Solution. Subtracting 
Equation (II) from Equation (I) to eliminate x 2 , we have 


32 xy - 4 if = 60; 


solving for x gives 


x = 


y 2 + 15 
8 y 


Substituting in (1) gives 


y*_± 15 

8 y 



V (y 2 + 15\ , 

) + rw~) y + v 


= 15 ; 


simplifying, we have 

3( ? /4 4 . 30// 2 + 225 ) + 8 y * + 120 // 2 + 64 y 4 = 960 y % \ 
































































































XIII] EQUATIONS INVOLVING QUADRATICS 



collecting, gives 
factoring, we find 


75 y A - 75(fi/ 2 + 675 = 0; 
75 (y 2 - 1)(2/ 2 - 9) = 0. 


Then 

hence, 


y 2 = 1 or 
y = +1 or 


Since x = 


t +-i- 5 , then 
8 y 

when y 
when y 



x 

x 


y 2 = 9, 
y = + 3. 


1 + 15 
8 

1 + 15 
-8 


when y — 3, 

when y = —3, 


9 + 15 
24 

9+15 

-24” 



The solutions may be written as (2, 1), ( — 2, — 1), (1, 3), and ( 1, 3). 

The graphic solution is given in Fig. 40. 


QUESTIONS 

1. The graphs of quadratic equations in two variables are of what 
forms? 

2. What is meant by a solution of a system of two equations in two 
unknowns, and how many solutions does such a system have? 

3. Give three common classes of systems of equations containing 
quadratics, and give a method for solving each. 


EXERCISES 

Solve each of the following systems of equations (Exercises 1 through 


18 ). 

1. xy = 6, 

3x 2 + 2 y 2 = 30. 

3. 9x 2 + 25 y 2 = 225, 

2 xy = 9. 

5. 5x 2 — 12 xy + ly 2 = 3, 

3x 2 — 12 xy + 11 y 2 = — 1. 

7. 8x 2 - Zxy + \\y 2 = 392, 
x 2 + xy — 2 y 2 = —56. 

9. x 2 + 2 xy — —3, 

2 xy + y 2 = -8. 


2. x 2 + y 2 — 41, 
xy — 20. 

4. x 2 + y 2 = 26, 
xy = 5. 

6. x 2 — xy + y 2 = 12, 
x 2 + xy + y 2 = 28. 

8. 3x 2 — xy = 36, 

2 xy — 4 y 2 = —12. 

10. 2.r 2 + I2.r y — 7 y 2 — —25, 
6x 2 — 4 xy + 9 y 2 = 75. 
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11 . x 2 - 3 xy + 2y 2 = 0, 

4x 2 — 5xy 4" 10y 2 = 36. 

13. x 2 + xy = 10, 

3 xy + 4 y 2 = -9. 

15. 4x 2 + 25y 2 = 100, 

5 y 2 = Gxy. 

17. x 2 - 2 xy - 7y 2 = -7, 

3z 2 — I2xy — 37y 2 = —-19. 


12. x* + xy = 15, 
xy 4" 3 y 2 = 2. 

14. x 2 + 2xy = 7, 

x 2 4- y 2 = 10. 

16. 6x 2 - 7 xy - 3 y 2 = 0, 
x 2 - 2 xy - 2?/ 2 = -11. 

18. x 2 — Gxy = 40, 

x 2 + 6xy + 3 y 2 = -5. 



miscellaneous exercises and problems 

Solve each of the following systems of equations (Exercises 1 through 

18 ). 


1. x 2 - 2xy - 0, 

2x 2 - xy + 2 y 2 = 18. 
3. x + 2y - 3x 2 = -12. 
x + y — 2x 2 = —7. 

5. 2(x 2 + y 2 ) = 5xy, 

2(x + y) — — 3xy. . 


2. x(y — 5) — 0, 
y(x + 2) — 5. 

4 . x(y + 2) = 9, 
y(x + 2) =5. 

6. x 2 — xy = a 2 + b 2 , 
xy — y 2 — 2ab. 


7. x 2 — 2x + 2y 2 — 1» 

3x 2 - 7x + Gy 2 + 4y = 6. 

8. x 2 — 6xy + 9y 2 — 1 = 0, 

2x 2 - 3xy - 27y 2 - 3x + I2y + ' “ 0 


9 . x 2 + w - &y 2 = °* 

x 2 + y 2 — 5y = 30. 

10 . 3x 2 - 3y 2 - 4x = 0, 
2x 2 + 2y 2 4" 4x = 11* 


11 . (x 4- Gy) (x - y) = 4xy, 

x 2 - 3y 2 4* x - 2y = 1. 

12. x 2 4- y 2 4- 2x - 3 y 4- 2 = 0, 
x . 4- ?/ 2 4- Gx + 5y 4- 14 = 0. 

13. (x — l)(?/ 4 - 2) = 6, 

(x 4" 2)(y — 1) = 

14. (x - l)(y 4- 2) = -4, 

(x 4- 4)(y - 3) = -49. 

16 . x 2 4- ?/ 2 - 3x 4- 7 y - 58-0, 

3 <r 2 q. 3 ?/ 2 _ 5 X 4“ 9y — 122 — 0. 


16. 0 xy - 2x 4- 3y - -24, 

4xy 4- 3x - y = "35. 7ft = n 

17. 5x 2 - Gxy 4- 7y 2 + 2x 4- G;V , ’ Q 

2 . T 2 + 12xy - 17y 2 4- 8x 4- 24y + 35 - 0. 

18. 5x 2 4- 4xy 4- 7y 2 - 8x 4- 2y 3 ^ » 

3x 2 4- 12xy 4- y 2 — 8x - I8y 4- L 
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19. Find the points of intersection of the circle x 2 + y 2 + x + V 

26 = 0 and the straight line 9x + 5y + 7 = 0. _ ix , 

20. Find the points of intersection of the circle^ 2x + y 

u „ _ 121 = 0 and the straight line 2s - 9y + 3/ - U. ^ 

21 Find the points of intersection of the two cncles i + y 

v - 18 = 0 and x 2 + </ 2 + 8x + 4p - 17 = 0. , , 

22. Find the points of intersection of the two circles x + V 

3 y _ 10 — 0 and 2x 2 + 2 y 2 + 8x + 41 y + 113 — 9. . 

23 Find two numbers whose difference is 5 and whose product is 1 6^ 

24. The difference of the squares of two numbers is 119, and the diffei 

ence of the numbers is 7. Find the numbers. 

25. If the length and breadth of a rectangle are each increased by 

rods the area will then be 1280 square rods; if they are each dimmis e 
by 2 rods, the area will be 960 square rods. Find the length and biead 

° f 26! TWea^ffrectangle is 360 square feet. If the length is greased 
by 12 feet and the width by 5 feet, the area will be doubled. Find 

dimensions of the rectangle. . 

27. What must be the dimensions of a rectangle if the area is 80 square 

feet and the perimeter is 36 feet? , ,, 

28. The area of a rectangle is 1200 square feet and the length of the 

diagonal is 50 feet. Find the dimensions of the rectangle. 

29. Two automobiles A and B travel a distance of 320 miles at different 
rates. A can start 1 hour after B starts, overtake B in four hours, and 

reach the destination 1 hour ahead of B. Find their rates. 

30. Two towns are 150 miles apart. From each town and at the same 
time’ an automobile starts for the other town and each travels at a 
uniform speed. • Two hours later they meet, but the one automobile 
reaches its destination 1 hour and 40 minutes before the other automobile 
reaches its destination. Find the rate of each automobile. 

31. A grocer buys a lot of eggs for $16.20. He found 15 broken eggs. 
He sold the remaining eggs at a profit of 5 cents per dozen and made 
$2.60 on the transaction. How many eggs did he buy, and what did he 


pay per dozen? 

32. A merchant bought two lots of dresses and paid $200 for each lot. 
The first lot cost him $2 more per dress than the second lot, but he got 5 
dresses more in the second lot than in the first. How many dresses did 

he buy, and what was the price of each dress? 

33. A club wishing to raise a sum of $120 discovered that it would cost 
them $2 more apiece than they had expected, since 3 of the members 
refused to contribute. How r many members w r ere in the club? 

34. A farmer baled 9 tons of hay. If he had made each bale 10 pounds 
heavier, he would have had 20 bales less. How' many bales did he have 
and what was the weight of each bale? 
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35. In a rectangular meadow of 8 acres a farmer makes 22 rounds with 
a mowing machine which cuts a swath 6 feet wide; there remains 2* acrc ' w 
standing. Find the dimensions of the field in rods (160 square rods = 1 

acre, l(Vy feet — 1 rod). 

36. The product of two numbers is 180 less than the square <>t the 
one number and 144 more than the square of the other number. Find 


the two numbers. . , 

37. An automobile traveling on a road which is one half level and one 

half uphill must travel 6 miles per hour slower uphill than on the level 
and can make the trip in 36} minutes. The return trip can be made in 
30 minutes, and the rate downhill is 9 miles more per hour than on the 
level. Find the rate on the level, and the dist ance traveled one way. 

38. A and B together can do a piece of work in 3 days. It takes A 
u days less to do one half of the work than it takes B to do all the work. 

How long does it take A and B each alone to do the work. 

39. In a right triangle with sides 9, 12, and 15, find the length of the 

perpendicular from the right angle to the hypotenuse. 

40 The sum of the numerator and denominator of a fraction is 1,. 
If l is subtracted from the numerator and 4 is added to the denominator, 

* h 4i a Two ™wtch far coffee*' Tpaid 20 cents 
more fir 3 pounds than B paid for 4 pounds but B received 3 pounds more 
than A received. What did each pay per pound. 



83. ARITHMETIC PROGRESSIONS 

The idea of series is very ancient, dating back as early as 2000 
B.C. The Egyptians at that time studied certain series such as 
those series whose terms form an arithmetic or geometric pro¬ 
gression. Series have since played a very important role in the 
development of mathematics. 

Definition. A series is an indicated sum of a succession of 
terms, each term of which is derived from the preceding terms by 
a fixed law. 

In some series the number of terms is finite and they are called 
finite series; in other series the number of terms is unlimited and 
they are called infinite series. 

Perhaps the simplest type of series are those whose terms are 
formed by adding a given number to the preceding term, as: 

1+2+3+4+5+ • • * , 

2 + 4 + 6 + 8+10+ • • * , 

7 + 4 + 1 — 2 — 5— • • * . 

The terms of each such series form an arithmetic progression; 
that is, an arithmetic progression is a sequence of numbers, called 
terms, each of which after the first is obtained by adding to the pre- 
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For 


ceding term a fixed number called the common difference. 
example, each of the following is an arithmetic progression: 

1, 2, 3, 4, 5, * • • , 

2, 4, 6, 8, 10, • • * , 

7, 4, 1, -2, -5, • • * . 

In the first of the foregoing progressions, each term after the 
first term is formed by adding 1 to the preceding term; in the 
second progression, each term after the first term is formed by 
adding 2 to the preceding term; and in the third progression, each 
term after the first is formed by adding 3 to the pieceding term. 

If an arithmetic progression is given, the common difference is 
found by subtracting any term from the following term. In the first 
progression of the foregoing set, the common difference is 1; in 
the°second progression, the common difference is 2; and in the 
third progression, the common difference is -3. 

L e t a = the first term, 

d = the common difference, 
n = the number of terms to be considered, 

l = the last or nth term, and 
s = the sum of the first n term. 

If a is the first term of an arithmetic progression and d is the 
common difference, then the second term is o + d, the third term 
is a + 2d, the fourth term is a + 3d, and so on. Finally the nth 

or last term is , n 

l = a + (n- 1 )d. (D 

By the sum of an arithmetic progression is meant the sum of the 
first n terms. The series representing the sum may be written in 

either of the following forms: 

s = a + (a + d) + (o + 2d) + • • 

s = l + (l - d) + (l ~ 2d) + • ' • 

Adding these two series we have 

2,-(« + « +(a+ !) + («+ *)+•■■ + 

(a + l) + (a + 0 + ( a + ^» 


■ + (l - 2d) + Q - d) + ^ 

-f (a 4- 2d) + (o + d) + a- 


hence, 


2s = n(a + l)j 


s = ^ (fl + 0- 


and 


( 2 ) 


arithmetic progressions 
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The two formulas given by Equations (1) and (2) are sufficient 
to solve completely most of the elementary problems^Tcon- 
arithmetic progressions. Each of the equations ( ) 
tains four letters, and the two equations together contain all five 
letters Therefore, if the values of three letters of an arithmetic 
progression are given, it is possible to solve for the values of the other 
two letters by substituting the values of the three given letters m equa¬ 
tions (1) and (2), and then solving the resulting two equations as a 

sustem of two equations in two unknowns. 

Before attempting to solve any problem in arithmetic progres¬ 
sion it is necessary to ascertain the values of three of the ve 

letters. To illustrate: 

Example 1. Find the twentieth term and the sum of the first twenty 

terms of the arithmetic progression 8, 5, 2, -1 , • • • • 

Solution. In this example a = 8, d, = -3, and n - 20. Ve; su 
stitute these values in Equation (1) to find the twentieth term, as follows: 

l = 8 + (20 - 1)( —3) = 8 - 57 = -49. 

Substituting n = 20, a = 8, and l = -49 in Equation (2), we then find 
that the sum of the first twenty terms is 

o = 20-18 - 491 = -410. 


Example 2. How many terms of the progression 3, 7, 11, 15, • • • 
are necessary to give the sum 300? 

Solution. In this example we have given a = 3, d = 4, and s = 300. 
Substituting these values in Equations (1) and (2), we have 

l = 3 + (» - 1)4, 

300 = | (3 + l). 

Simplifying these two equations, we have 


(I) l - 4n = -1, 

(II) nl + 3n = 600. 

Solving (I) for l gives 

l = An - 1. 


Substituting in (II), we have 

7i (4n - 1) + 3n = 600; 


simplifying, gives 


4ti 2 + 2 n — 600 = 0; 
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2(n - 12)(2 n + 25) = 0; 


hence, 


n = 12 


or 


n — — 


2 5 

“3T’ 


Since the number of terms must be a positive integer, the number of 
terms must be 12. 

It also is possible to solve Example 2 by first deriving a formula 
expressing n in terms of the three given letters a, d, and s. Then the 
value of n can be found by substituting the values of a, d, and s in this 
formula. This formula can be found by eliminating l and between 
Equations (1) and (2) and then solving the resulting equation for n. 

The two given equations are 


l = a "b in — l)d, 


n 


* s = ^(aAl). 

Eliminating l, we obtain 

2s = n[a + a + (w - 1 )d]‘, 

collecting, gives 


0 ) 

( 2 ) 


n 2 d + (2a - d)n - 2s = 0. 


Solving for n, we have 


n = 


— (2a — d) i \/ (2a — d) 2 4rf( 2s) . 

' “ 2d 


substituting a - 3, d = 4, and s = 300, gives 


— (6 — 4) + 

n = -- 


4) 2 - 16( — 600) 


8 


—2 i V9,604 
8 

-2 ± 98. 

8 ’ 


hence, 


n = 12 


or 


25 

n =-? • 


Since it is possible to express each of-the five let^ 
arithmetic progression in terms of any three letters, the 
‘four distinct formulas for each of the five letters, or twenty formu- 
h,s in all Hence, with the two given formulas (1) and (2) 
Toslm to derive eighteen other distinct formulas for anthmeUc 

'' r Au“ems of an arithmetic progression between the first term 

and the last term are called the arithmetic means between those 
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two terms. To insert k arithmetic means between two given num¬ 
bers, it is necessary to find the common difference d. The common 
difference d can be found by letting a equal one of the given num¬ 
bers, l the other given number, and n equal k + 2. Then after 
substituting these values in Equation (1), solve the resulting equa¬ 
tion for d. Knowing the common difference, the k means can be 

found. To illustrate: 

Example 3. Insert 5 arithmetic means between 2 and 20. 

Solution. The progression will contain 7 terms, the 5 means and the 
two end terms. Thus, substituting a = 2, l = 20, and n = 7 in Equa¬ 
tion (1), we have 

20 = 2 + (7 - 1 )d. 

Solving for d gives 

d = 3. 

Hence, the progression is 2, 5, 8, 11, 14, 17, 20, and the five means are 

5, 8, 11, 14, and 17. 


EXERCISES 

1. Given 3, 8, 13, 18, • * • to 15 terms; find l and s. 

2. Given -9, —6, —3, 0, • • • to 25 terms; find l and s. 

3. Given -2, -5, -8, —11, • * • to 16 terms; find l and s. 

4. Given 3, 5£, 8, lff|, • * ■ to 18 terms; find l and s. 

5. Given 4, 4, 4, nr, * * * to 20 terms; find l and s. 

6. Given a = 8, d = -3, l = -52; find n and s. 

7. Given a = —3, l = 37, s = 85; find n and d. 

8 . Given a = 5, n = 5, s = 5; find l and d. 

9. Given n = 10, l - 10, d = 10; find a and s. 

10. Given s = 55, l = 20, d = 3; find a and n. 

11. Express l in terms of a, n, and s. 

12. Express l in terms of a, s, and d. 

13. Express l in terms of n, s, and d. 

14. In the progression a , (a + d), (a + 2d), (a 4- 3d), • * • , what is 

the 10th term? 100th term? rth term? (n + l)st term? (n — 5)th 

■ 

term? 

15. If the first term of an A.P. is —10 and the 10th term is 10, find 
the 19 th term. 

16. If the 6th term of an A.P. is 1 and the 12th term is 8, find the 20th 
term. 

17. Find the sum of the first 20 integers; of the first 100 integers. 

18. Insert 7 arithmetic means between 10 and 20. 

19. Insert 10 arithmetic means between 30 and 5. 
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20. Insert 8 arithmetic means between —2 and —1. 

21. Insert 6 arithmetic means between £ and f. . 

22. What is the formula for the sum of the first n integers? 

23. What is the formula for the sum of the first n odd integers? 

24. A clock that strikes the number of the hour will strike how many 

times a day (24 hours)? . - 

25. Find the sum of all the numbers between 100 and 1,000 ending m • 

26 How many linear feet of rungs will it take to make a ladder wit 
stra ight sides if there are 18 rungs, the bottom rung being 30 inches long 

an 2 d 7 th H t0 a P bo U d n y S “1 tefthe first second, 48.3 feet the second 

second, and 80.5 feet the third second, how far will it 

28. In a potato race there are 20 potatoes placed in a _ $ 
intervals of 5 feet. If the first potato is 10 feet from the basket, ow 
forwill an individual run in gathering up the potatoes if he^at 

the basket and carries the potatoes, one at a time , bac 

99 A man owes $4,000 on a home and agrees to pay $20 per mon 

on !he principal plus the interest on the £ 

interest. The interest decreases 10 cents per “ 
the number of payments necessary to pay for the 

sum of money paid. 

84. GEOMETRIC PROGRESSIONS 

Another simple type of series are those in term 

the first is formed by multiplying the preceding term by a g 

number as: 

2 + 4 + 8 + 16+ - ’ ‘ > 

2 + 6 + 18 + 54 + • * * > 

3 - 6 + 12 - 24 + • ' ' • 

c n onnii opries form a geometric progression; that 
The terms of each such series ion & h ca M terms , 

is, a geometric progression is a sequence oj _ » preceding 

each of which after the each 

term bu a fixed number called the comm 

of the following is a geometric progression 


2, 4, 8, 16, • 

2, 6, 18, 54, 

3 , - 6 , 12 , 


24, 


Each tem .1 U» «»* ”ih" 
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preceding term by 3; and each term of the third progression, after 
the first term, is formed by multiplying the preceding term by • 

If a geometric progression is given, the common ratio is foun 
by taking the ratio of any term after the first to the term preceding 
it. In the first progression of the foregoing set, the common latio 
is 2; in the second progression, the common ratio is 3; and in the 
third progression, the common ratio is -2. 

Let a = the first term, 

r = the common ratio, 
n = the number of terms to be considered, 

l = the last or the n term, and 
5 = the sum of the first n term. 

If a is the first term of a geometric progression and r is the com¬ 
mon ratio, then the second term is ar, the third term is ar 2 , the 
fourth term is ar 3 , and so on. Finally the nth term or the last 


term is 




By the sum of a geometric progression is meant the sum of the 

first n terms. Hence the sum is the sum of the following series 

* 

(X) s = a + ar + ar 2 -{■ ar 3 + ar n ~ 2 + ar”" 1 . 

Multiplying (I) by r gives 

* 

(II) sr ^ ar ar 2 ar 3 -{- • • • + ar” -2 + ar” -1 + ar n . 


Subtracting (II) from (I) gives 


n • 


factoring, we have 


Solving for s gives 


s — sr = a — ar , 


s( 1 - r) = a(l - r n ). 


a(l — r n ) 

s " 1 - r or 


s = 


a(r n - 1) 
r — 1 


(4) 


To avoid negative numbers, use the first form for r <1 and use the 
second form for r > 1. 

The two formulas given by Equations (3) and (4) are sufficient 
to solve completely most of the elementary problems arising in 
geometric progressions. Each of the equations (3) and (4) con¬ 
tains four letters, and the two equations together contain all five 
letters. Therefore, if the values of three letters of a geometric pro¬ 
gression are given, it is possible to solve for the values of the other two 
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letters by substituting the values of the three given letters in Equations 
(3) and (4), and then solving the resulting two equations as a system 

of two equations in two unknowns . 

Before attempting to solve any problem in geometric progres¬ 
sion, it is necessary to ascertain the values of three of the five 

letters. To illustrate: 

Example 1. Find the sixth term and the sum of the first six terms of 

the geometric progression 2, —6, 18, —54, • 

Solution. In this example a = 2, r = — 3, and n = 6. We sub¬ 
stitute these values in Equations (3) and (4), and find the sixth term 

l = 2(-3) 6 -‘ = 2(-243) = -486, 


and the sum of the first six terms is 


2[1 - (—3)*] _ 2(1 - 729) _ -1,456 = _ m 

s ~ 1 - (-3T ! + 3 4 


Example 

Solution. 


2, Given r = 2, l = 96, and s = 189. Find a and n. 
Substituting these values in Equations (3) and (4), we have 


(I) 

(II) 




a. 


To eliminate », multiply the members of Equation (I) by 2, and subtract 
Equation II, as follows 

192 = a ■ 2" 

18 9 = a ' 2 n - a 
3 = o. 


Hence, 



Substituting this value of a in 


Equation (I) to solve for n, we have 


or 

Hence, 

or 


96 = 3 • 2 n_l , 
2 n ~ l = 32 = 2\ 

n - 1-5, 
n = 6. 


It also is possible to solve Example 2 by first dem mg P 

i„ g 0 in terms of the three given letters r, l, and .. Th.s fo.mu 
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be found by eliminating n between Equations (3) and (4). 
equations are 

l = ar n ~ l , 

a(r" — 1) ar n — a 
S = r - 1 ~ r - 1 ' 
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(3) 

(4) 


Multiplying Equation (3) by r, we obtain 

rl = ar n ; 

substituting ar n = rl in Equation (4) gives 

rl — a 

s =- r ; 

r — 1 

• solving for a gives 

a = rl — s(r — 1). 


Substituting r = 2, l = 90, and s = 189, we have 


hence, 


a = 2 • 9G — 189(2 - 1), 



All the terms of a geometric progression between the first term 
and the last term are called geometric means between those two 
terms. To insert k geometric means between two given numbers, 
it is necessary to find the common ratio r. The common ratio r 
can be found by letting a equal one of the given numbers, l the 
other number, and n equal k + 2. Then after substituting these 
values in Equation (3), we solve the resulting equation for r. 
Knowing the common ratio, we can find the k means. To illustrate: 


Example 3. Insert 5 geometric means between -fa and -V*. 

Solution. The progression will contain 7 terms, the 5 means and the 
two end terms. Thus, substituting a = l = V - , and n = 7 in Equa¬ 
tion (3), we have 


81 

2 

whence, 

and 


Hence, the progression is 


1 « 3< 1 6 
— r® nr — — -r 8 

18 2 2 • 3 2 ’ 


r® = 3 4 • 3 2 = 3 8 , 


r = 3. 

1 1 1 3 9 27 81 
18 6’2*2*2*'2* 2’ 


and the five means are 
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85 GEOMETRIC PROGRESSION WITH INFINITELY MANY 

TERMS 

Let us consider the sum of the infinite series 

l+i+4+i + l 1 S' + ' ‘ ’ * 

This sum can be shown geometrically by the aid of a line AB \\hich 

is 2 units long. See Fig. 42. 

Divide the line AB in the 

center at P i, divide P i B in 

the center at Pi, divide PiB 

in the center at Pz, and so 

on. It is evident from Fig. 42 that the sum of a finite number of 

terms of the series 




Fig. 42. 


or 


APl + P iPi + PiP 3 + Pf* + 
1 +i + i + i + • ' • 


* * * 


cannot exceed nor equal 2, no matter how many terms are taken. 
However, it should be observed that the sum of a sufficiently large 
number of terms can be taken so that this sum is as c os 

"'if'^represents the sum of the first n terms of a geometric seri^, 

many terms to be the limit of * as » increases w, thout bo d^ 

Thus, we say that the sum of the senes given in the p.eced.ng 
paragraph is 2, and we write 

t _> _ i j_ _j_ .1. _|_ . • • 

The sum of the first n terms of any geometric progression is 
given by Equation (4), and thus is 

a(l - r”) _ « ar " 


Sn 


_ i (6) 

From the fact that any integral powerof ^ n " II ^ er ^“ber itself, it 
value is less than 1 is numerically less than the num ^ 


follows that if r is numerically less than 1, r», and hence j r 
Equation (6) can be made as small as we please by ta mg 
sufficiently large. Hence, 

(1 

s = lim s n = ry 
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Therefore the sum of a geometric progression with infinitely many 
terms and with ratio numerically less than 1 is 


s 




Example 1. Find the sum of the infinite series 1 + i + t + i + 

TG + ' ' * • 

Solution. In this case a = 1 and r = %, hence, 



Geometric progressions with infinitely many terms can be 
applied to finding the proper fraction that is equivalent to a given 
repeating decimal. To illustrate: 

Example 2. What proper fraction is equivalent to the repeating 
decimal 0.44444 • • • ? 

Solution. This repeating decimal may be written as follows: 

0.44444 • • • = 0.4 + 0.04 + 0.004 + 0.0004 + • * • , 


which is an infinite series whose terms form an infinite geometric pro¬ 
gression in which a = 0.4 and r = 0.1. Hence the equivalent fraction is 


that is, 


_ a _ 0.4 _ 4, 
- 1 - r ” CL9 “ 9’ 

f = 0.44444 • ■ * . 


If not all the integers repeat from the first, then form a geometric 
series by using only the repeating integers. The equivalent 
fraction is found by adding the nonrepeating integers to the sum 
of the infinite geometric series. To illustrate: 

Example 3. What fraction is equivalent to the repeating decimal 
1.2343434 • • • ? 

Solution. This repeating decimal can be written as 
1.2343434 • • • = 1.2 + (0.034 + 0.00034 + 0.0000034 + • • • ) 
in which a = 0.034 and r = 0.01. Then 


1.2343434 • • 


= 1.2 + 


0.034 

0.99 



— ill 
4 9 5 i 
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which is the equivalent fraction. That is, 

= 1.2343434 

,ii f or finding the sum of an infinite 
However, a shorter me ^ gression i s to use the 

series whose terms jorm g . ^ tQ MU ltiply 

method employed in deriving 1 

both members of the given equation either by r or y - an 
subtract the members of the two equations, do illustrate. 


In Example 1, let 


^ = 1 + i + t + i' + ^ 


L + 


TZ 


* * 


Multiplying by i g ives 


subtracting, we have 


ls = i + i + i + A + A + 


* * 


hence, 


= 1,. 


S = 2. 


In Example 2, let 
Multiplying by .1 S lves 
subtracting, we have 


S = 0.444444 • • * • 
\S = 0.044444 • * * , 
.9 S = 0.4, 


hence, 


8 = 


0.4 __ 4 
09 9* 


We could have multiplied _ q 444444 • 


by 10, giving 



10 s = 4.444444 


subtracting S - 0.444444 


. . • we have 

9 S - 4, 




hence, 


S = 9' 


In Example 3, let, 


S = 1.2343434 • * * • 
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Multiplying by 100, we have 

100<S = 123.4343434 • • * ; 


subtracting S = 1.2343434 • • ■ gives 


99 S = 122.2, 


hence, 


122.2 _ 1,222 _ 611 
“ 99 990 495* 

EXERCISES 


1. Given 2, 4, 8, 16, * * • to 9 terms; find l and s. 

2. Given 1, -3, 9, -27, • • • to 8 terms; find l and s. 

3. Given 4, 2, 1, £, • • • to 10 terms; find l and 5. 

4. Given -3, 2, —§, f, • • • to 9 terms; find l and s. 

5. Given 4, 0.4, 0.04, 0.004, • • • to 10 terms; find l and s. 

6 . Given a = 3, r = 2, n = 7; find l and s. 

7. Given n = 10, r = 3, l = 1,458; find a and s. 

8. Given a = 5, n = 4, s = 200; find l and r. 

9. Given n = 6, a .= 100, l = 0.001; find r and s. 

10. Given a = 2, r = 3, l = 162; find n and s. 

11. Express r in terms of s, a, and l. 

12. Express s in terms of r, l, and a. 

13. Express l in terms of s, r, and n. 

14. Express a in terms of r, l, and s. 

15. In the progression a, ar, ar 2 , ar 3 , • • • , what is the 12th term? 
19th term? fcth term? (k + l)st term? (n - 5)th term? 

16. If the first term of a G.P. is 3 and the 5th term is 48, find the 8th 

term. 

17. If the 5th term of a G.P. is 1 and the 8th term is i, find the first 



term. 

18. Given a = 18, l = s = -HP; find n and r. 

19. Insert two geometric means between 6 and 750. 

20. Insert five geometric means between 8 and 

21. Insert seven geometric means between 1 and 2. 

22. Insert four geometric means between f and 

23. Insert five geometric means between a and b. 

24. What is the 10th term of the progression a 2 , ab, 6 2 ? 

25. A safety campaign was launched in which each individual receiving 
a letter was to send a similar letter to 10 friends urging them to observe 
the principles of safety. Suppose the letters were mailed regularly every 
Monday for 10 weeks beginning with a single individual. What would 
be the total cost of postage if everyone did his part? (Assume 2-eent 
postage.) 
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26 To raise money, it was suggested that bridge parties be held each 
week each party consisting ot three tables, and that each guest should 

contribute SI. Each guest at the first party was to p«t P y { 

tables, and so on. What sum of money would be rarsed at the end 

■7 grain ( "““: Snare of a checkerboard, 

t Sef £- cover the checker board in 
^“uthe volume of the cylinder of an air pump is 10 cub “ teet “f 

thf^ of the connecting tank is ? 

remains in the tank after 6 s ro es • the number 0 { bacteria every 

2 h!um Ce it a *e C end of the day (24 hours) the number of bacteria will be 

ho 3o.T^: S£ S 

average length of each generation ,s 30 years, hnd how 

population will multiply itself in 6(» yea finite series (Exercises 31 

Find the sum of each oi the ionowu& 
through 38). 


31. 12 + 6 + 3 + i + • ' * • 

33. 1 + i + \ + + ' * ' • 

35 . 1 + 0.1 + 0.01 + 0.001 + * 

36. 0.16 + 0.0016 + 0.000016 + 

37 . 1 + x + x 2 + x z + x A | + 

38. 1 — x + x 2 - x 3 + x‘ 


32. 4-3 + f- f£ + 
34. I - L ^ 1 - ' 


•5+9 "27 


(x < 1)- 

(x < !)• 


, c .1 following repeating decimals to proper fractions. 
Reduce each of the folio g P ^ Q 555555 .... 

39. 0.222222 • • ' • f- ° . . 44. 0.1454545 

42. 0.0222222 • • • • 43. 0.0199JJ ^ 0.855555 

45 . 1.343434 ••• • 46.0.123 „u„ linds a 0 f the distance 

48. A rubber ball falls 15 feet and a ‘® ac a ; t0 re st? 
it fell. How far will the ball trave before com friction . If „„ 

tt&sSi -—— 

86 HARMONIC PROGRESSIONS 

■ „ wuence of numbers whose reciprocal . 

A harmonic progression iso, 1 | t the sequence oi 

form an arithmetic progression, lo dlustra 
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i iii • • • 

^ j 3 > 4 y 

form a harmonic progression, since their reciprocals 1, 2, 3, 4, 
form an arithmetic progression. 

Example 1. Find the seventh term of the harmonic progression 

3, 2, . 

Solution. The reciprocals of these terms form the arithmetic progres¬ 
sion whose seventh term can be found by substituting 

a = n = 7, and d = £ in the formula 


Substituting, we have 


l = cl -I - (n — l)d. 

I ~ i + (7 “ 1H — i- 


Hence the seventh term of the harmonic progression is 

All the terms of a harmonic progression between the first term 
and the last term are called the harmonic means between those 
terms. To insert k harmonic means between any two given num¬ 
bers, find the k arithmetic means between the reciprocals of the 
two numbers. The reciprocals of the arithmetic means are the 
required harmonic means. 

Example 2. Insert six harmonic means between 1 and 8. 

Solution. In the corresponding arithmetic progression a 
and n = 8. Hence, 

l = cl (n — l)d. 

Substituting, we get 


— 1> l ~ 


1 _ 


then 


= 1 + 7 d\ 
d = — 4. 


A 

Hence the six arithmetic means between 1 and £ are f, |, f, and 4. 

Therefore the six harmonic means between 1 and 8 are 

8 4 8 0 8 /1 

t, ^, m A -s, 4. 

EXERCISES 

Give the next four terms in each of the following harmonic progressions. 


1. 

3. 

5. 

7. 


6, 4, 3, • • • . 

■|> 1» t» * ' ’ • 

i i i . . 

T» if “ 7, 

o e_ i ... 

7? ^ > • 


• • * 


2 3 3 1 

4- l 1, 2, • • 

6* 2, V - , f > ‘ 

8. th 2, 3, 


* • * 
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9. Insert 3 harmonic means between 1 and 2. 

10 Insert 5 harmonic means between * an 
u. Insert 4 harmonic means between 5 and j. 

12 . Insert 7 harmonic means between is an b- 

13. Insert 5 harmonic means between » an 4 . 

14. Insert 9 harmonic“ ^ {ormsTharmonic progression, show that 

15. If a sequence of numbemfo each meJnber ot the 

~ S-— • - *■ *- “ 

02 17 1ft b\ and c* form an arithmetic progression, show that (6 + 0 ), 

( “ it If Tt itcV^AZZ progression, and 5, C and d form a 
harmonic progression, prove that ad - bo. 
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87. PERMUTATIONS 

The study of permutations and combinations is based upon the 

two following fundamental principles. 

(I). If one thing can occur in m different ways, and after it has 
happened in any of these ways a second thing can occur m n different 
ways, then both events can occur in the order stated, in m • n differen 
ways (m times n ways). To illustrate: 

Example 1 . How many whole numbers, each less than 5,000 and each 
containing four different digits, can be formed with the digits 1, 2, 3,4, 5, 


0 7 8 ? 

’ Solution. If the numbers are less than 5,000, then the digit in the 
thousands place must be chosen from the digits 1, 2, 3 and 4; that is, 
the first digit can be selected in but 4 ways. After the first digit has 
been selected the second digit can be selected in 7 ways from the remain¬ 
ing 7 digits, the third digit can be selected in 6 ways, and the fourth m 
5 ways Hence, the total number of whole numbers, each less than 5,000 
and each containing four different digits, that can be formed with the 

digits 1, 2, 3, 4, 5, 6, 7, 8 is 


4 ■ 7 *6*5 — 840. 


(II). If one of twd independent events can occur in m different 
ways , and the other in n different ways , then both can occur in nx • n 
different ways. To illustrate: 

Example 2. A man has 3 pairs of shoes, 5 suits, and 2 hats. How 

many outfits, all different, can he select? 

Solution. In this case a selection of a suit is independent of a selection 
of a pair of shoes or a hat and the order of selection is immaterial. The 
pair of shoes can be selected in 3 ways, the suit in 5 ways, and the hat in 
2 ways. Hence, the total number of outfits, all different, is 


3-5*2 = 30. 
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Example 3. How many three-digit numbers can be formed from the 
five digits 1, 2,3,4, 5, no digit being repeated in any one number? 

Solution. Since any of the five digits can be used for the first digit 
in the given number, and after the first digit has been written any of the 
remaining four digits can be used for the second digit m the number, 
and after the first two digits have been written, any of the remaining three 
digits can be used for the third digit, it follows that the number of t ree- 
digit numbers that can be formed with the digits 1, 2, 3, 4, 5 is 

5*4:3 = 60, 


and the different numbers are given in the accompanying table. 


123 

132 

213 

231 

312 

321 


124 

142 

214 

241 

412 

421 


125 

152 

215 

251 

512 

521 


134 

143 

314 

341 

413 

431 


135 

153 

315 

351 

513 

531 


145 

154 

415 

451 

514 

541 


234 

243 

324 

342 

423 

432 


235 

253 

325 

352 

523 

532 


245 

254 

425 

452 

524 

542 


345 

354 

435 

453 

534 

543 


6ZL 

Each of these numbers represents an arrangement of the five 
dieits Each of these arrangements is called a permutation. 
permutation of r things is an arrangement of these r things in > some 
particular order. The total number of permutations of thing, 
taken r at a time is the total number of distinct arrangements o 
r things at a time that can be formed from the n things, 
symbol n P, is used to represent the number of permuta ions 

things taken r at a time. taken 3 

In Example 3, the number of permutations of g 

at a time can now be written as 

5 p 3 = 5*4*3 = 60. 

“t 

t;«. ■« r%t*rsrs-sr » 

s*.-? x. vr Ajirs; 

choose from to fill the third place. After the^ ^ 
have been filled there aic left n the g rs t r - 1 places 

the fourth place, and so on. y ’__ . or n - r + 1 things to 

have been filled there are le n ( ^ f laces can be filled 

choose from to fill the rth place. _ , and we have 

in n(n - l)(w - 2 )l n 6) K 

the following theorem: 
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Theorem I. The total number of permutations of n different 
things taken r at a time is 

„P r = n(n - l)(n - 2)(n - 3) • • • (n - r + 2)(n - r + 1). (D 

It should be observed that the total nuiubei of permutations o 
„ different things taken r at a time consists of the product of r 
consecutive integers beginning with « and counting backward. To 

illustrate: 


i p i = 5 • 4 • 3 = 60. 

= 5 * 4 • 3 • 2 = 120. 

^>5 = 5 • 4 • 3 * 2 • 1 = 120. 


10 P 4 = 10 • 9 • 8 • 7 = 5,040. 

1S P 2 = 13 • 12 = 156. 

,P 6 = 9'8-7-6-5-4 = 60,480. 


We can also think of the number of permutations of n different 
things taken r at a time as being the product of r consecutive 
integers beginning with n and ending with n - r+l. 11 us 
J> ( Is the product of six consecutive integers beginning with 9 
Mid ending with 9 - 6 + 1 = 4. Hence, by filling m with the 

integers between 9 and 4, we have 

= 9 ■ 8 • 7 • 6 • 5 • 4 = 60,480. 


If n and r are equal, we have that the total number of permutations 
of n different things taken n at a time is the product of the first n 

integers 

n P n = n(n - 1 )(n - 2 )(n - 3) • • • 4 • 3 • 2 • 1 = nl (2) 

It is customary to use the symbol nl, read “ factorial n ,” to repre¬ 
sent the product of the first n integers. Thus, we have 

nl = 1.2 • 3 • 4 • • • (n — 3)(n - 2)(n - l)n. (3) 


To illustrate: 

3 ! = 1 • 2 * 3 = 6 , 

51 = 1 * 2 • 3 • 4 • 5 = 120, 

7! = l-2*3*4-5’6*7 = 5,040. 

Sometimes the total number of specified arrangements is found 
by taking a sum or difference of the number of permutations. To 

illustrate: 

Example 4. How many ways can 5 different books be placed on a 
shelf so that two given books will not be adjacent to each other? 
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Solution. This problem may be solved in two ways. ’ ' 

hirst XIdhoti. Perhaps the easiest way to solve this problem is to 
think of the total number of ways 5 books can be placed on a shelf and 
then to subtract the number of ways two given books can be adjacent to 
each other. The 5 books can be placed on a shelf in &P 5 = 5 • 4 • 3 • 2 • 1 
= 120 different ways. To determine the number of ways the two given 
books can be adjacent, we can think of the two given books as being tied 
together; then there are 4 units to be arranged on the shelf. These 4 
units can be placed on the shelf in 4 P 4 = 4 * 3 • 2 • 1 = 24 ways, and since 
we can interchange the two given books, we have that these two given 
books can be adjacent to each other 2 • 4 P 4 = 48 times out of the possible 
120 different ways the five books can be placed on the shelf. Hence, the 
total number of ways 5 different books can be placed on a shelf so that 
two given books will not be adjacent to each other is the difference 

oPs - 2 i P i = 120 - 48 = 72. 

* % 

Solution . Second Method. Let A and B be the two given books. 
The number of different ways the remaining four books can be placed on 
the shelf so that B is not adjacent to A when A occupies different positions 
may be shown as follows: 

Positions 

1 2 3 4 5 

A 3 -3 *2 -1 =18 ways 

3 A 2 • 2 • 1 = 12 ways 

2-3 A 2 • 1 = 12 ways 

2 • 1 • 3 A 2 = 12 ways 

3 • 2 • 1 • 3 .4 = 18 ways 

Total = 72 ways 

88. PERMUTATIONS OF THINGS SOME OF WHICH ARE 

ALIKE 

Consider the permutations of n things taken all at a time when 
the n things are not all distinct. Since the n things are not all 
distinct, an interchange of two like things will not give essentially 
a new arrangement or permutation. For example, suppose we 
wish to find the number of distinct five-digit numbers that can be 
formed by using the five digits 1, 1, 2 , 2, and 2. If the five digits 

were all distinct there would be 5 F 5 = 5 • 4 • 3 ■ 2 * 1 = 120 dif¬ 

ferent numbers, but if we use the five digits 1, 1, 2 , 2 , and 2, then 
the 120 numbers are not all distinct, for interchanging the l’s 
will not change the number, and interchanging the 2’s will not 
change the number. Since the two l’s can be interchanged in 
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2p 2 = 2-1 =2 ways without changing the number, and the three 
2 ’s can be interchanged in 3 P 3 = 3*2*1 =6 ways without 
changing the number, it follows that in the 120 permutations ot 
the five digits 1, 1, 2, 2, and 2, each number is repeated twice 
because of the two l’s, and six times because of the three 2’s. 
Hence, the total number of distinct numbers that can be formed 
with the digits 1, 1, 2, 2, and 2, is 

2 

1 • 2 • 1 • 2 • 3 

and the ten numbers are 

11222 , 12122 , 12212 , 12221 , 21122 , 

21212, 21221, 22112, 22121, 22211. 

We shall next find the number of permutations of n things taken 
n at a time when the n things are not all different. The total 
number of permutations of n things taken n at a time is P n if the 
n things are all different. If in these n P n permutations we make 
< n ) of the things alike, then each permutation will be 
repeated ni P m times; because, for a given arrangement of the v 
things the n 1 like things can be permuted in nt P ni different ways 
without essentially changing the arrangement or permutation. 
If we now make n 2 other things alike, then each permutation will 
be repeated n2 P nt times. By continuing in this manner for each 
set of like things, we have the following theorem: 

Theorem II. The total number of permutations P of n things 
taken n at a time when n 1 things are alike, n 2 other things are alike , 
n 3 other things are alike, and so on is 


P = 


n* n 


nl 


111 Pn 1 * n *P 


nj n 3* n» 


n t ! • n 3 ! • n 3 ! • • •’ 


(4) 


where n = n x + n 2 + n 3 -f • • 


Example. How many permutations can be made of the letters in the 
word bookkeeper taken all at a time? 

Solution. There are 10 letters in all, 2 o’s, 2 k's, 3 e’s, and 6 , p. and r. 
Hence, the total number of permutations is 


p = 101 = 10 ’ 9 • 8 • 7 • 6 • 5 • i * 3 • % • 1 

21213! (1 • 2)(1 • 2)(1 -2-3) = 205,800. 











322 


COLLEGE ALGEBRA 


\l** 


QUESTIONS 

1. \\ 1ml are the two fundamental principles? 

2. W Hat is the formula for the number of permutation- of n different 
things taken r at a time? 

3. What is the formula for the number of permutations of n different 
things taken n at a time? 

4. What is the formula for the number of permutations of n things 
taken n at a time if the n things are not all different? 

EXERCISES 

1. How many numbers of 5 digits each can be formed by using all 
the digits 1, 2, 3, 4, and 5? 

2. IIow many numbers of 7 digits each can be formed by using all the 
digits 1, 2. 3, 4, 5, 6, and 7? 

3. How many numbers of 4 digits each can be formed by using four 
of the digits 1, 2, 3, 4, 5, 6, and 7? 

4. How many even numbers consisting of 6 digits can be formed by 
using all the digits 1, 2, 3, 4, 5, and 6? 

5. How many numbers of 5 digits each can be formed with the digit'¬ 
ll, 3 (use repetition)? 

6. How many numbers consisting of one or more digits can be formed 
with the digits 1, 2, 3, 4, and 5, if no digit is used more than once in a 
given number? 

7. How many even numbers consisting of 5 digits each can be formed 
by using all the digits 1, 2, 3, 4. and 5? How many odd numbers consisting 
of 5 digits each can be formed? 

8. How many 5-digit numbers greater than 34,000 can be formed with 
the digits 1, 2, 3, 4, and 5, no digit being repeated in any one number? 

9. How many numbers of 7 digits each can be formed by using all the 
digits 1, 1, 1, 2, 2, 2, and 2? 

10. How many numbers of five digits each can be formed with the 
digits 1, 2, 3, 4, and 5, if a digit may be used more than once in a given 
number? 

11 . * With 2 vowels and 3 consonants, how many distinct words begin¬ 
ning with a vowel and ending with a consonant can be formed by using 
all five letters? 

12. With 5 vowels and 8 consonants, how many distinct words begin¬ 
ning with a vowel and containing 5 distinct letters can be formed? 

13. In how many ways can 6 persons stand in line so that A and B will 

be adjacent to each other? 

14. In how many ways can 7 persons stand in line so that two gi’. en 
persons will not stand adjacent to each other? 
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15. In how many ways can 12 marbles (all different) be divided among 

3 boys? 

16. In how many ways can 12 books be divided among 4 boys. 

17. If there are 5 mail boxes on your way to class, in how many ways 

can you mail 2 letters? 

18. What is the maximum number of distinct telephone numbers of 

4 digits each that can be formed? 

19. In how many ways can the letters of each of the following words 
be arranged: Illinois, Mississippi, Massachusetts? 

20. How many distinct words can be formed by using all the letters in 
the word Tennessee? In the word Cincinnati? 

21. A coach has 12 men on a basketball squad of which 2 men can play 
center, 6 men can play foreward, and 4 men can play guard. In how 
many ways can the coach assign the positions on the basketball team? 

22. How many words can be formed by using all the letters in the word 
Pennsylvania if the position of the vowels is not changed? 

23. Is it possible to make a telegraphic code for the twenty-six letters 
of our alphabet and the ten digits, if no letter or digit is to contain more 
than 3 dots and 2 dashes? 

24. In how many ways can 4 men and 4 women stand in line so that no 
men are standing side by side nor any women are standing side by side? 

25. In how many ways can 2 dice fall? 

26. In how many ways can two dice fall to give the sum 2? The sum 
3? the sum 4 and so on? Finally the sum 12? 

Write the following in product form. 


27. JP 5 = ? 
31. n-sP 3 = ? 


28. nPl = ? 
32. n— \P r = ? 


29. JP r _i — ? 

33. 40 P 37 — ? 


30. „P r+2 — ? 
34. -JP n—2 = ? 


Find the value of each of the following. 


35. 


39. 


8 P 8 
<>P 6 

36. 

12 P 12 

9 P 9 

37. 

8! 

7! 

6! 9! 

40. 

n! 

41. 

n! 

7! 8!* 

( n - 1)!' 


38. 


(n + 1)! 

(n — 1)! 


- (n - 1)!. 42. (n + 1)! - (n - 1)1 


89. COMBINATIONS 

Combinations differ from permutations in that a permutation 
is an arrangement with regard to order in the arrangement, and a 
combination is a set or a group of things without regard to any order 
in the group. Thus, r things taken r at a time can give only one 
group or combination, but these r things can be arranged in 
rPr — r ! permutations, and conversely, all the r \ different permuta¬ 
tions of r things taken r at a time give the same combination. 
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The symbol n C r is used to denote the total number of combina¬ 
tions of n things taken r at a time. We shall illustrate by the 
following example. 

Example 1. Find the number of different committees of 3 men each 

that can be formed from 5 men. 

Solution. In this ease we are not interested in any order or arrarme- 
ment of the men composing a committee. We are merely interested in 
the number of distinct combinations or committees of 3 men each that 
can be formed from the 5 men. The 3 men can be selected from 5 men 
in 5 P 3 = 5*4*3 different ways. Since the 3 men on each committee 
can be selected in 3 P 3 = 3 * 2*1 different ways, the number of distinct 
committees is 

2 

r = = 5 = in 

5 8 3 P 3 1*2*3 

The 60 permutations of 5 things taken 3 at a time are given in 
Article 87. It should be observed that if we think of the men as 
being numbered, there are 6 permutations giving the same com¬ 
bination or committee. Thus, we may suppose that the 10 differ¬ 
ent committees are indicated by the first row in the arrangement 
given in Article 87. 

Since there are n P r distinct permutations of n things taken r at a 
time, and there are T P r = r! permutations that have the same 
combination, we have the following theorem: 

Theorem I. The total number of combinations of n things taken 
r at a time is the number of permutations of n things taten r at a 
time divided by the number of permutations of r things talxn r at 
a time. Therefore, 


r + 2)(n — r T 1) 

(r - 1) (rj 

(5) 

Observe that the number of combinations of n things taken r 
at a time is a quotient whose denominator is factorial r, represent¬ 
ing the product of the first r integers, and the numerator is the 
product of r integers beginning with n and decreasing consecu¬ 
tively. To find the value of n C r , it is helpful to write the r con¬ 
secutive integers in the denominator first, then write in the 


n C r = 


n 


P r nPr 


r p r r 1 

n\n — l)(n — 2)(n — 3)* • *(n — r + 3)(n — 
1 • 2 • 3 • 4 ... tr — 2 ) 
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numerator a number above each number in the denominator, 
placing n above 1, n — 1 above 2, and so on. Cancellation 
should be employed to simplify this quotient, which is always an 
integer. To illustrate: 


7 



7 P i 7 • 0 • 5 • i 
tP, 1 • 2 • 3 • 




Cz — 


11 - 


11 - 20 


3 2 
9-8-7 


UW 


sP 


1 • 2 • 3 • 4 • 8 


= 462. 


C 4 = 


10 ^ 4 


3 

ioP 4 _ 10 • 0 • 8 • 7 
4 P 4 1 ■ 2 • 3 • i 


210 . 


10 




3 

10 * 9 • 8 * 7 •- 6 —Tjr 
1 • 2 * 3 * 4 * 


210 . 


Since the symbol 10 C 6 has the same value as the symbol 10 C 4 , it 
suggests the following: After r things have been selected to form a 
combination, the remaining n — r things can form but the one 
combination. Hence, it follow’s that there must be as many com¬ 
binations of n things taken r at a time as there are combinations of n 
things taken n — r at a time. This is shown algebraically by 


n(n - l)(n - 2) • — (r + 1) (r) • • • (n - r + 1) 

1 ' 2 • • * (n- — r) {n — r + 1) • • • (r) 

_ n(n — 1) • • • (r + 1) 

1 ■ 2 • • • (ft — r)' 

Hence, 



n 




n —r • 



Theiefore, when finding the value of n C r we may use the smaller of 
the two numbers r and n - r. ‘To illustrate: 


n n 50 • 49 
50^48 — 50 O 2 = ~YT 9~ = 1,225. 

From the fundamental principle, (II), Article 87, we have the 
following important relation. 

If there are several groups of things, the first group containing n, 
things, the second group containing n 2 things, and so on, then the 
total number of combinations of r, + r 2 • • • things taken at a 
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time, of which r i things are from the first group, r 2 things from the 
second group, and so forth, is the product ni C ri ■ „ 2 C rs • • • (but 
never their sum). 

Example 2. In how many ways can 3 consonants and 2 vowels be 
selected from 8 consonants and 5 vowels? 

Solution. 

4 2 2 

»C, • A = YTyr| ’ = 56 ' 10 “ 56 °- 

The actual computation necessary to solve problems in permuta¬ 
tions and combinations is not difficult. The most difficult part 
of such problems is analyzing the problem to determine whether 
it is a permutation problem, or a combination problem, or a 
combination of the two, or whether it is the sum of several permu¬ 
tations or combinations. 

Example 3. How many distinct words or symbols composed of 3 
different consonants and 2 different vowels each can be formed from 
thirteen different letters of which 8 are consonants and 5 are vowels 
(assuming all different arrangements of letters to form words or symbols)? 

Solution. In this case it is necessary: First, to determine the number 
of ways in which 3 consonants can be selected from 8 consonants, and 2 
vowels from 5 vowels; second, to determine the number of different words 
that can be formed with each selection of 3 consonants and 2 vowels. 
The first part is a combination problem and the second part is a permuta¬ 
tion problem. 

. n 8 • 7 ■ 0 

The 3 consonants can be selected from the 8 consonants in 3 - 1 . ^ . jj 
= 56 ways, and the 2 vowels can be selected from the 5 vowels in 5 C 2 
_ 5 ' 4 = io ways. For any one of the 56 selections of 3 consonants, 

any one of the 10 selections of 2 vowels can be used. Hence, by the 
fundamental principle (II) given in Article 87, the 3 consonants and 2 
vowels can be selected from the 8 consonants and 5 vowels in 56 
= 560 ways. The rest of the problem is to determine the number o 
words that can be formed with each selection of 3 constants and 2 vowels 
This is a permutation problem and for each selection of 3 consonants anc 
2 vowels there are bPs = 5 ■ 4 • 3 • 2 • 1 = 120 words. Hence, in all 
there are 8 C 3 * & C 2 * ™ • 10 • 120 = 67,200 words. 

Another type of problem is the following. 

Example 4. In how many ways can 5 coins fall? 
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Solution . In this case the number of heads or tails to appear is not 
specified. Thus, it is necessary to determine the sum of the number of 
ways in which 5 coins can fall no heads, 1 head, 2 heads, 3 heads, 4 heads, 
and 5 heads. The 5 coins can fall 


no heads in 

1 head in b C\ 

2 heads in 5 C 2 

3 heads in 5 C 3 

4 heads in 5 C 4 

5 heads in b C b 


1 way 


5 

1 

5-4 
1-2 
5 - 4*3 
1 - 2-3 
5 - 4 - 3-2 
1■2 -3 -4 
5 - 4-3 • 2 ■ 1 
1 • 2 • 3-4 • 5 


= 5 ways 

= 10 ways 

= 10 ways 

= 5 ways 

= 1 way 

32 ways 


The number of ways in which 5 coins can fall is 1 + b C 1 + 5 C 2 + 5 C 3 + 
5C4 4“ 5C5 — 32 = 2 5 . 

Example 4 can also be solved by using Principle (II), Article 87. 
Since each coin can fall in 2 ways, then the 5 coins can fall in 2 • 2 • 2 • 2 • 2 
= 2 5 = 32 ways. 

For the general case, let us determine the total number of com¬ 
binations of n things. This can be done by finding the sum of 
the number of combinations of n things taken 1 at a time, taken 
2 at a time, taken 3 at a time, • • • , and finally taken n at a 

time. Hence, if C denotes the total number of combinations of n 
things, we have 

C = «Ci + „C 2 + nCz + * * * + nCn -2 + + n C n . (8) 

By means of the following reasoning, this sum is shown to be 
2” - 1. 

Consider the expression 

(a + x) n = (a + x){a + x){a + x) • • • 

(a+x)(a-fx)(a+a;). (n factors) (9) 

By removing parentheses we have terms each of which is composed 
of the product of n letters, where a letter must be taken from each 
o the n pairs of parentheses. The product of n cl’s can be obtained 
m but one way, hence the term a n . The product of (n - 1) a ’s 
and one x can be obtained in n C i ways, the number of ways in which 
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one x can be selected from n z’s, hence the term n C\a n ~ l x. The 
product of (n — 2) a’s and two re’s can be obtained in „C 2 ways, the 
number of ways in which two cc’s can be selected from n x% hence 
the term n C 2 a n ~ 2 x z , and so on. Therefore, 


(a -T x) n = a n + n Cid 71 } x + n C 2 a n z x 2 -T • • • -f- 

nC n — i(ZX n 1 + n C n X n . 

If in Equation (10) we let a = 1 and x = 1, then 


( 10 ) 


(1 + 1 )” = 2 " = 1 + n Cx + nC 2 + nC 3 + * * • + 

nCn^2 4 " nCn—l + 


(ID 


Equation (11) reduces to Equation (8) if 1 is subtracted from both 
members of Equation (11). Hence, the total number of combinations 
of n things is 

C = n C\ + n C 2 + nCz + nCi + * * ' + 

nC n —2 + nCn—l + n C n = 2 n — 1. (12) 

Observe that if 5 coins fall, they can fall all tails in addition to 
1, 2, 3, 4, and 5 heads, respectively. Hence, 5 coins can fall in 
2 5 ways instead of 2 5 — 1 ways. 

Many problems, unless carefully stated, can be considered either 
as permutation problems or as combination problems. To 
illustrate, suppose the question is stated as follows: In how many 
ways can 3 cards be drawn from a deck of cards? If the 3 cards 
are drawn one at a time, the problem is a permutation problem. 
If the 3 cards are drawn at the same time, the problem is a com¬ 
bination problem. In the problems to follow, we have attempted 
to state each problem carefully so that it is either a permutation 
problem or a combination problem, but not both. 

QUESTIONS 

1. What is the total number of combinations of h things taken r at 

a time; taken n — r at a time? 

2. What is the total number of combinations of n things? 

3. What is the total number of combinations when the elements are 

selected from different groups? 

PROBLEMS 

1. How many distinct committees of 6 persons each can be selected 
from 12 persons? 

2. How many triangles can be formed by joining 10 points in pairs, 
no three of which are in the same straight line? 



COM BIX A TIOXS 



3. How many distinct drawings of 3 cards each can be made from a 
deck of 52 cards? 

4. How many distinct drawings of 3 red cards each can be made from 
a deck of 52 cards? 

6. How many distinct drawings of 3 face cards each can be made 
from a deck of 52 cards? 

6. How many different rounds of mixed bridge consisting of one 
table each can be played with 5 boj r s and 5 girls so that both pairs are 
not the same as in any previous round? 

7. A class has 25 members, 10 girls and 15 boys. How many different 
committees of 3 boys and 2 girls each can be formed? 

8. How many committees of 5 men and 3 women each can be selected 
from 10 men and 8 women? 

9. In how many ways can 4 balls, of which 2 are red and 2 are white, 
be selected from a box containing 5 red and 7 white balls? 

10. From a box containing 3 red balls, 4 white balls, and 0 black balls, 

3 balls are drawn at once, (a) In how many ways can 1 red. 1 white, and 
1 black ball be drawn? (b) In how many ways can 1 red and 2 black 

balls be drawn? (c) In how many ways can 2 red and 1 white ball be 
drawn? 

11. If there are 10 men in a meeting and each shakes hands with all the 
others, how many handshakes are there? 

12. How many planes are determined by 15 points, no 4 of which lie 
in the same plane? 


13. How many baseball teams of 9 men each can be chosen from 19 
players of whom 2 can only catch, 5 can only pitch, 7 can only play in 
the infield, and 5 can only play in the outfield? 


14. How many baseball teams can be formed in Problem 13 if 2 of 
t he pitchers can play any of the positions in the outfield ? 

15. A class has 25 members, 10 girls and 15 boys. How many com¬ 
mittees of 5 each can be selected so that each committee contains at 
least 2 boys? 

16. How many committees of 8 persons each can be selected from 10 
men and 8 women so that each committee contains at least 4 men? 

17. How many words containing 3 vowels and 5 consonants can be 
formed from 5 vowels and 8 consonants? 

18. How many words containing 2 vowels and 3 consonants can be 
formed from 5 vowels and 8 consonants? 


19. How many different sums can be formed with a cent, a nickel a 
dime, a quarter, and a half dollar? 

20. With 6 flags, each of a different color, how many different signals 

gl ' ™ by “ Smg 0De 0r more fla «=’ s at a time Placed vertically^on a 
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21. In how many ways can 6 coins fall, showing at most two heads ' 

22. In how many ways can 6 coins tail, showing at least two heads. 

23*. There are 2 tall men on a basketball squad of 10 men. (a) How 

many teams can be formed containing just one tall man? (b) How 
many teams can be formed containing both tall men? (c) How many 

teams can be formed containing a tall man? 

24. From a squad of 10 men, how many basketball teams can be formed 

so that two particular men will not be on the same team? 

25. In how many ways can a deck of 52 cards be dealt o oui p y , 

each nlaver receiving thirteen cards? 

26 P A basket contains 5 apples, 8 oranges, and 9 bananas. How many 

different selections of 5 pieces of fruit can be made. 

27. At a mixed bridge party of 3 tables, how many rounds of budge 

can be played so that not all partners are the same in any roun y 

of 3 tables, how many rounds of bridge 

formed ^from 5 vowels and 8 consonants, if each word begms and ends 

W1 30. a A basket contains 6 red balls, 8 white balls, and.*^n^all 8 three 
how many ways can a^selection of 3bah e ma e^ s ° 4 % are red 

TALr m * 7 ■ 

red? (7) 2 are white and 1 is blue? (8) 2 are blue and 1iswhite ( 

2 are blue and 1 is red? (10) 1 is red, 1 is white, and 1 is blue? 

Write the following in ratio form. 


31. „C S = ? 
34. «—2 Cr = ? 


32. „C 8 = ? 

35. n-lCr-l = ? 


33. n—iCb — ? 

36. n+3 Cr— 


= ? 


90. MEANING OF PROBABILITY 

The most interesting applications of ^^^ons ^d^m- 
binations are in the field of probabilities and tldurance and 

a ^^!*^ti° ns be^nterested in'only a few of 

the^simpicr ^problems in probability, to acquaint the reader with 

the concept of probability. nortion 0 f successful 

By probability of success is meant the propo lion a 

events out of many trials. For examp e ou 
coin, 50 % of the tosses are likely to be heads, 
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are likely to be tails. It is customary to use the fraction form to 
represent probabilities, instead of the per cent notation. T 
the probability that a coin will fall heads up is T ; that 1S > a C f °“ 
can fall heads up 1 way out of the 2 possible way . 

In ™<.kin g a trial we often call the happenmg of the event in 

qU DBFiOTTiON. Ce TL probability that an event will happen is the 
ratio of the number of successful ways the event can happen o >e. 
total possible number of ways the event can happen or fat. 

It is necessary for all events to be equally i e y o appen. 
Consider, for example, what is the probability that the sun wi 
rise tomorrow? Since the sun will either rise tomorrow or it will 
not rise, we may argue that the events can happen in two ways, 
one of which is successful. Hence, we may reason that u* 
probability that the sun will rise tomorrow is However, we 
know that it is a certainty that the sun will rise. (In this case were 

we considering things equally likely to happen?) 

If we make n trials resulting in s successes and n - s failures, 
then the probability p that one particular trial of the event will 

result in a success is given by 


s 

v = 


03) 


and the probability q that one particular trial of the event will 
result in a failure is given by 



The'sum of the probabilities of success and of failure is therefore 
equal to 

V + q = - + - = 1. (15) 

^ * n n 

Example 1. One card is drawn from a deck of 52 cards. What is the 
probability that the card is an ace? 

Solution. One card can be drawn from the deck in 52 ways and one ace 
can be drawn in 4 ways. Hence, the probability that one card drawn 
from a deck is an ace is 4 out of 52, or 

4 1 

V ~ 52 13' 
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Many problems in probabilities can be solved by using any one 
of three essentially different concepts. For certain problems the 
probability that an event will happen can be considered as the 
ratio of two permutations, or the ratio of two combinations, or 
the product of the probabilities that each successive event will be 
successful. To illustrate the three methods, let us solve the 

following example. 

Example 2. If 3 cards are drawn from a deck of 52 cards, what is 

the probability that all 3 cards are black? 

Solution 1 .' If we think of the 3 cards as being drawn one at a.time, 

then the 3 cards can be drawn from the deck of cards in «P. " f ' 5 ' ^ 
HiffprMit wavs and the 3 black cards can be drawn from the 26 black 
cards in 26 P 3 = 26-25-24 ways. Hence, the probability that the three 
cards drawn are black is the ratio of the two permutations 

26 P 3 _ 26 • 25 • 24 _ 2 
V = z = 52 -51-50 17' 

Solution 2 If we think of the 3 cards as being drawn all at the same 
time fhen the 3 cards can be drawn from the deck of cards m 

52 • 51 • 50 = 22100 waySj an d the 3 black cards can be drawn 


C 3 = 


1-2-3 



52V 3 ^ 

, . r - 26j^ 25_^24 = 2 600 ways> Hence, 

from the 26 black cards in 26 C 3 - 51 .2 • 3 ’ 

the probability that the 3 cards drawn are black is the ratio of the two 

combinations 26 . 25 . 24 

26^*3 _ 

V = 


52V 3 


I -2-3 _ 2,600 = 2l. 

52-51-50 22,100 17 


1-2-3 


Solution 3. If we draw one card at a time, then the probabilitt that 

the first card drawn is a black card is = j* there being 26 black car , 

. ,, re , v. fi rs + drawing is successful, only 25 black cai 3 

areleftTnthedeck. Hence, the probability that the second card drawn 

is a black card is p 2 = g. The probability that the third card dra^n 

is a black card is p 3 - % The prohahiiity that all three cards dr-, 
are black is the product of the separate prohahiiities. Hence, we 


nc 0 4 
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Theorem for Dependent Events 

Theorem 1. If the probability of a first event ts p, and Rafter 
this has happened, the probability of a second event ts p„ then th 
probability that both events will happen in the order stated rs PlP ,. 

(This may be extended to any number of e\t n >.) . v , 

Proof: If the first event can happen in «i "ays, ant a ei i 
happened the second event can happen in «, " ays, then from the 
fundamental principle (I) m Article 87, il lolhms 1 m '® °,' 

number of ways in which the two events can | “ ' of 

stated is Wl • In like manner if a, represents the mnn e. o 
ways in which the first event can be successful, and s, the num 
of wavs in which the second event can be successful, then the tot, 
number of possible ways in which both events can happen suc¬ 
cessfully is a, • *. Hence, the probability p that both events are 

successful in the order stated ib> 

(16) 


V = 


Si ' So 


S 1 s 2 


= Pi • V 2 


n i * n<i n i 

Example 1. If 3 cards are drawn from a deck of 52 cards, what is 

the probability that the 3 cards are spades ? 

Solution. The probability that the first card drawn is a spate is 

„ = !?. xf the first card drawn is successful, the probability that the 

r 1 r 


52 


12 


second card drawn is a spade is p 2 = 3 =- If the first two cards drawn 

are spades, the probability that the third card drawn is a spade is p, = 
Therefore, the probability that all three cards drawn are spades is 


13 12 11 
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V = Pi * P2 • Ps - 52 ‘ 51 ' 50 2,550' 

One should observe the distinction between the probability that 
each of a set of events will happen and the probability that just 
one of a set of events will happen. The formei is the piobabilit\ 
for independent events and the latter is the probability for mutu¬ 
ally exclusive events. 

Theorem for Independent Events 

Theorem 2. The probability that all of a set of independent 
events will occur is the product of their separate probabilities. 
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Example 2. What is the probability of throwing a 2 in each of three 
successive throws of a single die? 

Solution. These events can happen independent of each other. The 
probability of throwing a 2 in one throw of a die is ^ (a die can fall 0 
ways). The probability of throwing a 2 three times in succession is 
the product of the separate probabilities; that is, 

1111 
p- 6G'g 216' 


Theorem for Mutually Exclusive Events 

Theorem 3. The probability that one of any number of a set of 
mutually exclusive events will happen in a single trial is the sum of 

the probabilities for the separate events. 

Proof: If an event can happen in n ways, each equally likely, 

and if Si represents the number of ways in which the event can be 
successful from the first set and s 2 the number of ways in which 
the event can be successful from the second set, then the prob¬ 
ability p that a single trial will result either in one of the s, ways 

or in one of the s* ways is 


V 


S, + S 2 = Si S, _ 

- n 


(17) 


n 


n 


Example 3. Find the probability of throwing a 1, or a 2, or a 3 in a 

single throw of one dice. , , 

Solution. Since throwing a 1 with a single throw of a le exc u . 
throwing of a 2 or a 3, and the same for a 2 or 3, the three events ^e sai 
to be mutually exclusive. The probability of throwing any one of three 
numbers in a single throw of a die is the sum of the separate probab.l.ties, 

that is, 




= A A- A -A 4 — 


Theorems for Repeated Trials 


leui Cilia irn - 

Theorem 4. If P is the probability that an event ^ 
any single trial, then the probability ? that an event mil happen 

exactly r times in n trials is 


P = nCrfq 71 -*■ 


or P — n C n — rp T q n 


(18) 


Proof- To find the probability that an event will happen exactly 
Let p denote the probability that the event will happen in a - g 




probability 


335 

PRUBA&iLii i i 

, . , i „ t he nrobability that it will fail (g = 1 ~ v)- The 

probability that the By Artic le 89, the r trials can 

n — r trials ar . . ~ Thus the r events can hap- 

be selected from n trials in n C r way • , , + i ev ents 

^ rnffWnt orders and the probability that the r c\cin. 

pen m n r _ n f thpse orders is nC'r times as great as the 

will happen in any one of these ordeis n r icular order> 

probability that the event will happen in c p 

Hence P = nC , rP r 3 n_r - _ f • 

Example 4. What is the probability of throwing exactly 3 fouis 

5 throws of a single die ? 

Solution. 2 

5 • 4 • 3 /l\ /o\ _ 1^^ . 

^3P 3 ?- = 1 T 2 T 3 ^ 6 / 3 > 888 

One should not confuse the probability that exactly r events will 
happen in « trials with the probability that at least r events or at 
Jit , events will happen in n trials. The probability that at 
least r events will happen means that r or more than r events " 
happen; and the probability that at most r events will happen 

means that r or less than r events will happen. 

Theorem 5. // P is the probability that an event mil happen in 

any single trial, then the probability P that an event mil happen at 
least r times in n trials is 

■ • ■ + nCrp T q n - T . (19) 


P = p n + + nCn-1p n V + 

P = p n 4- nCip n ~ x q + nC*p n - 2 q 2 + * 


+ nCrp r q n ' 


( 20 ) 


Proof: The probability that the event will happen n times in n 
trials is p n . By Theorem 4 the probability that the event will 

happen exactly n — 1 times in n liials is nC. n_iP Q Q' 

The probability that the event will happen exactly n — 2 times 

^ A ^ jrsi ^ _rt T__ PimaIUt 


in n trials is „C„_ 2 p"- ! 9 2 = nCiP n ~Y, and so on. Finally the 
probability that the event will happen exactly r times in n trials 
is n C r p r g n_r . Then by Theorem 3 the probability that any one ot 
these events will happen is the sum of the separate piobabilitics. 


Example 5. Find the probability of throwing at least 3 fours in 5 
throws of a single die. 

Solution. The probability of throwing either 5 fours in 5 throws, or 
throwing exactly 4 fours in 5 throws, or throwing exactly 3 fours in 5 
throws is given by the following sum. 
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” 7,776 ^ 7,776 7,776 

23 

- 648* 

In the case of probability of life, life and death are not equally 
likely to happen, nor is the probability the same for different 
individuals. However, by observing many individuals we can 
speak of the probability of life of each individual as being repre¬ 
sentative of the group. To illustrate, from the American Experi¬ 
ence Table of Mortality (p. 411) it is found that out of 92,637 
men living at the age of 20, there are 89,032 of them still living 
five years later. Hence we say the probability that a man 20 
years of age will live five more years is 

89,032 
v ~ 92,637’ 

or approximately 24 out of 25. 


PROBLEMS 

1 . One ball is drawn at random from a box containing 3 T\Jite and 
5 black balls. What is the probability that the ball is (a) white, (b) 

'’ la t' A card is drawn from a deck of 52 cards. What is the probability 

that 3 th Tw C o ar c d ards re a d re drawn from a deck of 52 cards. What is the prob- 

‘X deck of 52 card. What is the 

probability that they form a parr? 

5. There are 25 names in a box. If 2 names aie draw n a 

what is the probability that (a) a given name is drawn .(b) 

"“’Tlf yot are standing in a line of 8 persons, what is *e probability 
that you are at the head of the line? What is the probability that yon 

are standing beside your chum? 9^4 and 5. respectively. 

7 A box contains tickets numbeied , , > > viHv that they 

If five tickets are drawn one at a time, what is the probability tha , 

will be drawn in the order 1 , 2, 3, 4, 5? 
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8 A 5-digit number is written with the digits h % 3 > 4, and 5. What 

iS f 3"heads (a) in th.ee throws 

. *. , • o (u\ ‘ m one throw of three coins? 

° lo!' What is the probability of throwing 4 heads (a) in four throws 

0f n! ! lfa C £e throw orcein", thTJ the probability of throwing 

(a) exactly 3 heads? (b) at least 3 heads. ,, yi : g 

1 12. A coin is tossed twice. What is the probability that one fall . 

Hpad and the other fall is tail? . ^ . • 

13 . If you have 3 lottery tickets out of 100 tickets and one ticket s 

drawn at random, what is the probability that you hold the winning 

14 Which is the greater, the probability of throwing at least one ace 
in six throws of a die, or the probability of throwing at least one head in 

'two throws of a coin? 

15 . What is the probability of throwing at least one 6 m thiee 10VlS 

of a single die? . . , , 

16 . What is the probability of throwing just one pair m a single throw 

of (a) 2 dice? (b) 3 dice? _ ... . 

17 . What is the probability of throwing a total of seven 'with a »mg e 

throw of two dice? 

18 . In throwing 2 dice eight times, what is the probability of throwing 

(a) 7 exactly five times? (b) 7 at least five times? 

19 . Four balls are drawn one at a time from a box containing 4 white 
and 8 black balls. What is the probability that they are alternately of 

different colors? 

20. A box contains 3 girl’s names and 3 boy’s names. If thiee con¬ 
secutive drawings of two names each are made, what is the probability 
that each of the three drawings will contain a boy’s name and a girl’s 


name? 

21. What is the probability of throwing 4 heads exactly 5 times in 10 
throws of six coins? 

22. Ten coins are tossed. What is the probability that exactly 5 
coins will fall heads up? 

23. Four cards are drawn from a deck of 52 cards. What is the 

probability that two are red and two are black? 

24. A building has 5 exits, each equally accessible. If there are 3 
persons in the building when a fire alarm is sounded, what is the prob¬ 
ability that they will all run for the same exit? 

25. If 4 balls are drawn at random from a box containing 3 red, 5 
white, and 8 blue balls, what is the probability that: (a) all are white? 
(b) all are blue? (c) 3 are red and 1 is white? (d) 2 are white and 2 are 
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blue? (e) 3 are white and 1 is blue? (f) 1 is red, 1 is white, and 2 are 
blue ? 

26. A basket contains 6 red balls, 8 white balls, and 4 blue balls. 
Three balls are drawn at random. What is the probability that: (a) 
all three are red? (b) all three are white? (c) all three are blue? (d) 
2 are red and 1 is white? (e) 2 are red and 1 is blue? (f) 2 are white 
and 1 is red? (g) 2 are white and 1 is blue? (h) 2 are blue and 1 is 
white? (i) 2 are blue and 1 is red? (j) 1 is red, 1 is white, and 1 is 

blue? 

27. At a bridge party of 3 tables, the men draw their tallies from one 
set of six tallies, and the women draw their tallies from a different set of 
six tallies. What is the probability that each man will have his wife for a 
partner ? 

28. A box contains the names of 3 married couples. If three con¬ 
secutive drawings of two names each are made, what is the probability 
that each drawing will contain the names of a husband and wife? 

29. Three men go rabbit hunting. If one man gets, on the average, 
1 rabbit out of every 2, the second man gets 2 rabbits out of every 3, 
and the third man gets 3 rabbits out of every 5, what is the probability 
that they will get a rabbit if they all fire simultaneously? What is the 

probability that they will all hit the rabbit? 

30. In a game of chance 3 dice are tossed. Before tossing, a player 
calls a number from 1 to 6. If any of the three dice turns up the numbei 
called, the player wins double his bet. If two of the dice turn up the 
number called, the player wins treble. If all three dice turn up the 
number called, the player wins quadruple. If none of the dice turn up 
the number called, the player loses. What are the odds in favor of the 


house? , 

31. You are given an option of drawing a bill from one of two boxes. 

In the one box there are 9 one-dollar bills and 1 ten-dollar bdl, an in 
the other box there are 5 one-dollar bills and 8 ten-dollar bills. What is 

the probability that you will draw a ten-dollar bill? 

32. If 3 cards are drawn at random from a deck of 52 cards, v a 

the probability that: (a) all are aces? (b) all are face cards? (c)allare 
red ? (d) all are the same suit? (e) all are of a kind (same 

(f) all are the same color? (g) they are consecutive cards in the same 

suit ? (h) they are each of a different suit? 

33 . What is the probability of dealing a perfect hand at bridge (thirteo 

' " 34 ! What is* the probability that the dealer at bridge deals himself a 
35.' What*is the probability that a man 21 years of age will live to be 

30? 40? 50? 60? 65? 
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36 . What is the probability that a man now 21 years of age will die at 

th 37 aS At f the ? time of the birth of a son, the father is 30 and the mother 

is 25. What is the probability that the parents ''' , l both b ' ® 

when the boy is 21 years of age? What is the probability that just one 

of the parents will be living at this time? 

38 . A husband was 25 and his wife was 20 at the time of their marriage. 

What is the probability that at least one of them will live to lie / 0 

39 . A boy 24 and a girl 20 marry. What is the probability that the> 

will live to celebrate their golden wedding anniversary. If they arc 
both living 25 years after marriage, what is the probability that e> 

will live to celebrate their golden wedding anniversary ? 

40 . Fifteen years after marriage the couple in Problem 39 has 2 boys, 
one aged 10 and the other aged 13. What is the probability that the 
parents will live to see both boys become of age? What is the prob¬ 
ability that all four will live to celebrate the parents’ golden wedc ing 

anniversary? 
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Binomial Theorem 
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92. BINOMIAL THEOREM; POSITIVE INTEGRAL 

EXPONENTS 

The theory of combinations is very useful for finding the 
coefficients of the terms in the expansions of powers of binomials. 
Each term of the expansion of 


(a + x) n = (a + x)(a + x)(a + x) 

(a x)(d + x)(a + x) (ji factors) 


is composed of the product of n letters, where one and only one 
letter is taken from each of the n pairs of parentheses. ^Therefore, 
the number of different ways any product such as a" r af can be 
formed is either the number of ways the r x’s can be selected from 
the n pairs of parentheses or the number of ways the n-r as 
can be selected from the n pairs of parentheses. By Article 89, 
Equation (7), these two numbers are equal and they are „C r or 
C . After the r x’s have been selected, the n — r a ’s can be 
selected in but one way, or if the n - r a’s are selected first, then 
the r x’s can be selected in but the one way. Applying this 
reasoning to each term, we have the following : formula (o ,- the 
expansion of a binomial, which is known as the binomial theorem 

(see Equation 10, Article 89): 


(a + x) n = 


a 11 + n Cia n - l + *C 2 a n-2 + * ‘ * + 

+ n Ciax n_1 + x n 


n C r a n ~ r x r + 


• i * 


( 1 ) 


n(n — 1) 


= a n + na n ~ l x + — 


2 X 2 


n(n — 1 )(n — 2) 

r2^i 


a n ~ 3 x 3 + • *. * + x n . 



* A proof of the 
103, Chapter XX. 


binomial theorem by mathematical induction is given in 

m 

, 340 


Article 
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Sometimes the symbol 



is used for the binomial coefficients 


instead of the symbol n C r . 

Example 1. Expand (a + x) 6 . 

Solution. 


< a + x y = a 6 + eC\a h x + 6 C 2 a 4 a; 2 + ^ 3 a 3 x z + 6 C 2 a 2 a- 4 + eC i«x 5 + z 6 , 

- - - - . 6-5 aixZ _|_ 6 • 5 • 4 n ^ 4 + 


= a 6 + 6a 5 ;c + 


1 • 2 


5 ‘ 1 a 3 * 3 + 6 


1 - 2-3 


1 -2 


a 2 x 4 + 


/"i /V* r) . 1_ 




simplifying gives 

( a a;)6 = a 6 + 6a 5 x + 15a 4 x 2 + 20o 3 x 3 + 15a 2 ^ 4 + 6az 5 + a: 6 . 

The binomial theorem for the expansion of (a + x) n has the 
following properties: 


1. The first term is a n . 

2. The second term is na n ~ l x. 

3. The number of terms in the expansion is (n + 1). 

4. The exponents of a decrease by unity, and the exponents of x 

increase by unity from term to term. 

5. The sum of the exponents of a and x in any term is n. 

6. The coefficients of the terms equidistant from the ends of the 

expansion are equal. 

7. n C 0 must be defined to be 1. 

8. If in any term the coefficient is multiplied by the exponent of 
a, and this product is divided by the exponent of x increased by 1, 
the result is the coefficient of the next term. 

To prove this latter statement, consider the two consecutive terms 

n C r a n-r x r + n C r+ ia n -^-V +1 


in the binomial theorem, and compare the coefficients n C r and 
n C r + 1 . Since 

n(n — 1 )(n — 2) • • • (n — r + 1) 
nE r — 1 • 2 ■ 3 * * * r 1 


and 


n 



n(n — l)(n — 2) • • • (n — r + l)(n — r) 

1 • 2 • 3 • • • (r) ■ (r + 1) 


it follows that n C r +1 can be obtained from n C r in the following 
manner: 


n 




n — r 

m 

r + l’ 
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which completes the proof. To illustrate, in 


(a + x) 6 = a 6 4- 6 a 5 x + 15 a 4 x 2 + 20a 3 x 3 + 15a 2 x 4 + 6ax 5 + x 6 , 


the third coefficient is 


= 15, the fourth coefficient is — 


20 ■ 3 


= 15, and so on. 


= 20, the fifth coefficient is 

The objection to using this method is that if an error is made in 
calculating any coefficient, then the coefficients following will be 
incorrect. Therefore, when this method is used to find the 
coefficients, then some of the coefficients should be checked either 
by evaluating the combination symbol for the coefficient, or by 
observing that the coefficients of the terms equidistant from the 

ends of the expansion are equal. 

For the nth power of a difference, we can either expand (a — x) n 
by making x negative in the formula in Equation (1) and expand 
r a or we can observe that every other term contains 

an even power of x and hence the terms will alternate plus and 
minus, the odd terms being positive and the even terms being 

negative. Hence, we may write 
(a - x) n = a n - n CiCi n - l x + n C 2 a n -^ 2 - n C 3 a n ~ 3 x 3 + * * ' (3) 

In the expansion of a binomial containing numbers and powers of 
letters it is best to first write the expansion in formula form, then 
simplify This is equivalent to substituting the proper values 
for a, x, and n in Formula (1), and then simplifying the result. 

To illustrate: 


Example 2. Expand ^2x 2 


+ 



In this case n = 4, a — 2x 2 , and x 


Solution. 

in Equation (1), and simplifying we have, 


a 

2b 3 ' 


Substituting 


^2x 2 + = (2x 2 ) 4 + 4 Ci(2x 2 ) 3 ^b 3 / 

(jlX 

\2 b 3 ) 


+ 


A(2x 2 ) 2 


_ . , 8x 6 a , 4 
= 16x 8 + 4 -srr + 


+ 4 C 3 (2x 2 ) 


Os?) + ,c ' (2I’) 


2 b 


1 -2 


3 4x 4 a 2 


+' 


4 

1 


3 • 2 2x 2 a 3 4-3*2 

’ *8 b^ 


1 

TT2- 3^4 • 16b 12 


= 16x 8 + 16x 6 p + 6z 4 + ,T 


a 


+ 


_L £i 

16 * b n 
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93. THE GENERAL TERM 

Suppose it is required to write any particular term cf the 
binomial expansion. We shall call the general term of the expansion 

of (a + x) n the rth term. 

Since x does not enter the expansion until the second term, the 
exponent of x in any term must be one less than the number of the 
term. Therefore, the exponent of x in the rth term is r — 1. 

Since each term must be of degree n in the two letters a and x, 
the exponent of a in the rth term must be n — (r — 1) orn — r + 1. 

From the discussion given in Article 92, the coefficient of the 
rth term is n C r _i or n C^ r+ 1 . Therefore, the rth term in the expan¬ 
sion of (a + x) n is 

n C r _ 1 a n - r+1 s r “ 1 . or n C n - r+ ia n ~ r+ 1 x r ~ 1 . (4) 


It is always possible to use the smaller of the two numbers r — 1 
or n — r + 1 when finding the value of „C r _i. 


Example. Find the eleventh term of the expansion of ( 2x — y) lb . 
Solution. The rth term is 

n C r _ia n-r+1 a: r-1 or n C n _ r+ ia n - r+1 £ r - 1 . 

Substituting, we find the 11th term to be 

I5 C 10 (2z)H- 2/) 10 or i5C 6 (2x) 5 (-2/) 10 ; 


hence, we obtain 


simplifying gives 
for the 11th term. 


15 • 14 • 13 • 12 • 11 
1 • 2 • 3 • 4 • 5 


(32 x*)(y 10 ); 


96,096x 5 ?/ 10 


94. BINOMIAL THEOREM; NEGATIVE AND FRACTIONAL 

EXPONENTS 

m 

The formula given by Equation (1) for the expansion of a 
binomial was derived on the assumption that n was a positive 
integer. If the number x lies between —a and +a, this theorem 
can be extended to hold for negative and fractional values of n, 
although the proof is beyond the scope of this book. If n is not a 
positive integer, then none of the coefficients in the expansion of 
(a + x) n become zero, and therefore there is no last term. These 
expansions are called binomial series. 
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For negative or fractional values of n, the symbol „C r becomes 
meaningless as far as combinations are concerned. However, the 
coefficients in the binomial series have the values obtained by 
substituting the given value of n in this symbol. To illustrate: 

Since 

n(n — l)(n — 2 ) (n — 3) 

n' 4 = 1 • 2 • 3 • 4 ’ 

we define y 2 C 4 to be 

id - iKi - 2)(i - 3 ) j(- i)(- f)(- f) _ L, 

1 • 2 • 3 * 4 1 • 2 * 3 • 4 128 


and _ 2 C 4 to be 

(— 2)(— 2 - 1)( —2 - 2)(—2 - 3) _ C — 2)(— 3)( 4)( 5) = 

1 • 2 • 3 7 4 . 1 ' 2 • 3 • 4 


Example 1. Find the first five terms in the expansion of (1 + x) l . 
Solution. 


(1 + x) 1 = 


1 + _iCiX + _iC 2 z 2 + _i C3X 3 + -iCa 4 + 

z 2 + 


* • * 


= 1 + 


1 




1 ■ 2 

-1(-1 - 1)(— 1 - 2) 


1 - 2-3 

1 — X + x 2 — X 3 + x 4 - 


X 3 + 


m * 


* • • 


(|*| < 1 ) 


In this case |z| must be less than 1, otherwise the expansion would he 
meaningless. 

Example 2. Find the first five terms in the expansion of Va 2 ~ x2 - 

Solution. 



(a 2 - z 2 )^ 

(a 1 )* - i(a s )-*(* 2 ) + (a>)-*(Tr - 

(j)( — -s)(— ( a Z)-V(x 2 ) 3 + 

_ 1 • 2 • 3 ■ ' 

(i)(~ ^)(~ l l (a 2 )" % (z 2 ) 4 ; 

1-2 -3 -4 


lz 2 

2a 


lz 4 

8a 3 


lz 6 5z s 


16a 5 128a' 


(a > z) 


simplifying gives 

# 

V« 2 - = a - 

The following arrangement of numbers is known as 

Triangle and was used for many centuries o ma 
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expansions. The numbers are the coefficients in the expansions 
for the indicated values of n. 

1 n = 0. 

11 n = 1. 

12 1 n = 2. 

13 3 1 n = 3. 

14641 7i = 4. 

1 5 10 10 5 1 7i = 5. 


The binomial theorem for n = 2 and ti = 3 was known to the 
Greeks in the third century before Christ. In 1303, the Chinese 
algebraist Chu Shi-kie knew the triangular arrangement of the 
binomial coefficients, which first appeared in print in 1527 in 
the arithmetic of Apianus. In about 1654, this triangle was 
investigated in Europe by the French mathematician I>. Pascal 
(1623-1662), wffio made numerous discoveries relating to this 
array, and today this array is known as Pascal’s Triangle. IIow r - 
ever, his results w r ere not published until 1665. During this 
period the mathematicians could write the binomial expansion tor 
any integral power, provided they had the expansion tor the next 
power smaller. It was the Swiss mathematician James Ber¬ 
noulli (1654-1705) who first gave a proof of the binomial theorem 
for any positive integral exponent. This was published in 1713, 
eight years after his death. Euler, in 1773, was the first to give a 
complete proof of the binomial theorem for all real exponents, 
although Newton, in 1676, stated the same conclusions but gave 
no real demonstration of the fact. Abel, in 1826, gave a complete 
proof of the binomial theorem for real or imaginary exponents. 


QUESTIONS 

1. What is the formula for the expansion of (a + x ) n ? 

2. How many terms are there in the expansion of (a + x) n ? 

3 . What kind of values can n have in the expansion of (a + x ) n ? 

4. What is the degree in a and x of any term in the expansion of 
(a + x) n ? 

5. What is the degree of x in the rth term in the expansion of (a + z) n ? 

6. What is the degree of a in the rth term in the expansion of (a + x) n ? 

7. What is the coefficient of the rth term in the expansion of (a + x) n ? 

8 . What is the formula for the rth term in the expansion of (a + x) n ? 

9. What other term has the same coefficient as the rth term of (a + x) n ? 
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EXERCISES 

Write the expansion of each of the expression? in Exercises 1 through 
24 and simplify each term of the result. 


1 . (a ■+• #) 4 - 
4. (1 — x) 8 . 
7. (a 2 - b)' 0 . 


2 . (a - x) 5 . 

5 . (x 2 - y 2 ) 6 . 

8. (10 + l) 6 . 



10 . f 3x 2 - 

* (S+¥)’• 

16. (l'J- - 3) ' 
19. (x 54 - x-*) f ’. 


8 


11 . 


(i+S) 


14. (cfe + b^y. 


17 - (I - 


3 . (x + 2 ) 7 . 
6. (xy + l) 9 . 
9. (20 - 3) 5 . 

1 Hi 



20. ( xy ” l + x~ l yy. 21 


23. (x - 1 + y~ 2 ) 6 * 


12 - (73 +V5 ) 1 ' 

15. (V® - 

18. (a + x + y ) 3 - 

• (1 - X_I )' 

, (** - \ 


24 


y 



Find the first five terms in the expansion of the expressions in Exercises 
25 through 42 and simplify each term. 


25. (x + a) 20 - 


28. (x - 2 -2 ) 10 
31. (1 + x)». 


26 . (a 2 + ^) 30 - 
29. (x + a) 2n . 


27. 


(5 - «Y' 

\y X J 

30. (x + a) n+2 - 


32. 


1 + x. 


33, 



34, 


37. 



35. (x + 


1 $ 
(^ 


38 -(T 

41. (x 2 


a ) 3 
a 2 )"**. 


36. (a + 2 X-* 4 ) 2 - 

39. (x - a)^. 

42. (x - 2 y)-*- 


40. (Vx ■+■ V af • v . /Fvprrises 

Find the indicated term in each of the following expansions ( 

43 through 58): 


43 . 5th term of (x + 2 y) n - 
45. 45 th term of (a + x) M . 

47 . 14th term of (V® + 

, /2 3xV° 

49. 8 th term ot I g -r 4 y * 
51 . 7 th term of \A + - r - 


44. 16th term of {xy V) 20 - 
46. 33 rd term of ( 2 x 2 + yY • 

48. 60th term of (x — V2 /) 60 

/x 2 y 2 V 5 . 

50. 6 th term of " fzj 

^ 3/r-i _ ^3 


52. 5th term 
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53. 12th term of 


1 


x 2 — a 2 


55 . 4th term of (x 3 + 2a 3 ) % . 


57. Middle term of ( x 



10 


64. 4th term of (x -2 + x) - ^. 

56. 28th term of (2x~ 2 — VV) 30 * 

58. Middle term of (y/% — y 2 ) 8 - 
* 


In the expansion of (a + write the following terms: 

59. (r + l)st term. 60. (r + 5)th term. 

61. (r — 2)nd term. 62. (n — 4)th term. 

Use the binomial theorem to find the value of each of the following: 


63. (21) 4 . 64. (19) 3 . 65. (98) 4 . 


66. (29) 5 . 


Evaluate the following expressions c orrect t o two decimal places by 
expanding as \/a 2 + x, \/ a 3 + x, or -y/ a 4 ± x: 


67. Vl02. 68. V85. 

70. ^215. 71. </\7. 


69. -^124. 
72. \/l4. 








CHAPTER XVII 


Determinants 



* 


95. GENERAL DISCUSSION 

Early in the seventeenth century the Chinese employed some 
Of the ideas of determinants in their study of systems oHmear 
equations. Leibniz, in 1693, seems to have been thefimtnmthe^ 
matician in Europe to give a systematic arrangeme 
call the expansion of the determinant of orders two and three. 
For this reason Leibniz is sometimes called the discoverer rfdeto- 
minants In 1771, the French mathematician, C. A. Va 

1796) applied these results to solving systems of linear 

equations and introduced the symbol 

1 2 3 
1 2 3 

m 

for a determinant of order three. In 1 ^g^n^a^^rranged the 
several general theorems concerning e ^ yer ^ ca i fines, and 
elements in a square array without , g m detern] inant was 
introduced the term detenmnanL ^ Tto ^ ^ we 

first used by Gauss “ J 8 JJ; b E Ush mathe matician A. Cayley 
use it today. It ■ modern determinant 

(1821-1895) who, in 1841, hist gave us 

notation. . i - n chapter VIII for 

If we wish to generalize _ . necessa ry to define a 

determinants of orders two an ^ ^ ^ express the genera l 

determinant with notation let us express 

case of determinants oi orders w ar ’ e array 0 f n * elements 

the general determinant of order column (vertical line) 

using letters with subscripts so that^eac } cont ains 
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and no two rows the same subscript. Thus.we write the following 
square array 


a i 

b ! 

Ci * 

• • 7*1 

a* 

b 2 

c 2 • 

* • r 2 

a 3 

b 3 

c 3 * 

* * r 3 

l^Ft 

b n 

Cfl 

* ' r n 


to represent a determinant oi order n, and lay down the following 
definition. 

Definition. A determinant of order n is an algebraic function 
of n* elements called numbers and is written as a square array in 
these n- elements. The value of a determinant of order n is the 
algebraic sum of all possible products , consisting of n elements each, 
that can be formed by taking one and only one element from each row 
and each column. Each product is prefixed with a plus sign if 
the number of inversions (defined in the following paragraph ) of 
subscripts is even or zero, or a minus sign if the number of inversions 
of subscripts is odd, when the letters in this product are arranged in 
the same order as the letters in the first row. (The sign of each 
product would be determined in the same manner if we used the 
number of inversions of letters when the subscripts in the product are 
arranged in the same order as the subscripts in a column.) The 
indicated sum is called the expansion of the determinant. 

If, in an arrangement of positive integers, a greater precedes 
a less, there is said to be an inversion. When counting the number 
of inversions of subscripts it is necessary to compare each subscript 
with all the following subscripts. To illustrate, in the product 
aobtCidz, 2 before 1 is one inversion of subscripts; likewise, 4 
before 1, and 4 before 3. Hence, there are three inversions of 
subscripts when the letters in the product are arranged in order, 
and therefore this product must be prefixed with a minus sign and 
we wTite 

— ad) \C\dz. 

Had we arranged the subscripts in order we w'ould have Cia 2 dzb 4 , 
and the inversions of letters are c before a, c before b, and d before 
b. Thus, in either case there are three inversions, and the sign 
of this product must be changed. 

To illustrate, we shall expand the following determinant of 
order three. 
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di b 1 Cl 

a 2 b 2 c 2 

dz bz c 3 


= aibiCz + (LzbiCi 4 - dzbzCi 


dzbiCi d]bzCi dibiCz* ( 1 ) 

The student should determine the number of inversions of 
subscripts in each product and thus determine the respective signs 
of the products. He should also observe that each product con¬ 
tains all three letters and all three subscripts, and that this expan¬ 
sion contains all such products that can be formed in this manner. 

Let us determine the number of products that can be formed m 
the expansion of a determinant of order n. Since the n elements 
composing a product are taken one from each row and one from 
each column, it follows that the element from the first column can 
be chosen in n ways; the element from the second column can be 
chosen in (n — 1) ways; the element from the third column can 
be chosen in (n - 2) ways; and so on. Hence, the total number 

of products that can be formed is 

«(» - l)(n - 2)(» - 3 ) • • • 4 • 3 • 2 • 1 = n! (2) 

Thus the expansion of a determinant of order two has 2 products, 
a determinant of order three has 3 • 2 • 1 = 6 products, a deter- 
mimmt of order four has 4 • 3 • 2 ■ 1 = 24 products, and so forth_ 
For determinants of very large order, it would be a very ong an^ 
difficult task to find their values by first determining ^ p 

Z tS 7»pSy U » work .1 fhrdtog ft . vlu, .1 . 

We shall eive only a few of these properties and shall lllustra 

each property by special cases. We shall ffve only aB^m^c iv 

proof'of the general cases. However i *^,££5,“ 
the generality of the proofs is not lost, because P 

L ZZumns, readjrorn 

lorltipibottom, the value of the deterrmnant rs unchanged. To 
illustrate: 


dl 

61 

Ci 


dl 

dz 

dz 

di 

bi 

Ci 

:— 

bi 

bi 

bz 

dz 

bz 

Cz 


Ci 

Ci 

Cz 


(3) 
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In the resulting determinant the subscripts denote columns and 
the letters rows. If any product in the expansion of the resulting 
determinant is arranged with subscripts in order, the numbei of 
inversions of the letters is the same as the number of in\ eisions o 
the subscripts when the letters in the product are arranged m 

order. Thus, the product 


a 2 b 3 Ci and Cia^bz, 


which is common to the expansion of the two determinants, has 
either two inversions of subscripts or two inversions of letters, 
and hence will have the same sign in the expansion of either 

determinant. 

Theorem II. If two rows, or two columns, of a determinant are 
interchanged, the sign of the determinant is changed, but its numerical 
value is not changed. To illustrate: 


Oi 

b. 

Ci 


b i 

ai 

Ci 

a 2 

b'2 

c 2 

= — 


02 

C‘2 

a 3 

b 3 

c 3 


,&3 

«3 

ci 


or 


o 3 

b 3 

c 3 

O2 

62 

C 2 

Oi 

fci 

Cl 



Suppose the letters and subscripts in the given determinant 
are in order. If we interchange any two columns in the deter¬ 
minant, the order of the subscripts in the columns will not be 
changed. Let us interchange two columns, supposing there are 
k columns between the two columns interchanged. Let us now 
compare the order of the letters in the two determinants. In 
the new determinant the letter in the column moved to the left 
will now precede the k letters, thus giving k inversions of the 
letters; these k letters also precede the letter in the column moved 
to the right, thus giving k more inversions; there is 1 inversion of 
the letters in the two columns interchanged. Therefore, each 
product in the new determinant has 2 k + 1 more inversions of 
letters than this same product has in the original determinant. 
But 2 k + 1 is an odd number, and an odd number of interchanges 
of adjacent rows changes the*sign of the determinant. Thus the 
like products in the expansions of the two determinants will 
have the same numerical value but any given product must be 
prefixed by a plus sign in the expansion of the one determinant and 
by a minus sign in the expansion of the other determinant. Hence 
the two determinants will have the same numerical value but will 
be opposite in sign. 
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Theorem III. If a determinant has two rows or two columns 
that are identical, the value of the determinant is zero. To illustrate: 

ch b i a i 

CLi b% 0,2 = 0 * ( 5 ) 

as bs as 

Interchanging the two identical rows or columns will not alter 
the form of the determinant, and hence will not alter its value. 
However, by Theorem II, when two rows or two columns are inter¬ 
changed the sign of the determinant is changed. Since zero is the 
only number whose value is not changed by changing its sign, the 

value of the determinant must be 0. 

Theorem IV. If all the elements of any row or any column have 

a common factor , this common factor may be taken out and written 

as a coefficient of the resulting determinant To illustrate: 

( 6 ) 


mai b i cl 

[' | 

ai bi ci 

ma 2 b 2 c 2 

= m 

a 2 ?>2 c 2 

mas bs Cs 


as bs Cs 


Since each product in the expansion of the given deterrmna 
contains an element from each row and each column, it follows that 
each of these products must contain the common factor. After 
factoring out this common factor, the sum of the ot 
these products is the expansion of a determinant ^ thegiven 
determinant except for the row or column containing t ^ 

factor and this row or column has the common a ' . 

Theorem V. If each element of a certain column or 
of a certain row is composed of the sum of two numbers, Ihedeter^ 
minant can he expressed as the sum of two determinan s 
indicated below. 

Ci ai 
C 2 1 = Pi 
C 3| l a 3 


ai + Xi b i 

a 2 T Xi 
as + %s bs 


b i 
bz 


Ci 

C 2 

Cs 


+ 


Xi 

X2 

Xs 


bi 

b2 

bs 


Cil 

C 2 

Cs 


( 7 ) 


Each product in the expansion of the filter^minant k of the 

be written as the sum of two terms like abc + ■ one 

the sum of all the products of the form atc ^ 0 
determinant and the sum of all the p.oducts ot tn 

constitute the second determinant. 
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Most of the preceding properties have been developed primarily 
to aid in proving the following theorem which is very useful when 
finding the value of determinants of any order greater than two. 

Theorem VI. The value of any determinant is unchanged ij 
any column in the given determinant is replaced by another column 
in which the elements are formed by adding to the elements in the 
original column the product of m times the corresponding elements in 
another column. (The same thing applies to rows.) To illustrate: 


a i 

&i 

Cl 


fll 

b i 

^1 

+ ma 1 

a 2 

bt 

a 

= 

a 2 

b> 

c 2 -f ma 2 

a% 

6, 

Cj 


as 

h\ 

Cz 

4 - mu 3 





a i 

*>i 

Ci 


ai 





a 2 

b* 

c 2 

+ m 

a 2 





a 3 

6s 

C3 


a? 





a i 

6, 

Ci 






— 

a 2 

b 2 

C 2 

• 






a 3 

b 3 

c 3 






a i 
a 2 
a 3 



If the elements of the first column are multiplied by in and 
added to the elements of the third column, then the resulting 
determinant by Theorem V is equal to the sum of two deter¬ 
minants. One of these determinants is identical with the original 
determinant, and the other determinant, after removing the 
common factor m, has its first and third columns equal. Hy 
Theorem III the second determinant is equal to zero. 

Observe that the column (or row) whose elements are multiplied 
by m must be present in the new determinant, and that it is the 
column (or row) to which these products are added that is replaced 
by the sum. 

m 


96. DEVELOPMENT BY MINORS 


I jet us next consider all the terms in the expansion of a deter¬ 
minant of order n that contain a given element. It should be 
observed that these terms can be written as a determinant of 
order n — 1 with this common element as a coefficient. This 
determinant of order n — 1 is called the minor with respect to this 
common element : that is, the minor with respect to any element is 
t>< determinant obtained from the original determinant by omitting 
the column and row containing this common element. To illustrate, 
in the determinant 
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b i 

c » 

a 2 

b 2 

Ci 

ciz 

6 3 

Cz 


the minor with respect to the element b\ is 


a 2 c 2 
Qz c% 


The min ors with respect to the elements n ,, a 2 and a% are 


62 

C2 


bi Ci 

bz 

^3 

7 

b 3 c 3 


and 


h 

|6 2 


*1 

<*2 


111 atxuiuaiu.c - \-/y “ 1 

determinant of order three may be written as 

aMcz + aAbzCi + a 3 6iC 2 - a 3 b«Cx - a£xC 3 - chb 3 c 2 

= ai(6oc 3 — b 3 c 2 ) — a 2 (bic 3 — b 3 Ci) - 4 - aa^ic* - &2C1). 

In this latter form it is not difficult to see that the quantities in 
the parentheses are the values of the minors with respect to the 
elements oi, a>, and a 3 . Therefore we may write 



a 1 

b 1 

Ci 

CL 2 

b 2 

c 2 

a 3 

bz 

Cz 


= CL 1 


b 2 

b 3 


Cl 

Cz 


— a 2 


b 1 

b 3 


Ci 

Cz 


(i z 


b 1 
62 


Ci 

Ci 


( 9 ) 



\\ ill 11 io UliV -- 

to the elements in the first column. » 

A determinant of any order can be expanded by minor- ac ord- 

i ng to the elements of any column or any row. W e shall A 

without proof the following theorem. 

Theorem VII. A determinant of order n may be expressed a* the 

sum of the n products formed by multiplying each element of V 

column (or row) by its minor, where the sign P rec ^] 9 e ZLther 
of a given element and its minor is plus or minus according ^ ^ n 
the sum of the number of the column and the number of the rou co 

U "The Am of” the produ t of any element and its minor 15 deter¬ 
mined by the number of interchanges of 

of rows necessary U> let icts and subscripts in order. 

to <1 f« «» r~Oto 

,-„d « minor is pin. or 

containing this element is an even or an odd numbe . 
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If we expand the following determinant by minors with respect 
to the elements of the second row, we have 


a i 

CLi 

a 3 


bi 

&2 

&3 


Cl 

C2 

C 3 


= — a 2 


6i Ci 

b 3 c 3 


+ 5; 


a i Ci 
a 3 c 3 


— C2 


ai 5i 

a 3 b 3 


( 10 ) 


= — a 2 (&iC 3 — 5 3 Ci) + 5 2 (ftiC 3 a,ci) c 2 (<Zi6 3 dzb i). 


The sign of the product of c 2 and its minor, for example, is 
negative because c 2 is located in the 3rd column and the 2nd row 

and the sum 3 + 2 = 5 is an odd number. 

A second method for determining the sign of the product of am 
element and its minor is to begin in the upper left-hand corner 
with plus and then alternate signs, passing from element to element 
in a vertical or horizontal manner until reaching the given element. 
Thus, to determine the sign that precedes the product of c 2 and its 
minor, we may proceed as follows: +cq, — &i, +5 2 , — c 2 . Hence 
the sign is minus. The result will be the same regardless of the 
order followed, provided we always move horizontally or vertically. 
Thus we may proceed as follows: +&i, & 2 , H~u 3 , b 3 , H-c 3 , c 2 . 


Example 1. 


Find the value of the determinant 


1 

3 

2 




Solution. Let us expand by minors with respect to the elements in 
the first column; then 

1 -2 3 

3 4 -2 

2 5 2 

= 1(8 + 10) - 3( —4 - 15) + 2(4 - 12) 

= 18 + 57-16 
= 59. 



Expanding determinants of large order by minors may be a long 
process unless several of the elements in some row or column are 
zero. By employing Theorem VI it is always possible to find an 
equivalent determinant with (n — 1) zeros in a given row or in a 
given column. Then upon expanding this equivalent determinant 
by minors with respect to the elements in the row or column 
containing the zeros, we see that the coefficients of all the minors, 
except one, are zero. Hence, we need only to find the value of 
one minor, the minor whose coefficient is not zero. Thus, the 
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work for finding the value of a determinant or order n can be 
reduced to that of finding the value of a determinant of order 
(n — 1). To illustrate: 

Example 2. Find the value of the determinant 

11 -2 3 

3 4 -2. 

' 2 5 2 ' - ItH 

Solution. Let us obtain an equivalent determinant in which the last 
two elements in the first row are zero. To accomplish this, multiply 
the elements of the first column by 2 and add the products to the e e- 
xnents of the second column; then multiply the elements of the first 
column by 3 and subtract the products from the elements in the third 

column. Thus, 


= 59. 


-2 3 

I 

l 0 O' 


10 -11 

3 4 - 2 


3 10 -11 

, = 1 


2 5 2 


2 9 -4 

l 

1 9 -4 


Observe that the elements in the first column which were multiplied by 
2 and 3, respectively, are the elements of the first column in the second 

determinant. . 

Example 3, Find the value of the determinant 


2 -1 



-3 

1 

3 


2 -1 


0 

-2 


2 

0 


4 

-2 

3 

-1 


Solution. 


2 

3 

1 

3 


1 

2 

0 

2 


3 

1 

2 

0 


4 

2 

3 

■1 


2 

1 

1 

1 


-1 

0 

0 

0 


3 

5 

2 

6 


4 

(i 

3 

9 


= -(-0 


1 

1 


5 

2 


-l -0 

0 -1 -3 

0 -4 -6 

-1 —6 —9 

-1 -3 

— 4 —6 


6 

3 

9 


= + (-l.) 


= 6. 




Since the second column . cont ^ th a t ^ 1 ^ r in II ^M^ n d 
easy to obtain a new determinant with ihiee zeio 

column. 
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For the first row in the new determinant, use the first row in 
the given determinant. To obtain the second row with a zero 
for the second element, multiply the elements in the first row by 2 
and add the products to the corresponding elements in the second 
row. The third row has a zero tor the second element. To 
obtain the fourth row with a zero for the second element, multiply 
the elements in the first row by -2 and add the products to the 

corresponding elements in the fourth row. 

If we expand this fourth order determinant by minors with 

respect to the elements in the second column, we need only to 
find the value of the minor with respect to the element — 1 , as the 

other minors have zero for their coefficients. 

To find the value of the resulting determinant of order three, 
add the elements in the third row to the elements of the first and 

second rows, respectively, as is illustrated. 

A third method for finding the value of a determinant of any 
order consists of writing a new determinant with the proper 
coefficient, the order of the new determinant being one less than 
the order of the original determinant and the elements of the new 
determinant being the values of certain determinants of order 


two. To illustrate: 


ai 

b 1 

C\ 

CL 0 

bz 

C 2 

dz 

b 3 

Cz 




ai b 1 


Cli Ci 

1 


a 2 b z 


dz ('z 

ai 


di b 1 


ai ci 



a 3 b 3 


d 3 c 3 



To prove this, multiply the elements of the second and third 
rows by ai and divide the resulting determinant by ai 2 . Then in 
the resulting determinant, we can get two zeros in the first column 
by multiplying the elements in the first row by a 2 and subtracting 
the products from the elements in the second row, and multiplying 
the elements in the first row by a 3 and subtracting the products 
from the elements in the third row. Thus, we have 


di 

b 1 

Ci 

1 

n 

di 

61 

Ci 

dz 

bz 

c 2 

didz 

& 1&2 

(l\Cz 

a 3 

b 3 

C3 

ar 

d\d 3 

d\bz 

d\C 3 


1 


ai 


a i bi 

0 (Z1&2 (L%b i 


Cl 

Cl 2^ l 


0 (libs Cl$bi Cl 1C3 & 3C1 

This result may he written as Equation (IT) above. 


(12) 























358 


COLLEGE ALGEBRA 


1500 


This process may be extended to determinants of higher order. 
For a determinant of order four, we have 


a i 

bi 

Ci 

di 

a 2 

b 2 

c 2 

d 2 

«3 

b 3 

Cz 

dz 

a 4 

b< 

c 4 

d, 


a i 



ai bi 


dl Ci 

| 

ct i rfi 



a 2 b 2 \ 


ct 2 c 2 


q 2 d 2 



ai bj 


di Cl 1 


CL\ d\ 



d 3 b 3 


a 3 c 3 


Qz dz 

• 


di bi 


di Ci 


di d\ 



a 4 b 4 


a 4 c 4 


di 



(13) 


Example 4. Find the value of 


2 

3 

1 

3 


-1 

2 

0 

-2 


3 

1 

2 

0 


4 

-2 

3 

—1| 


Solution. 


2 

-1 

3 

4 



1 

7 

8 

-3 

2 

-1 

-2 

1 1 


1 

1 

2 

1 

0 

2 

3 

” 22 

_ 

1 - 

9 

-14 

3 

-2 

0 

-1 

1 

1 

— 6 

— 6 

— f 





_ , • 

" 4 

1 

-2 

-6 

— V 


If this process is extended to determinants of order 5, we must 
multiply the new determinant by For determinants of order 

six, we must multiply the new determinant by ^ and so on, 

I ■ tw n Stands for the element in the upper left¬ 

hand corner. If the given determinant » of order n, 

determinant must be multipUed by _ 

— - that M? 

the value of each unknown can ^ casg 0 f i; ne ar equations 

determinants in a manner si tho d of solution is frequently 

in two and three unknowns. Tins method o a70 4-l752), 
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a Swiss mathematician. In this solution the value of any unknown 
is written as the ratio of two determinants. The common determinate 
in the denominator is called the determinant of the system of equations 
and is formed from the coefficients of the n unknowns; the first column 
of this determinant consists of the coefficients of one of the un mouns, 
the second column consists of the coefficients of a second unknown, 
and so on. The determinant in the numerator is like the determinant 
in the denominator except for one column, the column containing the 
coefficients of the unknown whose value is being sought; this column 
is revlaced by the respective constants which are written on the right- 
hand side of the equality sign. The given system has a solution if 
the value of the determinant in the denominator is different from 

zero. 

QUESTIONS 

1. Give six theorems pertaining to determinants. 

2. Give three methods for finding the value of a determinant. 

3. What is the formula for the value of any unknown in the solution of a 

system of n linear equations in n unknowns? 

EXERCISES 

Find the value of each of the following determinants (Exercises 1 
through 20): 



9. 


1 

1 

1 


1 

2 

3 


1 

3 

6 


2. 

3 2 1 

3. 

2 -3 4 

m 

4 5 6 

* 

3 1 -6 


9 8 7 


-5 2 3 


11 . 


4. 

-3 2 4 



5 . ! 

1 

a 

a 2 



6. 

1 

a 

b + c 


0 7-2 

• 



1 

b 

b zl 

9 



1 

b 

c + a 


5 3 5 




1 

c 

c 2 




1 

c 

a 

+ b 

7. 

cl -\- b c 


c 





8. 

-1 

1 • 

-1 


2 



a b + 

c 

a 

• 





0 

2 

1 


0 



b b 

1 


C d 






1 

-1 

0 


-1 

m 










: 2 

0 

-2 


1 



1 1 
1 2 
1 3 
1 4 
1 
2 

-1 

0 


1 

3 

6 

10 

-2 

-1 

0 

2 


1 

4 

10 

20 

3 

0 

1 

3 


0 

2 

3 

-1 


10 . 


12 


2 10-3 

-123-2 
0 12 3 

-325-4 

1 2 3 4f 

2 14 3 

3 4 12 

4 3 2 1 
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15. 


17. 


19. 


1 
3 
2 
1 
1 
1 
1 
1 
1 
1 
1 
1 


-1 0 
1 -1 
1 1 
0 1 
-1 3 

3 1 

-2 2 
1 -3 

a a a 

baa 
aba 

a a b 

1 1 
3 4 


1 

0 

1 

1 


14. 


3 

4 


-2 

-1 

3 


16. 


18. 


2 
2 
1 

|2 1 
3 
1 
1 
1 

2 

3 

4 

5 


2 

3 

1 

2 


1 

3 

3 

3 

2 

3 

2 


3 
2 
2 
2 | 
3 
1 
2 


1 

2 

3 

4 

5 


11 

5 


6 10 15 
10 20 35 
15 35 70 


4 3 
-3 4 

-2 5 

5 -2 
2 -3 

20 . 1 0 1 0 1 
110 10 
0 110 1 
10 110 
0 10 11 


-5 

-4 

3 


21. Give two pairs of values of * and y that will satisfy each of the 
following equations: 

(b) 

= 0 ; 


(a) 


x 

2 

-4 


y 

-3 
• 5 


1 

1 

1 


x 

-1 

2 


y 1 

3 2 

-4 3 


= 0 . 


22 


. What should be the sign of each of 


some product from determinants written 
order? 


(a) aibsCidtez', 
(c) Cid^aze^hbf,', 


(b) 62^4^1^35 

(d) c 2 e 4 aiM5. 


23. Solve each of the following equations 


(a) 


x 1 2 

-12 3 
3 2 4 


(b) 


= 0 ; 


x- 2 3 

(c) 1 

x 1 2 

1 2 3 

= 0; 1 

3 1 2 

1-1 3 4 


3x2 


= 0 , 


24. Solve each of the following equations: 


(a) 


2 

1 

3 


3 -41 

x —2 
-5 1 


(b) 


= 0; 


#64 

2x3 

4 9 6 


(c) 11 


= 0; 


—4 x 
4 5 2 

2 x 1 


= 0. 


Solve each of the following systems of equations (Exercises 


25 through 


30): 
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26 . 

3w - 2x + 2y — z = 

2, 


w 4- 3z — y — 2z = 

6, 

* 

2w — x 4" 3t/ 4~ z — 

0, 


w-\-x-\-y J rZ = - 

-1. 

27 . 

2w — x + y — z = 

3, 


. w 4~ 2z 4“ 3i/ 4~ 4z = 

-3, 


2 w — Zx 4~ 2y 4~ 2z = 

o, 


3to — 2x — y 4~ 2z = 

1. 


29 . v) + x = 3, 
x + y = 4, 

y - Z = l, 

z w = 2 . 


26 . 3x - 2y + 3z + 2u> = 
x — 3 y 4~ 2 z 4 w ~ 

-2x 4 - 2y - 3z - 5w = 
— x — y + z H~ 3 w = 

28 . 4x + 2 y - w = 7, 

— 3 y — 2z w — 4, 

2x + 3z + 4to = —4, 

— 3a: + 4y + 5z = 2. 

30 . 2x - Sy + 4z = -4, 

2y 4“ 3z 4” S'W' = 7, 

— 3z 4- 2it + 3v = 14, 

2u — 3y — 2x = 9, 
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11 , 

- 10 , 

- 22 , 

12 . 


— 3 v 4 ” 4 “ by — 6 . 

31 . The general equation of a straight line is y = mx 4" b. (a) Find 
the equation of a straight line passing through the points ( 2 , 3) and 
(-3 X (b) through the points (-3, 0) and (2, -4); (c) through the 

points (-3, -2) and (5, - 6 ). ’ 

Solution. The coordinates of each point must satisfy the equation 

y = mx + b. Therefore, for part (a) the values of m and b can be 
found by solving the system of equations 3 = 2m 4- 6 and 4 = —3m + b. 

32. The general equation of a circle is x 2 + y- 4- ax 4- by 4- c = 0. 

(a) Find the equation of the circle passing through the three points (1, 0), 

( — 2, 3), and (0, 2 ); (b) through the three points (5, 0), ( — 5, 0), and 

4 )• (c) through the three points (1, 2 ), (1, 3), and (2, o). 

33 . The general equation of a conic with its axis parallel to the coordi¬ 
nate axes is ax 2 4- cy- 4~ dx 4- ey 4* / = 0. Find the equation of the 

conic passing through the four points 

(a) ( 1 , 1 ), ( 2 , - 1 ), ( 0 , - 2 ), and( — 1 , - 1 ); 

(b) ( 1 , 2 ), ( 3 , 0 ), ( 0 , -I), and (- 1 , 1 ); 

(c) (2, 1), (3, 1 ),( 5 , 2 ), and (2, 0), 

(d) (-3, - 4 ), (3, 5), (1,0), and (-1, -3). 

Suggestion: For each conic find four equations in the five letters a, c, d , 
e; and /; then solve for any four of the letters in terms of the remaining 

letter. 

34 . The general equation of a conic is ax 2 4- bxy 4- cy 2 + dx + ey + 
/ = 0. Find the equation of the conic passing through the five points 

(a) ( 1 , 2 ), ( 3 , 0 ), ( 0 , - 1 ), ( 0 , 0 ), and (- 1 , 1 ); 

(b) (0, - 4 ), (1, 1), (2,3), (4, 0), and (- 2 , - 2 ); 

(c) ( 0 , 1 ), ( 2 , 2 ), ( 1 , 1 ), ( 1 , - 1 ), and (- 2 , - 1 ); 

(d) (0, 0), (0, 1), (3, 1 ), (-4), -1), and (1, 2); 

(e) ( 1 , 1 ), ( 2 , - 1 ), ( 0 , — 2 ),( 1 , - 1 ), and (- 2 , 1 ). 

Suggestion: For each conic find five equations in the six letters a, b, 
c, d, e, and/; then solve for any five of the letters in terms of the remaining 

'* * W * ** # 

letter. 





CHAPTER XVIII 


Partial Fractions 


97. GENERAL DISCUSSION 

In Chapter IV we learned how to find the sum of several frac¬ 
tions, and that this sum was expressed as a single fraction whose 
denominator was the least common multiple of the denominators 

of the given fractions. 

In this chapter we shall show how to perform the inverse 
operation; that is, to decompose a given fraction into a sum of 
several fractions called partial fractions. lo illustrate: 


s 


- 6x 4 - 20s 3 + 129s 2 - 252s + 117 = _1 


2s + 3 
4s — 3 


+ 


(2s + 3)(s - 2) 2 (s 2 - 2s + 3) 2 

n X ' ^ r — ^ 

X — 2 ~~ (s — 2)* s 2 — 2s + 3 (s 2 — 2s + 3) 2 

In what follows we shall assume that the fraction to be resolved 
into its partial fractions is a proper fraction. A proper frac¬ 
tion is a fraction whose numerator is of lower degree than the 

denominator. 

We shall state without proof that it is possible to decompose 
anv proper fraction whose numerator and denominator are poly¬ 
nomials in s into the sum of partial fractions, where the partia 
fractions satisfy the following conditions. (If the given rac ion 
has the properties of partial fractions, then it will resolve in 

■ i I £ \ 

Property (1). The least common denominator of all the partial 

fractions must be the denominator of the given fraction. 

} Property (2). Each partial fraction must have but a single real 

prime factor for Us denominator. 

Property (3). Each partial fraction must be a 
with numerator just one degree less than the degree of 
factor in the denominator. 
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Property (4). For every linear factor of the form (ax + b) 
that occurs n times as a factor in the denominator of the given f raction, 
there must be provision for n partial fractions of the form 

STfT (ax A -fW f («* + bY 

Property (5). For every real prime factor of the form (ax 2 + 
\y X q. c ^ f (b 2 — 4 ac < 0 ), that occurs n times as a factor in the 

denominator of the given fraction, there must be provision for n partial 
fractions of the form 


(ax + b) n ' 


A i 4“ B\x 


ax 2 + bx + c 


A 2 ~t~ B%x 

(ax 2 + bx +c) 2 ’ 

Az 4~ Bzx 

(ax 2 + bx + c) 3 ’ 


A n 4~ B n x 


* * # 


(ax 2 + bx + c) n 


To illustrate, if we wish to resolve the foregoing fraction into 
its partial fractions, then it is necessary to write the partial frac¬ 
tions as shown in the following equation: 


x 6 — 6% 4 — 20a: 3 4~ 129a? 2 — 252# 4-117 _ A 
( 2x 4- 3)(x — 2) 2 (x 2 — 2a; 4- 3) 2 2x 4- 3 

B , C , Dx 4- E_ ^ Fx + G 

x — 2 + (x — 2) 2 + x 2 - 2x 4- 3 + (x 2 — 2x 4- 3) 


+ 


( 1 ) 


Property (6). The total number of constants A, B , C, • ■ ■ , 
and so forth, appearing in the partial fractions must be the same as 
the degree of the denominator of the given fraction. 

This is evident from the fact that if the given denominator is 
of degree n, then the numerator of the sum of the several partial 
fractions is a polynomial of degree n — 1 and therefore should 
contain n constants. A general polynomial of degree n — 1 
contains n constants. 

In the foregoing example the degree of the denominator is 7, 
and hence there are 7 constants A, B, C, * • * in the partial 
fractions. 

Since the denominator of the sum of the several fractions is the 
same as the denominator of the given fraction, and two fractions 
having the same denominator can be equal only if the two nu¬ 
merators are equal, it follows that: 

Property (7). After the partial fractions have been added, the 
numerator of the sum must be identical with the numerator of the 
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given fraction; that is, the two numerators must be equal for all 
values of x whether real or imaginary, and the coefficients of the like 
powers of x in the two numerators must be equal. 

To find the values of the n constants in the partial fractions it is 
necessary to set up as many equations as there are constants. 
These n equations can be formed either by assigning to x n different 
values and substituting these n values in the numerator of the 
given fraction and in the numerator of the sum, or by equating 
the coefficients of the n different powers of x in the two numerators. 
A combination of the two methods may also be used to form the 

n equations. 

We shall be interested in decomposing into partial fractions 
only those fractions whose denominators can be expressed as the 

product of linear and quadratic prime factors. 

If the numerator of the given fraction is of equal or higher degree 
than the denominator, then the given fraction must be reduced 
by division to the sum of an integral rational expression and a 

proper fraction, as 


to 4 + + «*•-» = 3* + 2 + 


2a; 2 + 5a; + 1 


x 3 + 2a; — 3 


{x + l)(x 2 + x 


and then the proper fraction must be decomposed into partial 
ions* 

We shall illustrate the preceding discussion by the following 
examples. 


Example 1. Resolve __ 


2x - 14 


(j — l)(a; — 2) (a* + 3) 


into partial fractions. 


Solution. Set 


2.c - 14 


(x — l)(:r — 2)0 + 3) 


A + —^ ° 


x — \ ^ x — 2 x + 3 


Adding the partial fractions gives 

A(x - 2)(x + 3) + B(x - \){x + 3) 4 - C(x - l)Qr - j). 

- ^ (j — 1)(* — 2)(x + 3) 

nrp 

2x - 14 m A (x- 2)(* + 3) + B(x - 1)(* + 3) + C(x - 1)(* “ 2 >- 

When solving for the constants A, B, C, ’• ifies°the^worklf we 

values to , in both members of the equatmn, jt srmp f^ “ the 
assign to .r, whenever possible, those values winch will make some 
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factors on the right-hand side of the equation equal to zero. Thus, in 

this problem we shall let x = 1, 2, and -3, respectively. 

* * 

Let x = 1, then 2 — 14 = A( —1)(4), or A = 3. 

Let x = 2, then 4 - 14 = B(l)(5), or B = -2. 

Let x = —3, then —6 — 14 = C{ — 4)( — 5), or C = —1. 


Therefore, 

2x — 14 _ 3 

(x — l)(x — 2)(x + 3) x — 1 


2 1 
x - 2 x -1- 3* 


Example 2. 


Resolve 


5x 2 — 4 
x 2 (x — 2) 


into partial fractions. 


Solution. Set 

5x 2 — 4 _ A , B , C 
x 2 (z — 2) _ x — 2 x 2 x 


Adding the partial fractions gives 

Ax 2 + B(x - 2) + Cx(x - 2) 

x 2 (x — 2) 

Therefore, 

• 5z 2 — 4 = Ax 2 + J5(x — 2) + — 2) 

= (A + C)z 2 + (B - 2C)x - 2B. 

In this example there are only two real values of x that will make some 
of the factors in the right-hand member equal to zero; they are x = 0 
and x = 2. For the third equation we can either assign any value 
to x, or we can equate the coefficients of some like powers of x. We shall 
equate the coefficients of x 2 . 

Let x = 0, then — 4 = —2 B, or B =2. 

Let x = 2, then 20 — 4 = 4A, or A =4. 

If we equate the coefficients of x 2 , 5 = A + C; hence C = 1, since 
A = 4. 

Therefore, 

5x 2 - 4 = 4 ,2,1 

x 2 (x — 2) x — 2 x 2 x 


It should be observed, for example, that it is impossible to resolve 

B 

-1-for if we set 


^ 

into two partial fractions of the form 


x 2 (x — 2) 


x — 2 


x 


5x 2 — 4 


x 2 (x — 2) x — 2 

and add the partial fractions we obtain 

Ax 2 + B(x - 2) 
x 2 (x — 2) 


+ 


B 


x 
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Then 


5 x 2 — 4 = Ax 2 B(x — 2 ), 


or 

5 x 2 — 4 = Ax 2 + J3x — 2 B, 


which is impossible, since B, the coefficient of x, must be zero, and at 
the same time the constant term — 2 B must be 4, or B must be 2 . 

This illustrates the necessity for including partial fractions with 
all successive powers of repeated prime factors as denominators, 
as is indicated in Properties (4) and (5). 


x 3 — x 2 


t 0 

Example 3. Resolve ~ ^ 2 2 )(x — l ) 2 P ar ^ a ^ f rac dons. 

Solution. Set 


x 


3 — x 2 — 9x + 6 Ax + B 


(x 2 + 2 ) (x - 1 ) 


+ 


+ 


D 


x 2 + 2 x — 1 (x — 1 ) 


Adding the partial fractions gives 

(Ax + B)(x - l ) 2 + C(x - l)(x 2 + 2) + D(x 2 + 2) 

(x 2 + 2 )(x — l ) 2 

Therefore, 

x 3 — x 2 — 9x T 6 

= (Ax + B)(x - l ) 2 + C(x - \)(x 2 + 2 ) + D(x 2 + 2 ) 

= (A + C)x 3 + (—2A + B — C + D)x 2 + 

(A - 2 B + 2 C)x + (B - 2C + 2D). 

In this example the only values of x that will make some of the factors 

in the right-hand member equal to zero are x = 1 and x = ± v 2 t. 

We shall illustrate how some of the constants can be determined by 

assigning imaginary values to x. But first, let x = 1, then 

t _ i _ 9 + 6 = D(1 + 2) or D = - 1. 


Let x = a/2 i, then 


-2 a /2 i + 2-9 y/2 i + 6 = (A y/2i + B)(- 1 - 2 V2t); 


combining gives 


8-11 y/2i = (4A - B) + {-A - 2 B) y/2i; 


equating reals, we have 


4 A - B = 8; 


equating imaginaries gives 

-A -2 B = 


-11 
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Solving this system by addition, we have 

8 A - 25 = 16 
A + 25 = 11 
9 A = 27 
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or .4 = 3. Substituting, we obtain 

3 + 25 = 11, 

or 5 = 4. Equating coefficients of x 3 gives 

A + C = 1 ; 

then C = — 2 since A = 3. 

Therefore, 

x 3 — x 2 — 9x + 6 __ 3# + 4 2 1 . 

(x 2 + 2)(x - l ) 2 “ x 2 + 2 x - 1 (x - l) 2 ' 

If we wished to determine the constants by equating coefficients of 
like powers of x, it would be necessary to solve the following system ol 
four linear equations in four unknowns. 

Equating the coefficients of x 3 , A + C =1, 

Equating the coefficients of x 2 , —2.4 + 5— C+ D — — 1, 

Equating the coefficients of x, A — 25 + 2 C = — 9, 

Equating the constant terms, 5 — 2 C + 2 D = 6 . 

This system can be solved for A, B,C, and D either by substitution, by 
addition and subtraction, or by determinants. 


EXERCISES 

Resolve each of the fractions in Exercises 1 through 44 into its simplest 
partial fraction. (The results can always be checked by adding the 
fractions.) 


1 . 


4 . 


7 . 


9 . 


11 . 


13 . 


5x - 7 

(x - l)(x - 2 )* 

7 

6 x 2 + x — 2 

2x 2 - 5x + 17 
x 3 - x 2 - 8 x + 12 

5x 2 - 6 x + 12 
x 3 - x 2 - 8 x 4 - 12 ' 

7x 2 4- 7x 
( 3 x 2 + 2 ) (2 - x)' 

3x 3 — 18x 2 + 4x — 4 
(2x 2 + 3)(x - 2 ) 2 


2 . 


6 . 


x + 5 

(x — 2 )(x + 1 ) 

8 x — 18 
6 x 2 + llx — 10 


3 . 


6 . 


x 2 + 5x + 1 
(x + 2 )(x 2 + 1 ) 

2x — 3 
x 2 + 5x + 6 


8 . 


10 . 


12 . 


14 . 


x + 2 


x 


3 _ 


6 


x 


X 3 + 1 

3 


x 3 + 3x 

2x 2 + 5x — 12 
(2x\+ 3)(2x + 3) 
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15 . 


17 . 


19 . 


21 . 


23 . 


25. 


27. 


29 . 


31 . 


33 . 
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x 3 + 1 


(x 2 — 2x + 3) 2 
8x + 6 

6.X 2 — X — 1 

x 4 - 10x 2 - 1 

(x 2 + 1) 2 (* + 2 )’ 

3x + 15 
6 x 2 — 5x — 6 

6 x 4 — 5x 3 4~ 6 
6 x 2 — 5x — 6 

2 x — 1 

(x-2) 2 ’ 

2 x 3 — x 2 

(FT2T 2 ' 

2x 2 — 13x + 15 
(x - 2) 2 (1 - x) 

4 x 2 + 3x — 8 
(x 2 + x + l)(2x + 3) 


x 


lx — 2 


(x - l)(x 2 + l ) 2 

7 + 10 x + 2 x 2 - x 3 
35 ‘ (x - 2 ) 2 ( 2 x 2 + lT 

8 x 2 — 14x 4~ 3 


37 . 


39 . 


41 . 


43 . 


( 2 x 2 - x + l)( 2 x - l ) 2 

1 


x 2 - a 2 


x 4 — x 2 + 2 


x 3 ( 2 x 2 — x + 1 ) 

4 x 3 + 9x 2 — x 4~ 9 
(x 2 + 1 ) 2 U - W 


16 . 


18 . 


20 . 


22 . 


24 . 


26 . 


28 . 


30 . 


32 . 


34 . 


36 . 


38 . 


40 . 


42 . 


44 . 


x 2 — x — 12 


( 2 x 2 — x - 1 ) (x - 2) 2 

8x 2 + 2 

(3x - 2) (2x - 3) 2 " 

3x 4 4- x- — 4 
(x 2 + 2) 2 (x - 3)' 

3x 3 - 2 


x 2 — 3x 4“ 2 
1 


(x 2 + 1 ) (x 2) 2 

10 x 2 + 2 x - 8 ^ 
( 3 x 2 + 2 )(x + 2 ) 2 ’ 


2 x — 16 


(x — 2 )(x — 3 )(x + 2 ) 

8x 2 + llx 4- 24 
( 2 x - 3)(x + 3)(3x 4- 2 ) 

x 4 — x 2 — 3x + 1 
_ _ * 

2 x 5 — x 4 4- x 3 
3 x 3 4“ 6 x 2 — 23 


(x — 2 ) 2 (x 4- 3) 

1 4 - 46x 4- x 2 4 - 14x 3 - 


5x 4 


(x 2 4- 2 )Hi - 3 ) 2 

x 2 4 ~ 2 x — 1 

x 4 4- 5x 2 4- 6 * 

2 x 3 — 3x 2 4" 16 
_ _ ~ * 

2 x 2 — x — 6 
13 4- 18x — 4x 2 


( 2 x 2 4 - 3 )(x - 2 ) 
x 2 - 31x 4- 28 


( 2 x 2 4- 3)(3x - 2 ) 
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CHAPTER XIX 


Compound Interest and Annuities 



98. SIMPLE INTEREST 

There are numerous important applications of geometric 
progressions in business (interest), insurance (annuities), biology 
(laws of growth or multiplication), installment pi nts, 1 
physics. We shall be interested mainly in those applications 
pertaining to finali problems. All such applications involve the 
idea of interest. Interest is th> amount of mom;/ paid at the end 
of a given interval of time for the use of a sum of money during that 
interval of time. To illustrate, a man may desire the use of $5 (>0 
for the next 4 years and be willing to pay back $600 at the end of 
the 4 years. The $100 which is the difference between tin amount 
paid back and the amount borrowed is called ink rtst. The type and 
the rate of interest which the $100 represents depends upon the 
choice of units. 

Rate expressed as a decimal is based on the unit 1. Rate exprtssed 
as per cent is rate per hundred. 

To determine what rate or part x is of y, determine the number 
of units in x (usually a fractional part of a unit) for every unit 

in y. Thus x is - parts of y. 

To determine what per cent x is of y } determine the number of 

U x 

units in x for every 100 units in y. Thus x is x -s- 7 -' = -- X 100 

J 100 y 

per cent of y. Therefore 


x 

y 


- = rate , 


- X 100 

y 


= per cent. 


Thus we can either say 6 is of 24, or we can say 6 is 25*7 of 24. 


3(>9 
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Thl ra te of interest < xprcsst d as a decimal is the ratio of tin interest 
earned in unit lime to the principal. The rate of interest expressed 
per cent is the rale per hundred. Thus, if $150 earn* $9 m one 

vear the rate of interest is 

rate = y§tt = 0.06, or 6 %* 

For convenience, the unit of time is usually the year, although 

sometimes a fractional part of a year is used. ... , 

Simple interest is the product of the principal, the rate of interest, 

and the n umber of units of time* # . * . 

The amount at the end of a given period of time is the original 

principal plus the interest earned during tins period of lime. 

' " ' • equal the original principal, « the rate of interest per year 

expressed L a decimal, „ the number of years, / the total mterest, 

We then 1 have the following formulas for simple interest. 


I = Pin , 

A = P + / = P(1 4* in). 


( 1 ) 

( 2 ) 


infprp^t i^ Usually for periods of 1 year or less, and w 
Simple interest is mua P* than t year . By any quoted 

27 5m i. 0 fMOM V'l * . »» * 

&SS&XSSSSE. . 

calculated on th. to «1 b ,j,„i„ rf b, 

£ S 3 WV -»>»“ d » 365 ^ * 

result is called exact simple interest. 

Example 1. Find the interest and the amount of *56 at simple interest 

t0t SoZT HereF = $56, n = -&, and t = .06. 

By Equation (1) _ ^ = = $2.24. 

By Equation ' 2 | = p a. ; = S56 + S2.24 = $58.24. 

E _ ple 2 . What sum of money will amount to $64 in 9 months at 

n i£2L w S£ * - •«. ■ - *. “ d ‘ - “■ 
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By Equation (2) 

A = P(1 + in); 

substituting, we have 

§6-1 = P(1 + .06 X 1) = P(1.045). 

Solving for P gives 

f - rm - $61 - 24 - 

99. COMPOUND INTEREST 

It is customary for the lender of money and not the borrower to 
benefit at the end of a specified interval of time by the interest 
earned during this interval of time. Thus, the interest (simple 
interest) is either paid at the end of each specified equal interval 
of time, or the interest is added to the principal at the ends of 
equal intervals of time. The interval .of time between two suc¬ 
cessive conversions of interest into principal is called the conversion 
period. This latter concept of computing interest is called 
compound interest. Compound interest is the total accumulation 
of interest when calculated by adding to the 'principal at the end of 
each conversion period the interest (simple interest ) earned during this 
conversion period , to form a new principal from which to calculate 
the interest {simple interest) for the next conversion period. 

If the conversion period is the year, we speak of the interest 
as being compounded or convertible annually. If the conversion 
period is 6 months, we speak of the interest as being compounded 
or convertible semiannually, and so forth. 

Let P equal the original principal, i the rate of interest per year 
expressed as a decimal, n the number of years, m the number of 
conversion periods per year, and A the compound amount to 
which P accumulates at the end of n years. . 

If interest is compounded annually, the amount of the original 
principal P at the end of one year, or the principal for the beginning 
of the second year, is 

Px = P(1 + i); 

the amount at the end of two years is 

P 2 = Pi(l + t) = P(1 + i) 2 ; 

the amount at the end of three years is 

Pz = P,(l + i) = P(l + i) z ; 
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and so on until, finally, the amount A at tlie end of n years i* 


A = P 1 


i 


( 3 > 


Table V, pages 412-413. givo^ the value:- of (1 if for diflferent 
values of i and n. 

Thi row pound interest is the difference between the total amount 
and the initial principal; that is, the compound interest is A — P. 

If interest is compounded rn times a year, then Formula f3) 

becomes 

/ 2 V frill 

(4) 


-p( i + PT 


m) 


1 


This is evident since the conversion period is parts of ihe year, 

fit 


r # 
% 


the interest rate per conversion period is j~, and in n years t here 
are inn conversion periods. 

The principal P in Equation (3) can be called the present value 
of A. The present value of an amount A which is payable n years 
from now is that principal P which will at compound interest amount 

to A dollars in n years. 

If interest is compounded annually at the rate t per cent per 
vear. then the present value is found by solving Equation (3; 

i 

forP. Hence, 

p = - = A 1 + *T*. 

(1 + i) n 

Table VII, pages 414r-415. gives the values of 1 1 + i r" for differ¬ 
ent values of i and n. . 

If interest is compounded m times per year at the rate i per 

cent per year, then the present value is found by solving Equation 
(4) for P. Hence, _ 

( 6 ) 


= A fl + 




\ * t 71 fl 


It is very important in problems of this nature to a&xnain 
whether the sum of money stated in a given problem refers to the 
Dre^ent time or to some future time; that is, to obser.e wh 
the"problem asks for the amount or whether it asks for the present 

value. 

Evamole 1 4t the time of the birth of a child the paren's deposit 
S ,mT£ credit. What sum of money will the child have to his credit 
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on his eighteenth birthday if the money earns interest at the rate of 0%, 
compounded semiannually? 

Solution. The $500 refers to the present time, and the sum ot money 
to be solved for refers to some future time. The amount A can be found 
bv substituting P = $500, i = .06, m = 2, and n = 18 in Equation (4). 


Thus, 



$500 (1.03) 36 

$500(2.898278) 

$1,449.14. 


The value of (1.03) 36 is found on page 412, column 5, line 36. These 

problems can also be solved by logarithms. 

Example 2. What sum of money will amount to $1,000 in 15 years 

at 5%, compounded annually? 

Solution. The sum of money to be found refers to the present time. 
The present value P can be found by substituting A = $1,000, i = .05, 

and n = 15 in Equation (5). Thus, 

* 

P = A(l + i)~ n = $1,000(1.05)-» 

= $1,000(0.481017) 

= $481.02. 


The value of (1.05)' 15 is found on page 415, column 4, line 15. 


100. EFFECTIVE RATE OF INTEREST 

The nominal rate of interest is the quoted rate, or the so-called 
yearly rate. Effective rate of interest is the rate of interest which 
when compounded annually gives the interest that has been earned 
in one year. When interest is compounded annually, the effective 
rate of interest is the same as the nominal rate of interest. By 
definition the amount of P dollars at the end of one year at the 
effective rate e is the same as the amount of P dollars at the end 
of one year at the nominal rate i compounded m times a year. 
Therefore, by Equations (3) and (4), the relation between effective 
rate e and nominal rate i for n = 1 is given by the following 
equation: 

i\ m 

m) 1 



or 


1 + e = (i + 4) 


(7) 
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Solving for e gives 




e = (i + - 1 . 

(8) 

Solving for i gives 

V m ) 

i = m[( 1 + e) vm - 1]. 

(9) 


Equation ( 8 ) is the formula for finding the effective rate e when 
the nominal rate i is given. 

Equation (9) is the formula for finding the nominal rate i 
when the effective rate e is given. 


Example 

quarterly. 

Solution. 


1. Find the effective rate equivalent to 4% compounded 
In this case i — .04 and tti = 4. By Equation (8), 


substituting, we have 


simplifying gives 



e = 0.406, or 4.06%. 


Example 2. Find the nominal rate compounded monthly equivalent 

to the effective rate 6%. _ „ ,. 

Solution. In this case e = .06 and m = 12. By Equation (9), 


substituting, we have 
simplifying gives 


i = m[( 1 + e) 1/m - 1]; 
i = 12[(1.06)* a - 1]; 
i = 0.0584, or 5.84%. 


Note: If the value of any part of the formulas cannot be found in the 
table, the problem can be solved by using logarithms. 

EXERCISES 

1. (a) 15 is what part of 20? 

(b) 2.7 is what part of 54? 

(c) 0.2 is what part ot 0.5 1 

(d) | is what part of f ? 

2. (a) 275 is what part of 350? 

(b) 0.03 is what part ol 1 ? 

(c) 0.25 is what part of 7.5? 

(d) z is what part of £? 
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3 . (a) 6 is what per cent of 12 ? 

(b) 5 is what per cent of 4? 

(c) 700 is what per cent of 350? 

4 . (a) 6 is what per cent of 5? 

(b) 625 is what per cent of 800? 

(c) 785 is what per cent of 1 , 200 ? 

5 . Find the simple interest on $3/5 at 6 % for 9 months. 

6 . Find the simple interest on $1,250 at 5% for 4 months. 

7 . Find the simple interest on $75 at 7% for 3 months. 

8 . Find the simple interest on $100 at 6 % for 60 days. 

9 . A bill of $250 was not paid until 4 months after it was due. When 
paid, the bill amounted to $254.17. What rate of interest ^as charged? 

10 . A man borrows $200 from a bank, payable in 4 months at 6 %. 
However, the banker deducts the $4 interest in advance and gives the 
man $196. At the end of 4 months the man pays the bank $ 200 . What 

rate of simple interest does he actually pay ? 

11 . A bill for goods amounting to $1,250 due in 90 days is presented to 
a bank for cash. If the bank charges 6 % simple interest, how much cash 

will the bank allow the merchant? 

12. A bank allowed a merchant $991.73 on a bill of goods for $1,000 
due in 60 days. What rate of simple interest did the bank charge? 

13 . (a) Find the amount of $3,000 for 12 years at 6 %, compounded 
annually, (b) Find the amount of $6,500 for 20 years at 5 %, compounded 

annually. 

14 . (a) Find the amount of $500 for 8 years at 6 %, compounded semi¬ 
annually. (b) Find the amount of $1 for 10 years at 8 %, compounded 
annually; semiannually; quarterly. 

15 . (a) Find the present value of $1,000 due in 20 years, if money is 
worth 7%, compounded annually, (b) Find the present value of $2,500 
due in 25 years, if money is worth 6 %, compounded semiannually. 

16 . (a) Find the present value of $10,000 due in 12 years, if money is 
worth 8 %, compounded quarterly, (b) Find the present value of $800 
due in 10 years, if money is worth 5%, compounded semiannually. 

17 . Find the effective rate of 6 %, compounded (a) semiannually; 
(b) quarterly; (c) monthly. 

18 . Find the effective rate of 4%, compounded (a) semiannually; 
(b) quarterly; (c) monthly. 

19 . Find the effective rate of 5%, compounded (a) semiannually; 
(b) quarterly; (c) monthly. 

20 . Find the effective rate of 2 %, compounded (a) semiannually; 
(b) quarterly, (c) monthly. 

21 . Find the nominal rate, compounded (a) semiannually, (b) quar¬ 
terly, and (c) monthly, that is equivalent to an effective rate of 6 %, 
of 4%, and of 2% in each case. 
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22. Find the nominal rate, compounded (a) semiannually, (b) quar¬ 
terly, and (c) monthly, that is equivalent to an effective rate of 5%, of 
4£%, and of 3% in each case. 

23. From the American Experience Table of Mortality we find that out 
of 100,000 children who reach the age of 10 during any year, there are 
99,251 living at the end of the year. What is the death rate for children 

aged 10? 

24. Out of 92,637 individuals living at the age of 20 there are 89,032 
living at the age of 25. What is the average death rate of young people 

between the ages of 20 and 25? 

25. A utility company’s gross income for a certain year is §9,264,789 
for electricity, §4,275,874 for gas, and §874,273 for steam heat. The 
income of each department is what per cent of the gross income ? 

26. The operating expenses of three departments A, B, and C are as 
follows: A, §234.25, B, §572.10, and C, §50.75. Find what per cent each 

department’s expense is of the total expense. # 

27. If the price of milk is raised one cent a quart and a certain milk 

company’s business falls from 65,249 quarts daily to 64,375 quarts, what 

is the per cent loss in trade? n 

28. If one company steps up production from 40,000 units to 45,000 

units per day, and a second company steps up production from 15,000 
units to 20,000 units per day, compare their per cent of increase m pro¬ 
duction. How many units per day must the second company produce 
to have the same rate of increase in production as the first company. 

29 If the following table represents the gross income of diffeie 
companies for two successive years, find the per cent of increase or 

decrease in gross income in each case. 


p 

1929 

1930 

$2,125,600 

$1,620,200 

978,320 

990,250 

572,653 

898,275 

975,000 

875,000 

375,000 

275,000 

75,250 

752,500 


30 . What sum of money will amount to *10,000 in 20 yearn if money ■> 
worth i %, compounded sc mKinnu.illy^ ^ sflou | ( i |, e the selling price of 

th^^^oneylswmthO^n^— W 

.... 

annually? (b) worth 8%, compounded annually. 
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33. Find the time required for money to double itself at 6%; at 5%; 
at 6%, compounded semiannually; at 5%, compounded semiannually. 

34 . The following are equivalent to what rates of interest? (a) $100 
cash or $120 in 60 days, (b) $80 cash or $100 in 90 days, (c) $450 
cash or $500 in 30 days. 

35. A man holds a noninterest-bearing note for $1,000 payable in 8 
years. What is the cash value of the note if money is worth 6%, con¬ 
vertible semiannually? 

101. ANNUITIES 

We are all familiar with experiences of making equal payments 
at the end of equal intervals of time, such as rent, insurance, 
payments on a home or debt, installment payments, as well as 
savings. All such series ol payments are called annuities. An 
annuity is a series of equal payments made at equal intervals of 
time. In this course we are primarily interested in those cases 
where the payments are made at the end of each interval of time. 

The amount of an annuity at the end of a given period of time 
is the sum to which the various payments accumulate at compound 
interest. 

The symbol s^, read “s angle n,” is used to represent the amount 
of an annuity of $1 paid at the end of each year for n years, when 
interest is compounded annually. To find the value of observe 

'f 

that the first dollar will be on interest for n — 1 years and by 
Equation (3), Article 99, will amount to (1 + i) n_1 ; the second 
dollar will be on interest for n — 2 years and will amount to 
(1 + i) n ~ 2 ’, the third dollar will be on interest for n — 3 years and 
will amount to (1 + i) n ~' 6 ] and so on; finally the (n — l)st dollar 
will be on interest for 1 year and will amount to (1 + i), and the 
nth or last dollar is a cash payment made at the end of the nth 
year and its amount is 1. The amount of this annuity is the sum 
of the amounts of the n payments. Thus, the amount s -j of an 
annuity of $1 per year for n years at a rate of interest i compounded 
annually is found by taking the sum 

«SI = (1 + i) n ~ l + (1 + i) n ~ 2 + (1 + i ) n ~ 3 + 

• • + (1 + i) 2 + (1 + i) + 1. 

Rewriting, 

= 1 + (1 + i) + (1 + i) 2 + * * * + 

(1 + i ) n ~ 3 + (1 + i) n ~ 2 + (1 + i) n ~\ 



(10) 
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These terms form a geometric progression in which a - 1, r (1 
_j_ a nd n = n. From Equation (4), Article 84, Chapter X , 

this sum is 

(1 + i) n ~ 1 


= 


i 


( 11 ) 


Table VII, pages 416-417, gives the values of s^i for different 

values of n and i. . D .. 

The amount of an annuity of R dollars per year is R times the 

amount of an annuity of $1 per year; that is, 


A = Rs^ 


( 12 ) 


The present value of an annuity is the sum of the present values 

value of an annuity of $1 paid at the end of each year for n years 
1 veil- hence and its present value by Equation (o), Article 99, 

is a + <r i ; the second dollar is payable 2 years benc ? “A*! 

present valoe ie < + > ’ hence and ite prese nt value is 

n +V‘"-‘n and the nth or last dollar is payable n years; hence 
L its present value to (1 + iT*> The present value of this 
, ,, tv is tl re sum of the present values of the n payments. Thus, 

the present value a^\ of an annul j J - V fakina the sum 

rate of interest i compounded annually is fou y 


an =(1+ i)~ l + (1 + i) 2 + ' ‘ ‘ + 

^ (i +4- (i + »r*- 


(13) 


Rewriting, 


+ 1. + + u +, r , 
sum is r/ . . . Nn Hi i __ m 4 - j)~ n 

(1 + i)~"l(l + 0 — 1] _ 1_LLXA!— 

= (1 + 7 ) - 1 


i 


(141 


fable VIII, pages 418-419, gives the values of for different 
rallies of n and i. 
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The present value of an annuity of R dollars per year is R times 
the present value of an annuity of $1 per year, that is, 

P = Ra -> (15) 


Here, as in Article 99, it is necessary to ascertain whether the 
sum of money stated in a given problem refers to the present time 
or to some future time; that is, to determine whether the given 
problem is a present value problem or an amount problem. 

Example 1. An annual savings of $100 will amount to how much 
in 20 years if money is worth 6%, compounded annually? 

Solution. This is an amount problem in which R = $100, n — 20, 
and i = .06. Hence, by Equation (12), 





(1.06) 20 - 1 
0.06 


= $100(36.785591) 
= $3,678.56. 


The value of sjoi is found in page 417, column 5, line 20. 

Example 2. A man buys a house for $9,500. He pays $1,500 in 
cash and wishes to pay the remainder in 10 equal annual installments. 
Find the annual payments if money is worth 6%, compounded annually. 

Solution . Clearly the $8,000 remaining due must be the present value 
of the 10 equal payments. In this case P = $8,000, n = 10, and i = .06. 
The annual payments R are found by solving the following equation for 

R: 

$8,000 = Ra\ oi. 

T T pnpp 

R = $8,000 (Ojoi) -1 
= $8,000(0.135868) 

= $1,086.94. 


If we do not have a table of values for a^| _1 or a -|, then it is necessary to 
solve the equation 


$8,000 = R 


1 - (1.06)- 10 
0.06 


for R. This can be done with the aid of a table of logarithms. 

If we have a table of values of (1 + i)~ n , we find that (1.06) -10 
= 0.5583948. Hence, 


$8,000 = R 


= R 


_ D 1 - (1.06) 


— 10 


0.06 

0.4416052 


0.06 



0.5583948 

0.06 


(7.36008)tf. 


Solving for R, 


R = $1,086.94. 
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Example 3. Find the present value of a $1,000 bond, maturing in 12 
years, bearing interest at 4%, payable annually, if money is worth 6%. 

Solution. Here, the annual interest of $40 from the bond constitutes 
an annuity whose present value at 6% is 

P\ = SdOctjgl = $40(8.383844) = $334.55. 

The present value of the principal, $1,000, which is payable 12 years 
licncc is 

P 2 = $1,000(1.06)~ 12 = $1,000(0.496969) = $496.97. 

The present value of the bond is the sum of the two present values: 

Pi + P 2 = $831.52. 


If money is compounded m times a year and the payments are 

made m times a year, then the problem is equivalent to mn con- 

« 

version periods at rate — per period. Thus, i should be replaced 

f ft 

i) by ^1 + in Formulas (11) and (14). These 


by — and (1 + 

J m 

formulas then become 


s^n = 


/ 4 * \ m n 

(1+-) -l 

_ \ m/ _ 


(16) 


m 



A treatment of the more general case, that is, the case in which 
he periods of conversion are different from the periods o pay- 
nents, may be found in any textbook on finance. However, the 

^‘amount A at the end of n years of R dollars per year, payable 
; n p e(iu al installments at the end of equal intervals during eac i year, 
vilh interest compounded m times a year at the rate i per year, 

* * V I * I 


A = Rs'£ = 




P 




(18) 


The present value P of R dollars per year, payable in P equal 
bailments at the end of equal intervals during each year for 
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years, with interest coin 
year , is 


pounded m times a year at the rate i v cr 


, R 

P = Ra$ = j 


- (*+ k)~ 


(* + m 


l -\p - 1 

m) 


(19) 


EXERCISES 

Xote: If the length of the conversion period is not given it is always under- 
* t0 °i. t0 \n annual savings of $500 will amount to how much in 20 years 

' f "iL Find the amount of an annuity of $1,000 paid at the end of each 

year for 25 years at 5%, compounded annually. 

3. What annual savings are necessary to amount to $10,000 ± 

years if money is worth K 0n • 2 0 

4. Find the annual payment necessary to amount to S8,o00 m 

years if money is worth 4 %, compounded annually. 

6. A fatlier wishes to form a trust fund so that his son will receive 

«800 at the end of each year for the next eight years. What sum must 
he place in the trust fund if money is worth 4%, compounded annually? 

6. What is the present value of an annuity of $500 paid at the end 
of each year for 25 years if money is worth 6%, compounded annually? 

7 What sum of monev must be set aside annually at 0% to provide 
for the payment of a noninterest-bearing debt of $1,500 due in 8 years? 

8. What sum of money must be set aside annually at (i% to provide 
for the payment of a note of $1,500 due in 8 years if the note bears interest 

9. What equal deposits at the end of each year for 10 years will 
amount to $1,200 if money is worth 4%, compounded annually? 

10. A man 40 years of age deposits $10,000 in a savings account which 
pays 5 % interest, compounded annually. What equal amounts can he 
withdraw annually for 10 years, beginning on his sixty-fifth birthday? 

11. A city has bonds to the amount of $200,000 falling due in 15 years. 
What sum of money must be set aside semiannually in a sinking fund to 
purchase the bonds when they fall due if the money in the sinking fund 

accumulates at 5%, convertible semiannually? 

12. It is estimated that in 10 years a piece of machinery must be 
replaced by new machinery which will cost $6,000. What annual 
savings are necessary to meet this need if the savings earn 6%, com¬ 
pounded annually? 

13 . A man wishes his family to receive $1,266.50 per year for 20 years 
after his death. What amount of insurance must the man carry if the 
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insurance company pays interest at the rate of 3£%, compounded 
annually? 

14 . A building valued at $2,500,000 has an expected life of 40 years. 
What is the yearly depreciation if money is worth 6%? 

15 . A man agrees to buy a house for $1,000 in cash and equal payments 
of $1,000 per year for 10 years. What is the purchasing price of the 
house if money is worth 7%? 

16. Annual payments of $600 each for 12 years will pay off a mortgage 
of what amount if money is worth 6%, compounded annually? 

17 . The special assessment on a piece of property is $35.50 per year 
for 10 years. What should be the cash settlement price if money is 

worth 5%? 

18 . What is the purchase price of a $1,000 bond maturing in 15 years, 
bearing interest at 6%, payable semiannually, if money is worth 5%, 


convertible semiannually ? 

19 . If an automobile that costs $1,495 when new is worth $200 at 
the end of 6 years, what is the depreciation for each 6 months if money is 

worth 6%, convertible semiannually? 

20. A man agrees to pay $200 every 6 months for 5 years to meet his 
obligation. If money is worth 6%, compounded semiannually, what is 

the amount of the obligation? 

21. The premiums on a $1,000 twenty-year endowment insurance 
policy are $40 per year paid at the end of each year. What amount ot 
the premiums must the insurance company set aside annually to mature 

the policy if money earns 4% annually? 

22. What annual rent should be charged for a house to net the owner 
6% on his investment if the house cost $8,500 and the repairs average 
$100 per year? Assume that the house will be worth $5,000 at the end 
of 15 years and that money is worth 6%, compounded annually. 

23/An equal monthly savings of $10 each will amount to how much 
in 12 years if money is worth 4%, compounded semiannually? 

24. What is the present value of an annuity of $20 per month for 

years if money is worth 5%, compounded quarterly? 

25. A father wishes to build a fund to assure a college educa ion oi 
his son. What sum of money must he deposit on each of t le c n s 
birthdays for 18 years so that the son, beginning on his nineteenth 
birthday, can withdraw $1,000 per year for four years, if the money in 

the fund earns 6% interest, compounded annually? , 

26. What equal monthly payments are necessary to pay off a m tgage 
of $8 000 in 12 years if money is worth 6%, compounded semiannua y. 

27 A man makes a cash payment of $1,000 on a house and agrees to 
pay each month for 10 year. If money is worth 6%, compounded 
semiannually, what is the purchasing price of the house. 

28. Prove that = -snO + *) "* 
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102. MATHEMATICAL INDUCTION 

Many mathematical formulas and scientific laws involving a 
variable positive integer can be proved by a method called mat le- 
matical induction. The method consists of the following four 

parts. 

Part (1). Either discover a formula to prove true, or prove a given 

^OVTTtXtlct 

Part (2). Verify the formula to see whether it is true for n = 1, 
and perhaps for the next few integers . This is accomplished by 
substituting for the variable number n, in both members of the 
given equation, the values 1,2, 3, and so on, one b\ one. 

Part (3). Assume that the formula is true for the first k integers, 

and in particular is true for n = k. 

The formula is either true for all integers, or the formula will fail 

for some particular integer. Thus, 

Part (4). Prove that the formula is either true or false for n = 
k + 1 by the aid of the assumption that the formula is true for 

n = k. 

We should not make the assumption in Part (3) without verify¬ 
ing that the formula is true for at least n = 1. do illustrate, il we 
assume the erroneous statement that the sum of the first h even 
integers is an odd number, then we can prove that the sum of any 
number of even integers is an odd number, a statement that is 
false. However, if we try to verify the assumption we find that 
the sum of the first one, two, or three even integers is an even 
number and not an odd number. Thus, Part (2) cannot be 
omitted in any complete proof by mathematical induction. 

If in Part (4) we succeed in proving the formula is true for 
n = k + 1, then we have proved that there does not exist a value 
for k such that the formula fails for n = k + 1. Hence, the 

formula must be true for all integral values of n. If in Part (4) 
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we do not succeed in proving that both members of the given 
equation are identical for n = k + 1, then there exists a value for 
k such that the formula is true only for integers equal to or less 

than k. 

Example 1. Find the sum of the first n odd integers. 

Solution. In this case let us attempt to discover a formula for the 
sum of the first n odd integers. To do this, let us find the sum of the first 
two odd integers, the first three odd integers, and so forth. Thus, 

1 = 1 = l 2 , 

1+3 = 4 = 2 2 , 

1+3 + 5 = 9 = 3 2 , 

1 + 3 + 5 + 7 = 16 = 4 2 . 


From this we discover that 

the sum of the first two odd integers is 2 2 , 
the sum of the first three odd integers is 3 2 , 
the sum of the first four odd integers is 4 2 . 

We might infer from this that 

the sum of the first n odd integers is n 2 . 

In this example, for Part (1) we have discovered a formula we wish to 
prove true; that is, we wish to prove the formula 

1+3 + 5 + 7+ • • • +(2/i — 1) = w 2 . 

Observe that the nth even integer is 2n, and hence the nth odd integer is 
271 — 1; that is, the nth term is 2n - 1. Also observe that the nth 
term must he an expression such that when n = 1 the expression gives 
the first term, when n = 2 it gives the second term, when n - 3 it gives 

the third term, and so on. _ Q , 

For Part ( 2 ) the formula was verified for n — 1, n - 2, n , 
n = 4 This was done in the process of discovering the formula. 

For Part (3) assume that the formula is true for the first k Integra va - 
ues of n and in particular is true for n — k) that is, after subs l u ing 
f or n in the given formula, assume that 

1+3+ 5 + 7+ • * * + (2 k — 1) = k 2 . 

For Part (4) it is necessary to prove whether or not the sum of the 
(fc + 1 ) odd integers is (k + 1 ) ! , on the assumption that, the sum of t 
i r fk odd integers is k\ that is, it is necessary to prove whether or no 
the formula is true for n = k + 1. Thus after subst.tutmg (fc + l) 
for n in both members of the given iormula, it is nceessao P 

whether or not 


t 
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1+3+5+7+ 


i • • 


+ (2k - 1) + (2k + 1) = (k + l) 2 


on the assumption that 

1 + 3 + 5 + 7 + 


* * 


+ (2 k - 1) = k 2 . 


Thus, prove whether or not 

k 2 + (2k + 1) = (k + l) 2 . 

This is an identity since 

k 2 + 2k + 1 — (k H - 1)“* 

This completes the proof, since the formula was verified and found to 
hold for n = 1 2, 3, and 4, respectively, and it was shown that if the 
formula holds for n = k, it does not fail for n = k + 1. That is there 
does not exist an integral value of k for which the formula fails foi 
n « & + 1; hence the formula must be true for all integral values of n. 

Since the terms in Example 1 form an arithmetic progression, in which 
a = 1, d ~ 2, and n = n, it is possible in this case to find the sum of the 
series by using the formulas given by Equations (1) and (2), Article 
83, Chapter XIV. The ?ith term is 

l = a + (n - l)d = 1 + (n - 1)2 = 2n - 1, 
and the sum is 

S = >1 (a + l) = 2 (1 + 2n - 1) = nK 


Example 2. Prove that 

2 

l 3 + 2 3 + 3 3 + 4 3 + • • • + n 3 = ^- (n + l) 2 . 

Solution . In this case, for Part (1) the formula is given. For Part 
(2), let us verify the formula. 

For n = 1, l 3 = 1 = ^ (1 + l) 2 . 

For n = 2, l 3 + 2 3 = 9 = j (2 + l) 2 , 

For 7 i = 3, l 3 + 2 3 + 3 3 = 3G = j (3 + l) 2 , 

For 7 i = 4, l 3 + 2 3 + 3 3 + 4 3 = 100 = ~ (4 + l) 2 . 

* 

Thus, the formula is satisfied for n = 1, 2, 3, and 4. 

For Part (3), assume that the formula is true for the first k integers 
and in particular is true for n = k. That is, after substituting k for n 
in both members of the given formula, assume that 

7.2 

l 3 + 2 3 + 3 3 + 4 3 + • • • + k* = j (k + l) 2 . 
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For Part (4) it is necessary to prove whether or not the formula is true 
for n = k + 1; that is, after substituting k + 1 for n in both members of 
the given formula, it is necessary to prove whether or not 

(k + l) 2 


l 3 + 2 3 + 3 3 + 4 3 + 


m m » 


+ /e 3 + (k 4* l) 3 = 


(k + 1 + l) 2 


on the assumption that 


k 2 


+ k* = ^ (k + l) 2 


(k + 1) 


(k + 2 ) 2 . 


I 3 + 2 3 + 3 3 + 4 3 + • • • 

Thus, prove whether or not 

1-2 

^ (fc + l ) 2 + (Jo + l ) 3 = 

. (fc + l ) 2 , 

Factoring out-^- > we have, 

(*+11: [** + 4 (fc + i)i = & + 11 (k + 2)\ 

4 ^ 

which completes the proof, since this is an identity. Therefore the 
formula is true for all integral values of n, since the formula does not 
fail for n = k + 1 for any value of k, and the formula is true for k = 1 , 

2, 3, and 4. 

Example 3. Let us attempt to prove the foimula 
l • 2 + 2 • 3 + 3 • 4 + 4 • 5 + ■ * * + n(n + 1) = 3n 2 - 3n + 2. 

Solution. Let us verify the formula for n = 1,2, and 3. 

For n = 1,1*2 = 2 = 3-3 42, 

For n = 2, 1 • 2 4* 2 • 3 = 8 = 12-6 + 2, 

For 7 i = 3, 1*2 + 2 * 3 + 3*4 = 20 = 27 — 9 + 2. 

Thus the formula is true for n — 1 , 2, and 3, respectively. 

Let us assume that the formula holds for the first- k integers and t us, 
after substituting k for n in both members of the given equation, assume 

that 

1-2 + 2 - 3 + 3- 4 + 4- 5+ * * * + k(k + 1) = 3 k 2 — Sk + 2. 

Then after substituting k + 1 for 77 in both members of the given 
equation, let us attempt to prove that 

1 . 2 + 2 • 3 + 3 * 4 + * * * + k(k + 1 ) + (k + \){k + 2 ) 

= 3 (k + l ) 2 — 3(fc + 1 ) + 2; 

that is, to prove that 

3lc* -3k + 2 + (k + 1 )(fc + 2 ) = 3(ft + l ) 3 - 3(* + 0 + 2 - 

Simplifying both members gives 

44.2 _j_ 4 = 3 fc 2 + 3 k + 2 . 
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Now this equation is not an identity and hence is act true ^tduts oft 
k This is a conditional equation and is true for y , 

that will satisfy this equation. Transposing and collecting, we ha 


factoring, gives 


/c 2 - Sk + 2 = 0; 
(Jfc - \)(k - 2) = 0; 


solving for k, we obtain 


k = 1 


or 


k = 2. 


Thus, the given formula is true for n - k + 1 only if k 1 or k 2 
that is, the given formula fails and is not true for any value of n greater 
than 2+1=3. If we try to verify the formula for n = 4, we will find 

that . „ _ , „ 

1 • 2 + 2 • 3 + 3 v 4 + 4 • 5. = 40, 

while , _ _ _ 

3 n 2 — 3n + 2 = 48 — 12 + 2 — 38, 

which shows that the formula fails for n = 4. 

In the study of series it is very important to be able to discover 
the law of formation of a given series when a few of its terms are 
given. The discovery of such a law is necessary before the general 
term (the nth term) can be written. To illustrate, the nth teim 

4 

of the series 


1 + 


2*3 3 * 3 2 4 * 3 3 1 5*3 


r, + 


+ 


1 


+ 


# * 


is 


n • 3 


n—1 


EXERCISES 

Write the nth term, the ktb. term, and the (k + l)st term in each of 
the following series (Exercises 1 through 14). 


1. 


1 +T-4 + 


* * m 


1-2 1 2-3 


3 * 4 
1 


4 • 5 


^* l"!"2! - ^3! - ^4!^ - 
3. l+i + ^ + ^+* 

4 - + — + — + — + 
2 ^ 2 2 2 3 2 4 


« i • 
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5. 


' +-i= + -i= + 


i 


V 2 ^2 ^2 ^2 


+ 


e. A4 + 14 + ?4 + t4 + 


« t • 


2-3 ’ 3-4 
M 2J 

*• 3 • 5 + 5 • 7 


4-5 1 5-6 

+ 5Li + 111 + 

^ 7 ■ 9 9 ■ 11 


• * 


8. 1 + 2 + 3 + 4 + 5 + 


9. 

X 

2 

— 

x 2 

T 

sy* 3 

+ : 6 + 

x 4 

8 

+ • • • . 

10. 



2x 2 . 3x 3 

+ 

4x 4 . 


+ 

2! 

' + 3! 

_1— * m m 

4! + 

11. 

1 

— 

Ax + 9x 2 ■ 

- 16a; 3 + • • * . 

12. 

1 

— 

a; 2 

2! 

-£_ 4 _ 
+ 4! 

a; 6 

6! 

_J± . . . . 

13. 

a; 

— 

a; 3 

3! 

, re 5 

+ 5! “ 

x 7 

7! 

+ ’ ’ ’ • 

W' 

14. 

1 

+ 

x ■ 

/v*2 

j_ — + 
^ 2! ^ 

X 3 

3! 

/y*4 

I - -j- * • • 

^ 4! ^ 


Find the first four terms of each of the series whose nth terms are given 
in Exercises 15 through 23. 

n 

2 "* 

2 n + 1 
n 2 + r 

n(n + 1) 

3 n-1 (2n — l) 2 


is. i+i- 

n! 

16 ‘ (2n - 1) 

17. 

lg (n + ,1)1. 

X0 ' n(ft + 2) 

19 n(n + 1)_ 2 , 

Ay - (2n - 1)1 

20. 

( —1)”3 • n 1 

Z1 * 2"(2n - 1) 

n • 2"+ 4 

2Z- (2n)! 

23. 


Prove each of the following (Exercises 24 through 38) by mathematical 
induction. 



• * 


24. 1 

25. 2 


26. I 2 + 2 2 + 3 2 + * * 

27. 2 + 2 2 + 2 3 + * • * 

2 °* 1-2 ^ 2 • 3 ^ 3 • 4 


. . . + n = ^ (n + 1). 

• —|- 2n = n(n -f 1). 


-f n 2 = — (n + 1) (2/i 4“ 1)* 


+ 2" = 2(2" - 1). 

, 1 
• • * -p 


n 


29. l-3+2*4 + 3*5 + 


• * 


n(n +1) n + 1 
+ n{n + 2) = ^ (n + l)(2n + 7). 
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30. l* + 3 3 + o 3 + * * • + (2n - l) 3 = n 2 (2n 2 - 1). 

31 . 1-2 + 2- 3+ 3- 4+ • * * + n(n + 1) = ^ (» + *)( n + 2 ) 
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32. I 2 + 3 2 + 5 2 + * * * + (2 n - l) 2 = l n{2n - 1)(2 n + 1). 

^ * 

33. 2 2 + 4 2 + 6 2 + * * * + (2n) 2 = ^ n(n + \){2n + 1)- 
qa 03 X 4 3 4* 6 3 4" • * • “1“ (2n) 3 = 24" 1) • 

» 1+5 + 9+ •••+( )-*(»•-«• 

36. i + ’ - • + ( ) = 1 - F 

37 T L 3 + 3 1 5 + r7 + '" +( > = 2JTTT 

38. 1* + 2* + 3* + • • • + ( ) 

= (n + 1)(2 n + l)(3n 2 + 3 n — 1). 

OU 

39. Prove that x" — y n contains x — y as a factor if n is a positive integer. 

Hint: Make use of the identity x fc+1 — 2/* +1 = ~ V k ) + V ! ( x ~ 


103. PROOF OF THE BINOMIAL THEOREM FOR POSITIVE 
INTEGRAL EXPONENTS BY MATHEMATICAL INDUCTION 

Let us prove the binomial theorem for positive integers by 
mathematical induction; that is, let us prove the formula 

(a + x) n = a R + B Cia n_1 x + n C 2 a n_2 x 2 + 

• • • + n C r _ia n_r+1 £ r-1 +••■+«“. (I) 

By direct multiplication it can be verified that 

for n = 1, (a + x) 1 = a + x, 

for n = 2 , (a + x) 2 = a 2 + %C\(ix -P 2 C 2 X 2 

= a 2 + 2 ax + x 2 . 

Let us assume that the formula is true for the first k integers, and 
in particular is true for n = k. Thus, assume that 

(a + x) k = a k + kCia k ~h: + * C 2 a fc_2 x 2 + • • • + 

iC r _ 2 a Af—r+2 x r_2 + iC r _ia* -r+l z r-1 + • • • + x k (2) 

and then prove that the formula is true for n = k + 1. That is, 
prove that 

(a 4- x)^ 1 = a Hl + k+\C\a k x + *-i-iC 2 a fe-1 x^+ 

•••-+■ t+iC r _ia A ' -T+ 2 x r_1 + * * * + a J:+, . 


(3) 
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To prove this, let us multiply each term of Equation (2) by 
(a 4- x). We then have 


• • • 


+ 


(a 4- x)* +1 = « fc+1 + kC\a k x 4- kC 2 a k *x 2 4- 

fcC r _ 2 a fc_r+3 ^ r-2 + fcCr-ia*^ 2 ^ 1 + • • * + ax* + a*x 4 

fc Cio fc " 1 ** +' * • * + fcC r _ 2 a* _r+2 x r_1 4- ' * • 4 x k+u t 


adding like terms we obtain 

(a 4- x) k+l = a k+l 4- 


(fcCi 4- l)a*x 4- (kC 2 4- tCi)a* ! x 2 


+ 


* * • 


4" (fcC'r— i 4" fcC r _2)a 


J b- r I 2j.r— 1 _J_ 


» i 


4 x k+ 


1 


(4) 


Let us simplify each coefficient of Equation (4) separately. 


*Ci + 1 = 
fcC 2 4" kC i = 


fc + 1 = fc+iC’i * 

/c(fc - 1) 


+ 


k j ( 

i = H 


k — 1 


4- 1 


= t-i-iCV 


iC^r—1 4~ fcf r— 


1 * 2 

fc(Jb + 1) _ 

1 • 2 fc+i^ 2 

A:(A; - 1) - * * (A; - r + 3)(k - r + 2) 

(r — 2)(r - 1) 


4 


2 — 


1 • 2 * 

Jcjk — 1) • ‘ * (k — r + 3) 

1*2 ■ • * (? — 2 ) 

k{k - 1) * * - (k - r + 3) rfc-r + 2 

1*2* * • (r — 2) 

/c(/c - 1) * * ‘ (k - r 4- 3) 


r — 1 


4 1 


(k + 1) 1 

(r — 1) J 


- i • 2 • • * (r — 2) 

(jk + 1 )k(k - 1) ■ • 1 (fe~ f + 3 ) 
= 1-2*3 * * (r — 1) 

= fc+ \Cr—\' 


Therefore, Equation (4) becomes 

(a + *)"-> = + 


* * 


+ 


which is the same as Equation (3). This completes the P 1 ^ ^ 

since we have proved that the formuaoesno j fe true 

for any value of k, and we have verified that the tormu 

for k = 1 and 2. 





























CHAPTER XXI 


Infinite Series 



104. INFINITE SERIES 

The sum of a finite series in which all the terms are finite is 
fl it 6 

the case of infinite series (unending series) there may exist 
a number that is greater than the numerical value of the sum ot 
any number of terms, no matter how many are taken, or it may 
happen that it is possible to find enough terms whose sum is 
numerically greater than any number you please. Thus the 
following classification of infinite series may be given. Let 

U\ + W2 + Uz + Ui + 

be an infinite series, and let 

51 = Ui, 

52 = U\ + U2 

53 = U\ -f- U2 + U3, 


and so on; finally 

S n = U\ + Ui + U3 + " * ’ + U n . 



That is, let S n be the sum of the first n terms. As the number of 
terms is allowed to increase indefinitely, one of the following 
conditions exists. 


or 

or * 


S n approaches some number as a limit, 

S n increases numerically without bound, 

S n is bounded but does not approach a limit. 


The series in the first case are called convergent series, and 
the series in the latter two cases are called divergent series. Thus, 
we have the 


39J 
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Definition. If in an infinite series the sum of the first n terms 
approaches a limit as n increases indefinitely , the series is said to he 
convergent and the limit of the sum of the first n terms is called the 
sum of the series. All other infinite series are called divergent 
series and their sum does not exist. That is, 


if lim S n — S , the series is convergent, (2) 

n—► co 

if lim S n does not exist the series is divergent. (3) 

n—* co 

We read lim/S n , “the limit of S n as n grows larger without 

71 —► « 

bound.” 

Illustration 1. The series 


l+'i + i + i-r+iV' 


is a convergent series because S n approaches some number as a 
limit as n grow r s larger without bound. The terms of this series 
form a geometric progression with a = 1 and r — -J. For n = n, 
the sum S n , by Equation (4), Article 84, Chapter XI\, is 


Therefore, 



Illustration 2. The series 

1+2 + 3 + 4 + 54- * • ‘ 

is a divergent series because S n increases without bound as n gro^ s 
larger without bound. The terms of this series form an arithmeti 
progression with a = 1, and d = 1. For n = n, the sum S n , by 
Equation (2), Article 83, is 

Sn = 7Z (1 + *0- 


Therefore, 

lim Sn = 9 (1 + n ) = 00 * 

n—» « «-» • * 

Illustration 3. The series 

1 - 1 + 1 - 1 + 1 - 
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is a divergent series because S n does not approach a 
increases indefinitely, but oscillates between 1 and 0. 
are sometimes called oscillating series. 


limit as n 
Such series 


Example. Determine whether the infinite series 


a + ar + ar 2 + ar 3 + ar 4 + ■ • ‘ 


is convergent of divergent. 

Solution. The terms of this infinite series form a geometric progression 
with ratio r. By Equation (4), Article 84, the sum of the first n terms is 

„ a(l — r n ) 

S - = 1 -I”* 


Since lim r n = 

n—* 00 


0 if |r| < 1. and lim r n = 00 if |r| > 1, it follows that 


n—► °o 


lim S n = lim 


a(l - r n ) _ •a 


n—+ » 


n—* « 


•1 — r 


1 — r 


if |r] <1, and 


lim S. = lim a -^p- = » 

n—* « n—► « ; A 



if |r| > 1. Therefore from definition the given series converges if \r 
and diverges if |r| > 1. 


< 1 


There are several methods used for determining \\ hether a seiies 
is convergent or divergent. We shall give only two methods, the 

comparison test and the ratio test. 


105. COMPARISON TEST FOR CONVERGENCE AND 

DIVERGENCE 

We shall prove two theorems that can be used to prove the 
convergence or divergence of certain series by comparing the given 
series with a series that is known to be convergent or divergent. 
We shall also give without proof a few theorems pertaining to 
convergent and divergent series. 


Comparison Test for Convergence 

Theorem I. If each term of a given series of positive terms to be 
tested , such as 

U\ + U2 + Uz + Ua + ' * * , 

from the kth term (that is, any term) on is equal to or less than the 
corresponding term of a known convergent series of positive terms, 
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V\ 4” Vi d - ^3 d - t’4 4 “ * * " > 


then the given u-series is convergent. 

Proof: If 

Uk = Vfa 
Uk+1 ^ Vk+lj 
Uk -|-2 = Vk+ 2, 

and so on, and finally 

u n ^ v n , 

then it follows that the sum 

U n = Uk + Uk +1 + Wah-2 + 

is less than or at most equal to the sum 


» * 


+ U n 


(4) 


V n = V k + Vk +1 + t’JM-2 + * * * + 


(5) 


Since the v series is known to converge, then by de m ion e 
limit of V n , as n increases indefinitely, exists. Since U n = *> 

the limit of U n must exist and is equal to or less than the limit o 

1 The sum of the first k - 1 terms of the series to be tested is 

5 fc _ 1 = U 1 + U 2 + Us + Ui + • • * + Uk- 1. 

Since this is the sum of a finite number of terms, the sum 
must be finite. 

Since 

S n = <Sfc-l •+■ LJ n , 

then, .. t-t 

lim S n = Sfc—i + km G n > 

n—* oo 


n—* 


It follows from this that the limit of & exists and is finite since it 
was shown that the limit of U. exrsts. Therefore, the gtv 

infinite series 


















is a convergent series. 

Comparison Test for Divergence 

Theorem II. If each term of a given series of positive terms to 

he tested , such as 

U\ T U 2 “b Uz H - u 4 4 Uh “h 
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from the hth term (that is, any term) on is equal to or greater than the 
corresponding term of a known divergent series of positive terms, such 


as 


IN 


4- 








_L 










then the given u series is divergent. 

Proof: If 

Ufc ^ Vk, 

Uk+l = Vk+i, 

Uh+2 = y fc+2> 

and so on, and finally 

^ Vti) 

then it follows that the sum 

U n = U k 4 U k+ 1 - Wfc+2 4 * * * 4 «» 



is equal to or greater than the sum 

V n = V k + l'fc+1 4 Vfc+2 4 • * * + Vn ^ 

Since tne v series is known to diverge, then by definition the 

sum V n increases without bound as n increases indefinitely. k.ince 
U > V the sum U n also increases without bound as n increases 

^ 71 — ^ ) 

indefinitely. 

The sum of the first k — 1 terms of the series to be tested is 

Sb-l = Ui + U2 + uz + * ' * + Uk- 1- (8) 

Since this is the sum of a finite number of terms, the sum S *_! 

must be finite. 

Since 

S„ = St-1 + u „ (9) 

« 

then 

lim S n =■ —i 4 lim XJ n . (10) 

n—* oo n —* » 

P 

It follows from this that S n grows larger without bound as n 
increases without bound, since it was shown that TJ n increases 
without bound as n increases without bound. Therefore the 

given infinite series 

U\ + Ui + U3 + W4 + Us + 

is a divergent series. 

It was shown in the example given in Article 104 that any 
infinite series whose terms form an infinite geometric progression 
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with ratio less than 1 is a convergent series whose sum is y 

and any infinite series whose terms form an infinite geometric 
progression with ratio greater than 1 is a div ergent series. Hence, 
infinite series whose terms form a geometric progression are very 
desirable types of series to use for the comparison tests. 

Example 1. Test whether the series 

1+5 + 52 + 55+ • ' ' + 5 ^i + ' ' ' 


is a convergent series or not. 

Solution. Let us compare this series with the known convergent 
series whose terms form a geometric progression with ratio 

1+ l + 2 3 + 2 3 + ' ' ' + + ' ' ’ • 

By comparing the nth terms ot the two series, it is necessary to determine 
whether or not 

1 < 1 
n n-l = 2 n_1 " 

Extracting the (n - l)st root of both members, we have 

1 * 
n ~ 2’ 

which is a true inequality for n ig 2. Therefore, each term of fcg™ 
series after the second term is less than the corresponding term of a 
known convergent series. Hence, the given series is a convergent senes. 

Example 2. Prove that 

1+i + i + i + i + ^d- 


is a divergent series. following 

Solution. This series can be shown to be divergent b> the fo g 

grouping of terms 

i + (£) + ($ + i) + (i + £ + \ + £) + (£ + * • ‘ + *) + 

The sum of the first n terms of this series is evidently greater than the sum 
of the first n terms of 


+ 


» m • 


I _|_ i i i 

since the sum in each pair of parentheses is greater than £. It is evident 
for example that 
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i + i + \+-i>i + 


l 

¥ 


+ £ + £ 


4 

¥ 


1 

IS 


m 

since £ > i anc ^ t > , ■ 

Therefore, it is possible to find enough terms in the series 




* • 


to make the sum greater than any number of one-halves we please; thus 
the series is divergent. This is a very slowly divergent series and one 
that is commonly used for comparison purposes. 

Example 3. Prove that 


1 


1 + 1 


1 + V2 + V3 " V4 


+ -C + 

V5 


* * 


+ 


1 


Vn 


+ 


# * 


is a divergent series. 

Solution. Let us compare this series with the divergent series 


1 + 


1 


a. ! 4- A -}- i 4- • • • + -+ • • * • 
3 ' 4 ' 5 ~ n 


m 

Comparing their nth terms, it is necessary to determine whether or not 


1 


yfn 


> A. 

n 


Squaring both members gives 


multiplying by n 2 gives 


A 2> _L; 

n n 2 


n ^ 1. 


Therefore, each term of the first series after the first term is greater 
than the corresponding term of the known divergent series. Thus the 
given series is a divergent series. 

Another useful series for comparison purposes is the following. 
Example 4. The series, commonly known as the p series, 


1 + 2 ^ + 3 ^ + 4 ^ + 5 ^ + 

is convergent if p > 1, and divergent if p ^ 1. 

Solution. To prove this series converges for p > 1, let us consider 
the following grouping: 



For p > 1, the sum of this series is evidently less than the sum of the 
series 
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1 + 


2? 


+ 


4 p 


+ 


8_ 

8 P 


+ • 


* * * 


which is a convergent series for p > 1 since its terms form an infinite 

2 

geometric progression with ratio less than 1. The ratio ^ is less than 1 
when p > 1. It is evident for example that 

i _i i _i L_i L <_L-i L-|—L_)—L _; 

4^ ■+■ 5p "b ^ 7 P 4 P ~ 4 P 4 P 4 P 4 P 

1 11 1 , 1 . J__ 

since ^ & < 4 ? ancl Y p 4 P ‘ 

Therefore the p series converges if p > 1. 

To prove that the p series 

,, 1 , 1 , 1 + ... 

L "T 2 p _r 3 p 4 p 


+ — + 

n p 


* * 


diverges if p < T let us compare this series with the known divergent 

series (see Example 2) 

1 1 I J. 1 -L I 4- • • • -4- —_ l” * * * • 

1+ 2 + 3^4^ n 


Comparing their nth terms, 


1 


1 


n v ~ n 1 


multiplying by n v gives 


1 >: n p 


—1 


which is true for n > l and p < 1. 

Thus we have shown that the p series is convergent if p > h 

and divergent it p ^ 1- . r _i 

In Example 2 we proved that the p series diverges or p ■ 

Theorem III. For a series to be convergent it is necess ^ ,. 

the nth term approach zero as a limit as n increase!, with 01 U bound, 

that is, lira u. = 0. The converse of this theorem is not ne 

sarily true* that is, the limit of the nth term can be zero without 

the series being convergent. PvnmI ,i e 1) 

Illustration 1. In the convergent series (see Example it 


1 

2 


1 

3 


1 , * , 

1 + 5 + Q2 + 4.1 + 54 + 


1 


+ n"- 1 + 


* ■ 


1 


lim u n = hm = 0. 


n—► <*> 


n —► 00 
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Illustration 2. By Example 2, the following series diverges 


1+5+5+Z+S+ 


1 , 
+ n + 


• * 


however, 


lim u n 

n—> qo 



Theorem IV. If the nth ^ * • j * i 

as a limit as n increases without bound, then the senes is divergent. 

Illustration 3. The series 



n 


n + 1 


7 + 




is divergent, because 

.. n i 

An alternating series is a series whose terms are alternately 
positive and negative. 

Theorem V. A series whose terms are alternately positive and 
negative is convergent if the numerical value of each term is less than 
the preceding term, and if the nth term approaches zero as a limit when 

n increases without bound. 

Illustration 4. The alternating series 


I 2 3 4 5 


+ 


(-l) n+1 -+(-D 


n+2 


71+ 1 


+ * • * 


IS 


convergent since n , ^ ~ for all 


values of n , and lim u n 


n—► « 


= lim — = 0 . 

ji —■> * n , 

Theorem VI. A series whose terms are not all oj the same sign 

is convergent if the series whose terms are the absolute values of its 
terms is convergent. 

By absolute value we mean the numerical value without regard 
to sign 5 that is, the absolute value of 5 is o, and ve expiess the 

absolute value in the following manner, | 5| = 5. 

A series is said to be absolutely convergent if the series of the 

absolute values of its terms is convergent. 
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Illustration 5. The series 



is absolutely convergent, since the series composed of the absolute 
values 


1 + \ + h + 



is convergent by Example 1. 

If a series with positive and negative signs is convergent but the 
series whose terms are the absolute values of its terms is di\eigent, 
then the series is said to be conditionally convergent. 
Illustration 6. The series 

1 + + * * ' 

is conditionally convergent, for by Illustration 4 this senes con¬ 
verges, but the corresponding series of positive terms is divergen 

by Example-2. 

106. RATIO TEST 

Theorem. If in the infinite series of positive terms 

U X + + Uz + U4 + ' ' * + u n + w -+i + 


he ratio [the ratio of the (n + l)st term to the nth term], ap- 

^ # 
oroaches a 'limit R as n increases without bound, ^ thejerm 

to give us any information. If the ratio from some term on is equal 
to or greater than 1 the series evidently diverges. 

Proof: If lim = R > h the theorem is evident without 

71—» 00 ^ W 

* 

proof. 

If Um = R < l, it follows by the definition of a limit that 

thereTxisfs"some value for k such that for all terms after.and 
including the Mh term, the ratio for n i k, m less than 

where R <r < 1. That is, 
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Hiti <r 

Uu 

or 

Uk+\ 

< m fc , 

“* +1 < r 
Uk+l 

or 

Wfc+2 

< rujt+i < r(ru k ) = r-u*, 

Ut + , < r 

or 

Wt-t-3 

< ri/t+2 < ^Uk, 

on. Hence, 





'•WF ' W 

Uk+i 4- u*+ 2 4- Ufc+3 4- * ■ ' < + r 2 + r * + ) 


(10 




< w * \ zry 

since the terms in the right-hand member of Equation (11) form 
an infinite geometric series with ratio r which is less than 1. 

Therefore, the given infinite series 

wi + «3 + + «< + * * * 4- u k 4- Uk +1 + 

converges because the sum of the first k terms is finite, and we 
have proved that the sum of the terms after the kth term is less 

r 

than the number u k ^ _ r * 

In the cases lim = 1, it is necessary to use other tests to 

a—* » n 

determine whether the series is convergent or divergent . 

From Theorem VI, Article 105, the ratio test might he expressed 

as follows: In the infinite series 

u\ 4- u 2 4- «3 4- * * * 4- Un 4- Un+i 4- * ' * » 


the series converges, if 


lim 




U n 


< i; 


the series diverges , 


lim 


Un +1 


W 


n 


> l; 


the test fails to give us any information if 


lim 


Wn+1 


U n 


= 1. 


Example 1. Test the following series for convergence or divergence 


1 , 2 L 3 , 4 . 


n , ft 1 t 
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Solution. The ratio of the (n + l)st term to the nth term is 


Un+i 

u n 


n + 1 . 2 n _ 1 (n + 1) 
2 n+1 n 2 


Then 


lim^±i= Um 

n —* oo Un n —► «o « rt 


n 

1 

2’ 


since lim — = 1. Hence the given infinite series is convergent. 

Tl 

Example 2. Test the following series for convergence or divergence. 


Ill 

1 + 


* * * 


+ ^ + rr^ 


+ 


Solution. The ratio of the (n + l)st term to the nth term is 


1 


^n+1 _ 


n + 1 


n 


u 


n 


1 

n 


n + 1 


Then 


n 


lim = lim - , . 

n _+ oo Un « n H- i 


= 1 


However, 


• * 


• A a n -\x n 1 + 


< * 


Since this limit is 1, the test fails to give us any information 
in Example 2, Article 105, this series was shown to be divergent. 

107. POWER SERIES 

A series of the form 

a 0 + O'lX + a<iX 2 + a 3 x s + 
in which the a’s, the coefficients, are constants, is called a power 

Sef The 'general ratio test may be used to determine the intervall of 
convergence, or of divergence. However, the ratro test may M 
to give any information for the values at the two ends o 
interval. It is necessary to use other tests to test for convergen 


u 


= 1. 


or divergence for those values of x for which lim 

Example. Find the interval of convergence and divergence of the 
series 


1 + x + 


x 


+ 


x 


V2 V3 


+ 


• • 


+ 


X 


n—1 


= + 


y/n — 1 y/n 


+ 


* • 






















XXI] 


INFINITE SERIES 


403 


Solution. 





It follows from the ratio test theorem, Article 106, that this series con¬ 
verges for all values of x for which \x\ < 1, and diverges for all values of 
x for which \x\ > 1. That is, the series converges for -1 < x < 1, 
and diverges for * > 1 and z < -1. The ratio test fails to give us any 

information for \x\ = 1. . , 1 A . 

By Example 3, Article 105, this series diverges for x = 1, and b> 

Theorem V, Article 105, the series converges for x = -1. Therefore, 

the given series converges for all values of x for which — 1 ^ x < 1, and 

diverges for all other values of x. 


EXERCISES 

Determine whether the following series (Exercises 1 through 20) 
are convergent or divergent series. 


l i+|] + 3 i + r! + " ' • 

3. l+H + ^i + 7a + ’ ' ' • 


2 - 1 + | + i + \ ’ • 


4 - 4- + 

*• 3 • 5 ^ 5 • 7 ~ 


4 3 

3 • 4 
7-9 

4 




9 • 11 


2 2 2 2 3 + 2 4 + 


7 i _L i-1 + 

'• 1 2 3 ~ 3 3 4 3 ' 


m m 


A , , 2 2 , 3 3 . 4 4 , 

9 ‘ 1_t "2!" 1_ 3! + 4! _l_ 

n - \ ~ i + 1 - 1 + * • * • 


* , , 2 2 , 3 2 , 4 2 . 

6 * 1 + 2! + 3l + 4! + * ’ ' * 

8 -2 + 3! + 4! + 5l + ' 


10 ‘ 2 4 + 6 8 + 

12 ‘ 1 + 5 + | + 1 + 


* * 


* * * 


14. 


1-2 

1 


+ 


2 • 3 
1 


+ 


3-4 

1 


+ 


4 • 5 
1 


1-2 1 2-3 1 3*4 4-5 


+ 


+ 


Hint: Each term may be written as follows: ^1 — ^ ^ 

(5 - 2) + (3 “ 5) 


+ 


+ 


16. 1 + ^2 + ^2 + p + ^2 + 


* • 
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, , 2! , 3! .4! , 

16 . 1 4 ~ 2 2 + 32 + 42 + 

17 ' 1+ 3l + 5 ! + 7 ! + 

18 . + ;r4r, + + -An + 


• * 


9 9 


1^2 ^ 2 • 2 2 3 • 2 3 4 • 2 4 


19 . 


1 . 1 
T 


1 


f+2 3 • 2 2 ' 5 • 2 3 7 • 2 4 


+ • • • 


* * 


1 1 • 2 . 1 • 2•3 , 1 -2-3-4 , 

20 * I + 3+4 + 4+5+6 + 5 • 6 • 7 • 8 + 

For what values of x are the following series (Exercises 21 through 34j 

convergent? 


x 2 , x 3 , x 4 . 

21. l + * + 2 i + 3! + 4! + 


i . 2x , 3x 2 4x _ 3 , 

22. 1 + 27 + 3? + 4! + 

23. 1 + 4x + 9x 2 + 16x 3 4- 


9 9 


9 9 


x 2 . x z . x 4 , 

24. ^ + ’2 + 3‘+'4^" 


• t 


„ . x 2 . x 6 . 

25. x 4 -— 4-- + 


x‘ 


V 2 \/3 y/Z 


4 - 


* * 


M 1 , 2x , 3x 2 4x _ 3 , 
26. ^2 4- 32 + - 42 - + -•> + 


5 2 


t • * 


27 . 1 — TTt + Ti “ A» + 


X 


X' 


2 ! 4! 6 ! 


28. 


x 


x 2 


X' 


X 


X' 


a + T + ? + ¥ + io + “' 

^ . . X ,x 2 .X* X* . 

29. 1+3 + 31 + P + P + 


30 - \ + TT~\ 


+ 


1 


+ 


1 


x 4 ~ 2 x 4“ 3 


4 - * * * • 


31 . 


, il ,/.+ * 

^ . 2 + 2 • 3 3 • 4 ^ 


x 


4-5 


4 - 


# • • 


1 x 2 . 1 ’ 3 z B , l‘3-5 . xj_ 

32 . ac 4 - o ’ 3” + 2+4 5 + 2 • 4 • 6 7 

1 , 3x , 3 2 x 2 , 3 3 x 3 , . . . 

33 . 5 + 2?+ — + — + 


• 9 


2 3 


34. 


x 


1 • 2 


2 4 

x 2 , x? 

3^2 2 ^ 5 • 2 3 


x 


7 • 2 4 


•, 4- 1 1 1 
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From calculus we have the following series (Exercises 35 through 46). 
Find the interval of convergence for each series. 


'T*^ T’ 

35. e z = 14-£ + ryj + gi + Ti + 


4! 


36 


e = 1 _ 1 _ 1 + l + ± + i+ . . . . (x = 1 substituted in Exercise 35.) 


2! ’ 3! ‘ 4! 

.2 ^4 


37. cos x - 1 — “ gj + ol ~ ‘ ' ’ • 


„„ . X 6 . X° X• , X _ 

38. sin x = x — 4- T 777 


8! 

.9 

91 


>8 


x* x° X* 

39. cosh x = l+ 2 l + 4 i^"igf'^gt'^ * 

v 3 ^5 

40. sinh x — x + + y, + + * * * • 

41. arc tan x = x — - 5 - + 4r — y 4* * * * • 

42. arc sin x = x + 5 • j + 2 T 5 • 5 - + ' 1 + 

tt l 1*1-1 1 • 3 • 1 • 1 . 1 - 3 - 5 * 1 * 1 , 

43 - 6 _ 2 + 2 • 3 • 2 3 + 2 • 4 • 5 • 2 s ^ 2 • 4 • 6 • 7 • 2 7 _1 " 

1 



• • • 


* » • 


x = 2 substituted in Exercise 42. I 


x 


44. Va 2 + x 1 a + 2 a 2 2 • 2! ’ a 3 + 


1 • 3 x 1 


2 3 • 3! a 5 


1-3*5 x 8 , 

-- — * _ _ ■■}■ * • * 

2 4 • 4! a 7 ^ 


a* 3 /y»4 /y»5 

45. log* (l+x) = x- ^-\--^-j-\-j~ 


46. log* (1 — x) = 


x 


X* 

2 


x• 


X 


X' 


3 


The series for log e (1 + x) is convergent for — 1 < x <£ 1 , and the 
series for log* (1 — x) is convergent for — 1 ^ x < 1. By taking the 
difference of the members of the two series given in Exercises 45 and 46, 
we have the series shown in Exercise 47. 

47. log* (1 4~ x) log* (1 x) = 2 + ^- + -g—1—-f- — -]■ * * ■ 

This series converges for x < 1 . Now if we let 

1 


2N 4- 1 


x 
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then x will be less than 1 for all positive values of N, and 

1 + x _ TV + 1 
1 — x TV 

Then by substituting, we have 

log, (1 + x) — log, (1 — x) = log, y-z"7 = + 1) — 

whence we may write the series shown in Exercise 48. 

48. log, (TV + 1) = log, TV + 

0 1 ! _1_ _j_ _1 

2 |_2TV T 1 + 3(2TV + l) 3 5(2TV + l) 5 . 

This series converges for all positive values of TV, and theiefore it can 
be used to compute the natural logarithm of any positive number, 
provided we know the natural logarithm of the next smaller number. 
Since log, 1 = 0, it is thus possible to compute the natural logarithm of 
any positive integer. As an exercise, the student should show how the 
natural logarithms of decimal fractions can be calculated from the 

natural logarithms of positive integers. 












Table I. Powers, Roots, and Reciprocals of Numbers 1 to 100 


n 


TV 


ioo 


1,681 
1,764 
1,849 

1.936 

2,025 

2,116 

2,209 

2 . 3<>4 

2,401 


n 3 


1,000 


; 

v^n 

Vn 1 

1.000 

1.000 

I *0000 

1-414 

1.260 

.5000 

1.732 

1.442 

*3333 

2.000 

1.587 

.2500 

2.236 

r.710 

.2000 

2.449 

1.817 

.1667 

2.646 

I- 9 I 3 

*1429 

2.828 

2.000 

.1250 

3.000 

2.080 

.1111 1 

3.162 

2.154 

.1000 | 


1,331 

1,728 

2,197 

2.744 

3,375 

4,096 

4,913 

5,832 

6,859 


400 8,000 


9,261 

10,648 

12,167 

13,824 

15,625 

17,576 

19,683 

21,952 

24.389 


900 27,000 


29,791 

32,768 

35,937 

39,304 

42,875 

46,656 

50,653 

54.872 

59,319 


1,600 64,000 


3-317 

3464 

3.606 

3-742 

3 - 873 
4.000 

4 - 123 

4-243 

4-359 


4 - 583 
4.690 
4.796 

4.899 

5.000 

5 - 099 

5-I96 

5.292 

5-385 


68,921 

74,088 

79,507 

85,184 

9M25 

97,336 

103,823 

110,592 

117,649 


60 2,500 125,000. 


5-568 

5-657 

5-745 

5-831 

5-916 

6.000 

6.083 

6.164 

6.245 


6.403 

6.481 

6-557 

6633 

6.708 

6.782 

6.856 

6.928 

7.000 


2.224 

2.289 

2-351 

2.410 

2.466 

2.520 

2-571 

2.621 

2.668 


2 - 759 
2.802 

2.844 

2.884 

2.924 

2.962 

3.000 

3 - 037 
3.072 


3-i4i 

3-175 

3.208 


3-332 

3362 

3-391 


.0909 

.0833 

.0769 

.0714 

.0667 

.0625 

.0588 

.0556 

.0526 


4.472 2.714 I .0500 

.0476 
-0455 
•0435 


.0417 

.0400 

•0385 

.0370 

•0357 

-0345 


5.477 3.107 -0333 


.0323 

.0312 

.0303 


3.240 .0294 

3.271 .0286 

3.302 .0278 


.0270 

.0263 

.0256 


6.325 3.420 .0250 


3-448 

3-476 

3-503 

3-530 
3-557 
3 583 

3.609 

3-634 

3-659 


.0244 

.0238 

•0233 

.0227 

.0222 

.0217 

.0213 

.0208 

.0204 


n 


7.071 3.684 .0200 100 


n 1 

n3 1 


</h 

1 jn 

2,601 

132,651 

7.141 

3-708 

.0196 

2,704 

140,608 

7.211 

3-733 

•Oi 92 

2,809 

148,877 

7.280 

3.756 

.0189 1 

2,916 

157,464 

7-348 

3-780 

.0185 

3,025 

166,375: 

7.416 

3-803 

.0182 

3,136 

175,616 

7.483 

3.826 

■0179 

3.249 

185,193 

7.550 

3-849 

-0175 

3,364 

195,112 

7.616 

3.871 

.0172 

3,481 

205,379 

7.681 

3-893 

.0169 

3,600 

216,000 

7.746 

3-915 

.0167 

3 , 72 i 

226,981 

7.810 

3-936 

.0164 

3,844 

238,328 

7-874 

3-958 

.0161 

3,969 

250,047 

7-937 

3-979 

•0159 

4,096 

262,144 

8.000 

4.000 

.0156 

4,225 

274,625 

8.062 

4.021 

•0154 

4,356 

287,496 

8.124 

4.041 

.0152 

4,489 

300,763 

8.185 

4.062 1 

0149 

4,624 

314,432 

8.246 

4.082 

.0147 

4 , 76 i 

328,509 

8.307 

4.102 

.0145 

4,900 

343.000 

8.367 

4.121 

.0143 

5,041 

357 , 9 ii 

8.426 

4.141 

.0141 

5,184 

373,248 

8.485 

4.160 

.0139 

5,329 

389,017 

8-544 

4.179 

0137 

5,476 

4 ° 5 i 22 4 

8.602 

4.198 

•0135 

5,625 

421,875 

8.660 

4.217 

•0133 

5,776 

438,976 

8.718 

4.236 

.0132 

5,929 

456,533 

8-775 

4-254 

.0130 

6,084 

474,552 

8.832 

4-273 

.0128 ; 

6,241 

493,039 

8.888 

4.291 

.0127 

6,400 

512,000 

8.944 

4-309 

.0125 

6,561 

531,441 

9.000 

4-327 

•0123 

6,724 

551,368 

9-055 

4-344 

.0122 

6,889 

571,787 

9.110 

4.362 

.0120 

7,056 

592,704 

9-165 

4.380 

.0119 

7,225 

614,125 

9.220 

4-397 

.0118 j 

7,396 

636,056 

9-274 

4.414 

.0116 

7,569 

658,503 

, 9-327 

4-431 

i-oi 15 

7,744 

681,472 

: 9-381 

4.448 

.0114 

7,921 

704,969 

9-434 

4-465 

.0112 

8,100 

729,000 

9.487 

4.481 

.0111 

8,281 

753,571 

9-539 

4.498 

.0110 

8,464 

778,688 

9-592 

4-514 

.0109 

8,649 

804,357 

9.644 

4-531 

.0108 

8,836 

830,584 

9.695 

4-547 

.0106 

9.025 

857,375 

9-747 

4-563 

•0105; 

9,216 

1 # 

884,736 

9.798 

4-579 

.0104 

9,409 

912,673 

9.849 

4-595 

0103 

9,604 

941,192 

9.899 

4.610 

.0102 1 

9,801 

970,299 

9-950 

4.626 

.0101 

110,000 

1,000,000 

10.000 

4.642 

.0100 


Molt and Company, Inc. 


1940 by Henry 
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Table II. Four-Place Logarithms 
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Table II. Four-Placs Logarithms. (C ontinucd) 
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Table III. Natural Trigonometric Functions 


Angle 


Sine 


0 ° 

1 ° 

2 ° 

3° 

4° 

6 ° 

6 ° 

IJO 

8 ° 

9° 

10 ° 

11 ° 

12 ° 

13° 

14° 

15° 

16° 

17° 

18° 

19° 

20 ° 

21 ° 

22 ° 

23° 

24° 

25° 

26° 

27° 

28 ° 

29° 

30° 

31° 

32° 

33° 

34° 

35° 

36° 

37° 

38° 

39° 

40° 

41° 

42° 

43° 

44° 

45° 


.00000 
.01745 
.03490 
.05234 
.06976 

.08716 

.10453 

.12187 

.13917 

.15643 

.17365 
.19081 
.20791 
.22495 
.24192 

.25882 
.27564 
.29237 
.30902 
.32557 

.34202 
.35837 
.37461 
.39073 
.40674 

.42262 
.43837 
.45399 
.46947 
.48481 

.50000 
.51504 
.52992 
.54464 
.55919 

.57358 
.58779 
.60182 
.61566 
.62932 

.64279 
.65606 
.66913 
.68200 
.69466 
.70711 


Cosine 


Tangent 


Cotangent 


Cosine 


1.00000 
.99985 
.99939 
.99863 
.99756 

.99619 
.99452 
.99255 
.99027 
.98769 

.98481 

.98163 

.97815 

.97437 

.97030 

.96593 

.96126 

.95630 

.95106 

.94552 

.93969 
. 93358 
.92718 
.92050 
.91355 

.90631 
.89879 
.89101 
.88295 
.87462 

.86603 
.85717 
.84805 
.83867 
.82904 

.81915 
.80902 
.79864 
.78801 
.77715 

.76604 

.75471 

.74314 

.73135 

.71934 

.70711 


. 00000 
.01746 
.03492 
.05241 
.06993 

.08749 
.10510 
.12278 
.14054 
.15838 

.17633 
.19438 
.21256 
.23087 
.24933 

.26795 
.28675 
.30573 
.32492 
.34433 

.36397 
.38386 
.40403 
.42447 
.44523 

.46631 
.48773 
.50953 
.53171 
.55431 

.57735 
.60086 
.62487 
.64941 
.67451 

.70021 
.72654 
.75355 
.78129 
. 80978 

.83910 
.86929 
.90040 
.93252 
.96569 
1.00000 


00 


57.2900 
28.6363 
19.0811 
14.3007 

11.4301 
9.51436 
8.14435 
7.11537 
6.31375 

5.67128 
5.14455 
4.70463 
4.33148 
4.01078 

3.73205 
3.48741 
3.27085 
3.07768 
2.90421 

2.74748 
2.60509 
2.47509 
2.35585 
2.24604 

2.14451 
2.05030 
1.96261 
1.88073 
1.80405 

1.73205 
1.66428 
1.60033 
1.53986 
1.48256 

1.42815 
1.37638 
1.32704 
1.27994 
1.23490 


1.19175 
1.15037 
1.11061 
1.07237 
1.03553 
1.00000 


Sine 


Cotangent Tangent 


90° 

89° 

88 ° 

87° 

86 ° 

86 °' 

84° 

83° 

82° 

81° 

80° 

79° 

78° 

77° 

76° 

76° 

74° 

73° 

72° 

71° 

70° 

69° 

68 ° 

67° 

66 ° 

65 a 

64° 

63° 

62° 

61° 

60° 

69° 

68 ° 

57° 

66 ° 

66 ° 

54° 

53° 

52° 

61° 

50° 

49° 

48° 

47° 

46° 

46° 


Angle 


110 




































Table XV. American Experience Table of Mortality 


Age Number 


Num¬ 
ber 


X 

Living 

tc \ 

uying 

d x 

10 

100 

000 

749 

11 

99 

251 

746 

12 

98 

505 

743 

13 

97 

762 

740 

14 

97 

022 

737 

IS 

96 

285 

735 

16 

95 

550 

732 

17 

94 

818 

729 

IS 

94 

089 

727 

10 

93 

362 

725 

20 

92 

637 

723 

21 

91 

914 

722 

22 

91 

192 

721 

23 

90 

471 

720 

24 

89 

751 

719 

25 

j 89 

032 

718 

26 

88 

314 

718 

27 

87 

596 

718 

28 

86 

878 

718 

29 

86 

160 

719 

30 

85 

441 

720 

31 

84 

721 

721 

32 

84 

000 

723 

33 

83 

277 

726 

34 

82 

551 

729 

35 

81 

822 

732 

36 

81 

090 

737 

37 

80 

353 

742 

38 

79 

611 

749 

39 

78 

862 1 

756 

40 

78 

106 

765 

41 

77 

341 

774 

42 

76 

567 

785 

43 

75 

782 

797 

44 

74 

985 

812 

45 

74 

173 

828 

46 

73 

345 

848 

47 

72 

497 

870 

48 

71 

627 

896 

49 

70 

731 

927 

50 

69 

804 

962 

51 

68 

842 

1 001 

52 

67 

841 

1 044 


Yearly [ Yearly 
Probability Probability] 
of Dying of Living 


2 * 


Px 


0-007 490 
0-007 516 
0-007 543 
0-007 569 
0-007 596 

0-007 634 
0-007 661 
0-007 688 
0-007 727 
0-007 765 

0-007 805 
0-007 855 
0-007 906 
0-007 958 
0-008 011 

Q-008 065 
0 008 130 
0-008 197 
0-008 264 
0-008 345 

0-008 427 
0-008 510 
0 008 607 
0-008 718 
0-008 831 

0-008 946 
0-009 089 
0-009 234 
0-009 408 
0-009 686 

0-009 794 
0010 008 
0-010 252 
0-010 517 
0-010 829 

0011 163 
0-011 562 
0 012 000 
0-012 509 
0-013 106 


0-992 510 
0-992 484 
0-992 457 
0-992 421 
0-992 404 

0-992 366 
0-992 339 
0-992 312 
0-992 273 
0-992 235 


0-992 

0-992 

0-992 

0-992 

0-991 

■ 

0-991 

0-991 

0-991 

0-991 

0-991 


195 

145 

094 

042 

989 

935 

870 

803 

736 

655 


0-991 673 
0-991 490 
0-991 393 
0-991 282 
0-991 169 

0-991 054 
0-990 911 
0-990 766 
0-990 592 
0-990 414 

0-990 206 
0-989 992 
0-989 748 
0-989 483 
0-989 171 


0 - 

0 - 

0 - 

0 

0 - 


988 

988 

988 

987 

986 


837 


Age 

X 

Number 
Living l 

lx 

Num¬ 

ber 

Dying 

dx 

Yearly 
Probability 
of Dying 

\ 

Yearly 
Probability 
of Living 

Px 

53 

66 797 

1 091 

0-016 333 

0-983 667 

54 

65 706 

1 143 

0-017 396 

0-982 604 

55 

64 563 

1 199 

0-018 571 

0-981 429 

56 

63 364 

1 260 

0-019 886 

0-980 115 

57 ' 

62 104 

1 325 

0 021 335 ] 

0-978 665 

58 

60 779 

1 394 

0-022 936 

0-977 064 

59 

59 385 

1 468 

0 024 720 

0-975 280 

60 

57 917 

1 546 

0-026 693 

0-973 307 

61 

56 371 

1 628 

0-028 880 

0-971 120 

62 

54 743 

1 713 

0-031 292 

0-968 708 

63 

53 030 

1 800 

0-033 943 

0-966 057 

64 

•51 230 

1 889 

0-036 873 

0-963 127 

-ft 

65 

49 341 

1 980 

0-040 129 

0-959 871 

66 

47 361 

2 070 

0-043 707 

0-956 293 

67 

45 291 

, 2 158 

0-047 647 

0-952 353 

68 

43 133 

' 2 243 

0-052 002 

0-947 998 

69 

40 890 

2 321 

0-056 762 

0-943 238 

70 

38 569 

2 391 

0-061 993 

0-938 007 

71 

36 178 

2 448 

0-067 665 

0-932 336 

72 ; 

33 730 

2 487 

0-073 733 

0-926 267 

73 , 

31 243 

2 505 

0-080 178 

0-919 282 

74 

28 738 

2 501 

0-087 028 

0-912 972 

75 

26 237 

2 476 

. 0-094 371 

0-905 629 

76 

23 761 

2 431 

: 0-102 311 

0-897 689 

77 

21 330 

2 369 

0-111 064 

0-888 936 

78 

18 961 

2 291 

0-120 827 

0-879 173 

79 

16 670. 

2 196 

0-131 734 

0-868 266 

80 

14 474 

2 091 

0-144 466 

0-855 534 

81 

12 383 

1 964 

0-158 605 

0-841 395 

82 

10 419 

1 816 

0-174 297 

0-825 703 

83 

8 603 

1 648 

0-191 561 

0-808 439 

84 

6 955 

1 470 

0-211 359 

0-788 641 

85 

5 485 

; 1 292 

0-235 552 

0-764 448 

86 

4 193 

1 114 

0-265 681 

0-734 319 

87 

3 079 

933 

0-303 020 

0-696 980 

88 

2 146 

744 

0-346 692 

0-653 308 

; S® 

1 402 

555 

0-395 863 

0-604 137 

90 

847 

385 

0-454 545 

0-545 455 

91 

462 

246 

0-532 466 

0-467 534 

92 

216 

137 

0-634 259 

0-365 741 

f 33 

79 

58 

0-734 177 

0-265 823 

> 94 

21 

18 

; 0-857 143 

0-142 857 

95 

1 3 

3 

1-000 000 

0-000 000 
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Table V. Amount of 1 at Compound Interest: s = (1 + i) n 


n 


1 per cent 1| per cent 2 per cent 2\ per cent 


1 
2 

3 

4 
6 

# 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

60 

70 

80 

90 

100 


1-010 0000 
1-020 1000 
1-030 3010 
1-040 6040 
1-051 0101 

1-061 5202 
1-072 1354 
1-082 8567 
1-093 6853 
1-104 6221 

1-115 6684 
1-126 8250 
1-138 0933 
1-149 4742 
1-160 9690 

1-172 6786 
1-184 3044 
1-196 1475 
1-208 1090 
1-220 1900 

1-232 3919 
1-244 7159 
1-257 1630 
1-269 7347 
1-282 4320 

1-295 2563 
1-308 2089 
1-321 2910 
1-334 5039 
1-347 8489 

1-361 3274 
1-374 9407 
1-388 6901 
1-402 5770 
1-416 6028 

1-430 7688 
1-445 0765 
1-459 5272 
1-474 1225 
1-488 8637 

1-503 7524 
1-518 7899 
1-533 9778 
1-549 3176 
1-564 8108 


1 

1- 

1- 

1 

1 

1 

2 

2 

2 

2 


580 4589 
596 2634 
612 2261 
628 3483 
644 6318 


816 

006 

•216 

448 

•704 


6967 

7634 

7152 

6327 

8138 


1-015 0000 
1-030 2250 
1-045 6784 
1-061 3636 
1-077 2841 

1-093 4433 
1-109 8449 
1-126 4926 
1-143 3900 
1-160 5408 

1-177 9489 
1-195 6182 
1-213 5524 
1-231 7557 
1-250 2321 

1-268 9856 
1-288 0203 
1-307 3406 
1-326 9507 
1-346 8550 

1-367 0578 
1-387 5637 
1-408 3772 
1-429 5028 
1-450 9457 

1-472 7095 
1-494 8002 
1-517 2222 
1-539 9805 
1-563 0802 


1 

1 

1 

1 

1 

1 - 

1 - 

1 - 

1 

1 

1 

1 

1 

1 

1 


586 5264 
610 3243 
634 4792 
•658 9964 
■683 8813 


709 

734 

•760 

■787 

•814 


1395 

7766 

7983 

2102 

0184 


■841 2287 
■868 8471 
•896 8798 
-925 3330 
■954 2130 


1 - 983 5267 
2 013 2791 

2 - 043 4783 
2074 1305 
2-105 2424 


2-443 

2 - 835 

3 - 290 

3 - 818 

4 - 432 


2198 

4563 

6628 

9485 

0456 


1-020 0000 
1-040 4000 
1-061 2080 
1-082 4322 
1-104 0808 

1-126 1624 
1-148 6856 
1-171 6594 
1-195 0926 
1-218 9944 

1-243 3743 
1-268 2418 
1-293 6066 
1-319 4788 
1-345 8683 

1-372 7857 
1-400 2414 
1-428 2462 
1-456 8112 
1-485 9474 

1-515 6663 
1-545 9795 
1-576 8993 
1-608 4372 
1-640 6060 

1-673 4181 
1-706 8865 
1-741 0242 
1-775 8447 
1-811 3616 

1-847 5888 
1-884 5406 
1-922 2314 
1-960 6760 

1 - 999 8890 

2 - 039 8873 
2-080 6851 
2-122 2988 
2-164 7448 
2-208 0397 


3 per cent n 


2-252 

2-297 

2-343 

2-300 

2-437 


2005 

2445 

1891 

0531 

8542 


1-025 0000 
1-050 6250 
1-076 8906 
1-103 8129 
1-131 4082 

1-159 6934 
1-188 6857 
1-218 4029 
1-248 8630 
1-280 0845 

1-312 0867 
1-344 8888 
1-378 5110 
1-412 9738 
1-448 2982 

1-484 5056 
1-521 6183 
1-559 6587 
1-598 6502 
1-638 6164 

1-679 5819 
1-721 5714 
1-764 6107 
1-808 7620 
1-853 9441 

1-900 2927 
1-947 8000 

1 - 996 4950 

2 - 046 4074 
2 097 6676 

2-150 0068 
2-203 7569 
2-258 8509 
2-315 3221 
2-373 2052 

2-432 5353 
2-493 3487 
2-555 6824 
2-619 5745 
2-685 0638 


2.486 6113 
2-536 3135 

2 - 587 0704 
2 638 8118 
2691 5880 

3 - 281 0308 

3 - 999 5582 

4 - 875 4392 
6943 1331 
7-244 6461 


2-752 

2-820 

2-891 

2 - 963 
3037 

3113 

3 - 191 
3-271 
3-353 
3-437 


1904 

9952 

5201 

8081 

9033 

8509 

6975 

4896 

2763 

1087 


4 - 399 7893 

5 - 632 1029 
7-209 5678 
9-228 8563 

11-813 7104 


1-030 0000 1 

1-060 9000 2 

1-092 7270 3 

1-125 5088 4 

1-159 2741 | 5 

1-194 0523 I 0 

1-229 8739 7 

1-266 7701 8 

1-304 7732 9 

1-343 9164 10 

1-384 2339 11 

1-425 7609 12 

1-468 5337 13 

1-512 5897 14 

1-557 9674 15 

1-604 7004 16 

1-652 8476 17 

1-702 4330 18 

1-753 5060 19 

1-806 1112 20 

1-860 2940 21 

1-910 1034 28 

1 - 973 5865 23 

2 - 032 7941 24 

2 093 7779 25 

2-156 5913 28 

2-221 2890 27 

2-287 9277 28 

2-350 5655 29 

2-427 2625 30 

2-500 0804 31 

2-575 0828 32 

2 - C 52 3352 33 

2-731 9052 34 

2-813 8625 35 

2-898 2783 30 

2 - 985 2267 37 

3 - 074 7835 38 

3-167 0270 39 

3-262 0378 40 

3-359 8989 41 

3-460 6959 42 

3-564 5168 43 

3-671 4523 44 

3-781 5958 45 

3 - 895 0437 40 

4 011 8950 47 

4 - 132 2519 48 

4-256 2194 49 

4 - 383 9061 60 

5 - 891 6031 60 

7-917 8219 70 

10-640 8906 80 

14-300 4671 90 

19-218 6320 I 100 



412 















1 

2 

8 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 
26 

26 

27 

28 
29 
80 

31 

32 

33 
84 

35 

36 
87 
38 

89 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 
60 

60 

70 

80 

90 
100 


3| per cent 


1-035 0000 
1-071 2250 
1-108 7179 
1-147 6230 
1-187 6863 

1-229 2553 
1-272 2792 
1-316 8090 
1-362 8794 
1-410 5988 

m 

1-459 9697 
1-511 0687 
1-563 9561 
1-618 6945 
1-675 3488 

1-733 9860 
1-794 6756 
1-857 4892 
1-922 5013 

1 - 989 7889 

2 059 4315 

2 - 131 5116 
2*206 1145 
2-283 3285 
2-363 2450 

2-445 9586 
2-531 6671 
2-620 1720 
2-711 8780 
2-806 7934 

2 - 905 0315 

3 - 006 7076 
3-111 9424 
3-220 8603 
3-333 5904 

8-460 2661 
3-571 0254 
3-696 0113 
3-825 3717 

3 - 959 2597 

4 - 097 8338 
4-241 25.80 
4-389 7020 
4-543 3416 
4-702 3586 

4 - 866 9411 
6-037 2840 

5 - 213 5890 

6 - 396 0646 

6 - 584 9264 

7 - 878 0909 
I 11-112 8253 

16-676 7375 
22-112 1760 
31-191 4080 


4 per cent 

4} per cent 

1-040 0000 
1-081 6000 
1-124 8640 
1-169 8586 
1-216 6529 

1-045 0000 
1-092 0250 
1-141 1661 
1-192 6186 
1-246 1819 

1-265 3190 
1-315 9308 
1-368 5691 
1-423 3118 
1-480 2443 

1-302 2601 
1-360 8618 
1-422 1006 
1-486 0951 
1-552 9694 

1-539 4541 
1-601 0322 
1-665 0735 
1-731 6764 
1-800 9435 

1-622 8530 
1-695 8814 
1-772 1961 
1-851 9449 
1-935 2824 

1-872 9812 

1 - 947 9005 

2 - 025 8165 
2-106 8492 
* 2-191 1231 

2-022 3701 
2-113 3768 
2-208 4788 
2-307 8603 
2-411 7140 

2-278 7681 
2*369 9188 
2-464 7155 
2-563 3042 
2-665 8363 

2-520 2412 
2-633 6520 
2-752 1664 
2-876 0138 

3 005 4345 

2-772 4698 
2-883 3686 

2 - 998 7033 

3 - 118 6515 
3-243 3975 

3-140 6790 
3-282 0096 
3-429 7000 
3-584 0365 
3-745 3181 

3-373 1334 
3-508 0588 
3-648 3811 
3-794 3163 | 
3-946 0890 

3 - 913 8575 

4 - 089 9810 
4-274 0302 
4-466 3615 
4-667 3473 

4-103 9326 
4-268 0899 
4-438 8135 
4-616 3660 
4-801 0206 

4 - 877 3785 
6-096 8605 

5 - 320 2192 

6 - 505 8991 
6-816 3645 

4 - 993 0615 
6-192 7839 
6-400 4953 
6-616 5151 

5 - 841 1757 

6-078 1009 
6-351 6155 

6 - 637 4382 
0-936 1229 

7 - 248 2484 

6-074 8237 
6-317 8156 
6-570 5382 

6 - 833 3494 

7 - 106 6834 

7-574 4196 

7 - 915 2685 

8 - 271 4556 

8 - 643 6711 

9 - 032 6303 

10-519 6274 
15-571 6184 
23-049 7991 
34-119 3333 
60-504 9482 

14-027 4079 
21-784 1356 
33-830 0964 
52-637 1053 
81-588 6180 


1-050 0000 
1-102 5000 
1-157 6250 
1-215 5063 
1-276 2816 

1-340 0956 
1-407 1004 
1-477 4554 
1-551 3282 
1-628 8946 

1-710 3394 
1-795 8563 
1-885 6491 

1 - 979 9316 

2 - 078 9282 

2-182 8746 
2-292 0183 
2-406 6192 
2-526 9502 
2-653 2977 

2-785 9626 

2 - 925 2608 

3 - 071 5238 
3-225 0999 
3-386 3549 

3-555 6727 
3-733 4563 

3 - 920 1291 

4 - 116 1356 
4-321 9424 

4-538 0395 

4 - 764 9415 
6-003 1885 
6-253 3480 

5 - 516 0154 

6 - 791 8161 
6-081 4069 
6-385 4773 

6 - 704 7612 

7 - 039 9887 

7-391 9882 

7 - 761 6876 

8 - 149 6669 
8-557 1503 

8 - 985 0078 

9 - 434 2586 
9-905 9711 

10-401 2696 

10 - 921 3331 

11 - 467 3998 

18-679 1859 
30-426 4255 
49-561 4411 
80-730 3650 
131-601 2578 


1-060 0000 
1-123 6000 
1-191 0160 
1-262 4770 
1-338 2256 

1-418 6191 
1-503 6302 
1-593 8481 
1-089 4790 
1-790 8477 

1 - 898 2986 

2 - 012 1965 
2-132 9283 
2-260 9040 
2-396 6582 

2-640 3517 
2-692 7728 

2 - 854 3392 

3 - 025 6995 
3-207 1355 

3-399 5636 
3-603 6374 

3 - 819 7497 

4 - 043 9346 
4-291 8706 

4-649 3830 

4 - 822 3459 

5 - 111 6867 
5-418 3879 

5 - 743 4912 

6 - 088 1006 
6-453 3867 

6 - 840 6899 

7 - 251 0253 

7 - 686 0868 

8 - 147 2520 

8 - 630 0871 

9 - 154 2524 
9-703 5075 

10-285 7179 


10 - 902 

11 - 557 

12 - 250 

12 - 985 

13 - 764 


8610 

0327 

4546 

4819 

6104 


14 - 590 4875 

15 - 465 9167 

16 - 393 8717 

17 - 377 6040 

18 - 420 1543 

32-987 6908 
59-075 9302 
105-795 9935 
189-464 6112 
339-302 0835 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

60 

70 

80 

90 

100 


413 












Table VI. Present Value of 1 Due in n Periods : v n = (1 + i) 


1 per cent 

1} per cent 1 

2 per cent 1 

2} per cent 

3 per cent j 

0-090 0090 
0-980 2960 
0-970 5902 
0-960 9803 
0051 4656 

0-985 2219 
0-970 6618 
0-956 3170 
0-942 1842 
0-928 2603 

0-980 3922 
0-961 1688 
0-942 3223 
0-923 8454 
0-905 7306 

0-975 6097 
0-951 8144 
0-928 6994 
0-905 9506 
0-883 8543 

0-970 8738 
0-942 5959 
0-915 1416 
0-888 4870 
0-862 6088 

0-942 0452 
0-932 7180 
0-923 4832 
0-914 3398 
0-905 2870 

0-914 5422 
0-901 0268 
0-887 7111 
0-874 5922 
0-861 6672 

0-887 9714 
0-870 5602 
0-853 4904 
0-836 7553 
0-820 3483 

0-862 2969 
0-841 2652 
0-820 7466 
0-800 7284 
0-781 1984 

0-837 4843 
0-813 0915 
0-789 4092 
0-766 4167 
0-744 0939 

0-896 3237 
0-887 4492 
0-878 6626 
0-869 9630 
0-861 3495 

0-848 9332 
0-836 3874 
0-824 0270 
0-811 8493 
0-799 8515 

0-804 2630 
0-788 4932 
0-773 0325 
0-757 8750 
0-743 0147 

0-762 1448 
0-743 5559 
0-725 4204 
0-707 7272 1 
0-690 4656 

0-722 4213 
0-701 3799 
0-680 9513 
0-661 1178 
0-641 8620 

0-852 8213 
0-844 3775 
0-836 0173 
0-827 7399 
0-819 5445 

0-788 0310 
0-776 3853 
0-762 9116 
0-753 6075 
0-742 4704 

0-728 4458 
0-714 1626 
0-700 1594 
0-688 4308 
0-672 9713 

0-673 6249 
0-657 1951 
0-641 1659 
0-625 5277 
0-610 2709 

0-623 1669 
0-605 0164 
0-587 3946 
0-570 2860 
0-653 6758 

0-811 4302 
0-803 3962 
0-795 4418 
0-787 5661 
0-779 7685 

0-731 4980 
0-720 6876 
0-710 0370 
0-699 5439 
0-689 2058 

0-659 7758 
0-646 8390 
0-634 1559 
0-621 7216 
0-609 5309 

0-595 3863 
0-580 8647 
0-566 6972 
0-552 8754 
0-539 3906 

0-537 5493 
0-521 8925 
0-506 6917 
0-491 9377 
0-477 6056 

0-772 0480 
0-764 4039 
0-756 8356 
0-749 3422 
0-741 9229 

0-679 0205 
0-668 9857 
0-659 0993 
0-649 3589 
0-639 7624 

0-597 5793 1 
0-585 8620 
0-574 3746 
0-563 1123 
0-552 0709 

0-526 2347 
0-513 3997 
0-500 8778 
0-488 6613 
0-476 7427 

0-463 6947 
0-450 1891 
0-437 0768 
0-424 3464 
0-411 9868 

0-734 5772 
0-727 3041 
0-720 1031 
0-712 9733 
0-705 9142 

0-630 3078 
0-620 9929 
0-611 8157 
0-602 7741 
0-593 8661 

0-541 2460 
0-530 6333 
0-520 2287 
0-510 0282 
0-500 0276 

0-465 1148 
0-453 7706 
0-442 7030 
0-431 9053 
0-421 3711 

0-399 9872 
0-388 3370 
0-377 0262 
0-366 0449 
0-355 3834 

0-698 9250 
0-692 0049 
0-685 1534 
0-678 3697 
0-671 6531 

i 0-585 0897 
0-576 4431 
0-567 9242 
0-559 5313 
0-551 2623 

0-490 2232 
0-480 6109 
0-471 1872 
0-461 9482 
0-452 8904 

0-411 0937 
0-401 0670 
0-391 2849 
0-381 7414 
0-372 4306 

0-345 0324 
0-334 9329 
0-325 2262 
0-315 7535 
0-306 5568 

0-665 0031 
0-658 4189 
0-651 8999 
0-645 4455 
0-639 0549 

0-543 1156 
0-535 0892 
0-527 1815 
0-519 3907 
0-511 7149 

0-444 0102 
0-435 3041 
0-426 7688 
0-418 4007 
0-410 1968 

0-363 3470 
0-354 4848 
0-345 8389 
0-337 4038 
0-329 1744 

0-297 6280 
0-288 9592 
0-280 5429 
0-272 3718 
0-264 4386 

0-032 7276 
0-626 4630 
0-620 2604 
0-614 1193 
0-608 0388 

0-504 1527 
0-496 7021 
0-489 3617 
0-482 1298 
0-475 0047 

0-402 1537 
0-394 2684 
0-386 5377 
0-378 9584 
0-371 5279 

0-321 1457 
0-313 3129 
0-305 6712 
0-298 2158 
0-290 9422 

0-256 7365 
0-249 2588 
0-241 9988 
0-234 9503 
0-228 1071 

I 0-550 4496 
0-198 3149 
0-451 1179 
0-408 3912 
0-369 7112 

0-409 2960 
0-352 6769 
0-303 8902 
0-261 8522 
0-225 6204 

0-304 7823 
0-250 0276 
0-205 1097 
0-168 2014 
0-138 0330 

0-227 2830 
0 177 6536 
0-138 7046 
0 108 3558 
0-084 6474 

0-169 7331 
0-126 2974 
0-093 9771 
0-069 9278 
0-052 0328 


n 


n 


1 

2 

3 

4 

5 

6 

7 

8 
8 

10 

11 

12 

13 

14 

15 

18 

17 

18 
10 
20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 
83 

34 

35 

86 

87 

88 

89 

40 

41 

42 

43 

44 

45 

48 

47 

48 

49 
60 

60 

70 

80 

90 
100 


1 

2 

3 

4 
6 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 
60 

60 

70 

80 

90 

100 


414 














Table VI. Present Value of 1 Due in n Periods: v" = (1 + i) n - ( Continued) 


31 per cent 4 per cent 4J per cent 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 
29 
80 

81 

32 

83 

84 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

60 

70 

80 

90 

100 


0-966 

0-933 

0-901 

0-871 

0-841 


1837 

5107 

9427 

4422 

9732 


0-813 5006 
0-785 9910 
0-759 4116 
0-733 7310 
0-708 9188 

0-684 9457 
0-601 7833 
0-639 4042 
0-617 7818 
0-590 8906 

0-576 7059 
0-557 2038 
0-538 3611 
0-520 1557 
0-502 5659 

0-485 5709 
0-469 1506 
0-453 2856 
0-437 9572 
0-423 1470 

0-408 8377 
0-395 0122 
0-381 6543 
0-308 7482 
0-356 2784 

0-344 2304 
0-332 6897 
0-321 3427 
0-310 4761 
0-299 9769 

0-289 8327 
0-280 0316 
0-270 5619 
0-261 4125 
0-252 5725 

0-244 0314 
0-235 7791 
0-227 8059 
0-220 1023 
0-212 6592 

0-205 4679 
0-198 5197 
0-191 8065 
0-185 3202 
0-179 0534 

0-126 9343 
0 089 9861 
0 063 7928 
0-045 2240 
0-032 0601 


0-961 5385 
0-924 5562 
0-883 9964 
0-854 8042 
0S21 9271 

0-790 3145 
0-759 9177 
0-730 6902 
0-702 5867 
0-675 5642 

• 

0-649 5809 
0-624 5970 
0-600 5741 
0-577 4751 
0*555 2645 

0-533 9082 
0-513 3732 
0-493 6281 
0-474 6424 
0-456 3870 

0-438 8336 
0-421 9554 
0-405 72G3 
0-390 1215 
0-375 1168 

0-3G0 6893 
0-346 8166 
0-333 4775 
0-320 6514 
0-308 3186 

0-296 4603 
0-285 0579 
0-274 0042 
0-263 5521 
0-253 4155 

0-243 6687 
0-234 2908 
0-225 2854 
0-216 6206 
0-203 2890 

0-200 2779 
0-192 5749 
0-185 1632 
0 178 0464 
0-171 1934 

0-164 6139 
0 158 2826 
0-152 1948 
0-146 3111 
0-140 7126 

0-095 0604 
0-004 2194 
0 043 3843 
0 029 3089 
0 019 8000 


0-956 9378 
0-915 7300 
0-876 2960 
0-838 5614 
0-802 4510 

0-767 8957 
0-734 8285 
0-703 1S51 
0-672 9044 
0-643 9277 

0-616 1987 
0-589 6639 
0-564 2716 
0-539 9729 
0-516 7204 

0-494 4693 
0-473 1764 
0-452 8004 
0-433 3018 
0-414 6429 

0-396 7875 
0-379 7009 
0-363 3501 
0-347 7035 
0-332 7306 

0-318 4025 
0-304 6914 
0-291 5707 
0-279 0150 
0-2G7 0000 

0-255 5024 
0-244 4999 
0-233 9712 
0-223 8959 
0-214 2544 

0-205 0231 
0 196 1992 
0-187 7504 
0 179 6655 
0-171 9287 

0-IG4 5251 
0-157 4403 
0-150 6605 
0 144 1728 
0-137 9644 

0-132 0233 
0 126 3381 
0 120 8977 
0-115 6910 
0 110 7096 

0-071 2890 
0 045 9050 
0 029 6595 
0 019 0342 
0-012 2568 


5 per cent 


0-952 3810 
0-907 0295 
0-863 8376 
0-822 7024 
0-783 5262 

0-746 2154 


6 per cent 


0-943 

0-889 

0-839 

0-792 

0-747 


3962 

9964 

6192 

0937 

2582 


0-704 9605 
0571 


1 

2 

3 

4 
6 

6 

7 


0-644 6089 

0-591 8985 

9 

0-613 9132 

0-558 3948 

10 

0-584 6793 

0-526 7875 

n 

0-556 8374 

0-496 9694 

12 

0-530 3214 

0-468 8390 

13 

0-505 0680 

0-442 3010 

14 

0-481 0171 

0-417 2651 

15 

0-458 1115 

0-393 6463 

16 

0-436 29*67 

0-371 3644 

17 

0-415 5207 

0-350 3438 

18 

0-395 7340 

0-330 5130 

19 

0-376 8895 

0-311 8047 

20 

0-358 9424 

0-294 1554 

21 

0-341 8499 

0-277 5051 

22 

0-325 5713 

0-261 7972 

23 

0-310 0679 

0-246 9786 

24 

0-295 3027 

0-232 9986 

25 

0-281 2407 

0-219 8100 

26 

0-267 8483 

0-207 3680 

27 

0-255 0936 

0 195 6301 

28 

0-242 9463 

0-184 5567 

29 

0-231 3774 

0-174 1101 ! 

30 

0-220 3595 

0-164 2548 

31 

0-209 8662 

0-154 9574 

32 

0-199 8725 

0-146 1862 

33 

0-190 3548 

0-137 9115 

34 

0-181 2903 

0 130 1052 

35 

0-172 6574 

0-122 7408 

36 

0-164 4356 

0-115 7932 

37 

0 156 6054 

0-109 2388 

38 

0-149 1480 

0-103 0555 

39 

0-142 0457 

0 097 2222 

40 

0-135 2816 

0-091 7190 

41 

0-128 8396 

0 086 5274 

42 

0 122 7044 

0081 6296 

43 

0-116 8613 

0 077 0091 

44 

0-111 2965 

0 072 6501 

45 

0-105 0966 

0 068 5378 

46 

0-100 9492 

0 064 6583 

47 

0 090 1421 

0 060 9984 

48 

0091 5639 

0 057 5457 

49 

0-087 2037 

0 054 2884 

50 

0-053 5355 

0 030 3143 

60 

0-032 8GG2 

0-016 9274 

70 

0-020 1770 

0 009 4522 

80 

0-012 3869 

0-005 2780 

90 

0-007 6015 

0-002 9472 

100 


415 













n 

1 

2 

3 

4 

$ 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

10 

17 

18 

10 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

40 

47 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

60 

60 

70 

80 

90 

LOO 


Table VII. Amount of Annuity: Sjn 


(1 + i)-» - 1 


i 


1 per cent 


1-000 0000 

2-010 0000 

3- 030 1000 

4- 060 4010 

5- 101 0050 

6- 152 0150 

7- 213 5352 

8- 285 6706 

9- 368 5273 

10- 462 2125 

11- 560 8347 

12- 682 5030 

13- 809 3280 

14- 947 4213 

16- 096 8955 

17- 257 8645 

18- 430 4431 
19*614 7476 
20-810 8950 

22- 019 0045 

23- 239 1940 

24- 471 5860 

25- 716 3018 

26- 973 4648 

28- 243 1995 

29- 525 6315 

30- 820 8878 

32- 129 0967 

33- 450 3877 

34- 784 8915 

36- 132 7405 

37- 494 0678 

38- 869 0085 

40- 257 0986 

41- 060 2750 

43- 07G 8784 

44- 507 6471 

45- 952 7246 
47-412 2508 
43-886 3734 

50- 375 2371 

51- 878 9895 

53- 397 7791 

54- 931 7572 
56-481 0747 

5S 045 8855 
59 626 3443 
61*222 6078 
62-834 8338 

64-463 1822 

81-069 G<599 
100-676 3308 
121-671 5217 
144-863 2675 
170-481 3829 


li per cent 


# 

1-000 0000 

2-015 0000 
3 045 2250 

4- 090 9034 

5- 152 2669 

6- 299 5509 

7- 322 9945 

8- 432 8391 

9- 559 3317 

10- 702 7217 

11- 863 2625 

13- 041 2114 

14- 236 8296 

15- 450 3820 

16- 682 1373 

17- 932 3698 

19- 201 3554 

20- 489 3757 

21- 796 7164- 

23- 123 6671 

24- 470 5221 

25- 837 5799 

27- 225 1436 

28- 633 5208 

30- 063 0236 

31- 513 9690 

32- 986 6785 

34- 481 4787 

35- 998 7009 
37-538 6314 

39- 101 7686 

40- 688 2880 

42- 298 6123 

43- 933 0915 
45-592 0879 

47-275 9692 
43-935 1087 
50-719 8854 

52-480 6337 
54-2.67 8939 

56- 031 9123 

57- 923 1410 
59-791 9381 
61-638 8679 
03-614 2010 

65-563 4140 
67-551 9402 
09-565 2193 
7L-C08 0970 
73-682 8280 

96-214 6517 
122-363 7530 
152-710 8525 


2 per cent 


1-000 

0000 

2-020 

0000 

3-060 

4000 

4-121 

6080 

5-204 

0402 

6-308 

1210 

7-434 

2834 

8-582 

9690 

9-754 

6283 

10-949 

7210 

12-168 

7154 

13-412 

0897 

14-680 

3315 

15-973 

9382 

17-293 

4169 

13-639 

2853 

20-012 

0710 

21-412 

3124 

-22-840 

5586 

24-297 

3698 

25-783 

3172 

27-298 

9835 

28-844 

9632 

30-421 

8625 

32-030 

2997 

33-670 

9057 

35-344 

3238 

37-051 

2103 

38-792 

2345 

40-568 

0792 

42-379 

4408 

44-227 

0296 

46-111 

5702 

48-033 

8016 

49-994 

4776 

51-994 

3672 

54-034 

2545 

56-114 

9356 

58-237 

2384 

60-401 

9832 

62-610 

0228 

64-862 

2233 

67-159 

4678 

69-502 

6571 

71-892 

7103 

74-330 

5645 

76-817 

1758 

79-353 

5193 

81-040 

5397 

84'579 

4011 

114-051 

5394 

149-977 

9111 

193-771 

9578 

247-156 

6563 

312-232 

3059 


2} per cent 


1-000 0000 

2- 025 0000 

3- 075 6250 

4- 152 5156 

5- 256 3285 

6- 387 7367 

7- 547 4201 

8- 736 1159 

9- 954 5188 

11- 203 3318 

12- 483 4663 

13- 795 5530 
15 140 4418 

16- 518 9528 

17- 931 9267 

19- 380 2248 

20- 864 7304 

22- 386 3487 

23- 946 0074 
25-544 6576 

27- 183 2741 

28- 862 8559 
30-584 4273 
32-349 0380 
34-157 7639 

36- 011 7080 

37- 912 0007 
39-859 8008 

41-856 2958 
43-902 7032 

46 000 2707 
48-150 2775 
50-354 0344 
52-612 8853 
54-928 2074 

57-301 4126 
59-733 9479 
62-227 2966 
64-782 9791 
G7-402 5535 

70-087 6194 
72-839 8078 
75-660 8030 
78-552 3231 
81-516 1312 

84-554 0344 
87-667 8853 
1)0-859 5321 
94-131 0720 
97-484 3483 

* 4 

135-991 5900 
185-284 1142 
248-382 7120 
329-154 2533 
432-548 6540 


3 per cent 


1-000 0000 
2-030 0000 
3 090 9000 

4- 183 6270 

5- 309 1358 

6- 46S 4099 

7- 662 4622 

8- 892 3361 

10- 159 1061 

11- 463 8793 

• 

12- 807 7957 

14- 192 0296 

15- 617 7904 

17- 086 3242 

18- 598 9139 

20- 156 8313 

21- 761 5877 
23-414 4354 

25- 116 8634 

26- 870 3745 

28-676 4857 
30-536 7803 
32-452 8837 
34-426 4702 
36-459 2643 

38-553 0423 
40-709 6335 

42-930 9215 
45-218 8502 
47-575 4157 

50-002 6782 
52-502 7535 

55-077 8413 
57-730 1765 
60-462 0818 

63-275 9443 

66-174 2226 
69 159 4493 
72-234 2328 
75-401 2597 

78-663 2975 
82-023 1965 
85-433 8923 
89 048 4091 
92-719 8014 

96-501 4572 
100-396 5010 
104-403 3930 
108-540 6473 
112-790 8673 

163-053 4363 
230-594 0637 
321-363 0186 
413-348 9036 
607-287 7327 


187-929 9004 
228-803 0433 



416 






















Table VII. Amount of Apnuitv: 


-( Continued) 

i 



3j per cent 


4 per cent I 4J per cent 5 per cent 6 per cent 


1 
2 

3 

4 
6 

6 

7 

8 
9 

10 

11 
12 

13 

14 
16 

18 

17 

18 
IB 
20 

21 

22 

23 

24 

26 

28 

27 

28 

29 

30 

31 
82 

33 

34 

36 

36 

37 

38 

39 

40 

41 

42 

43 

44 
46 

46 

47 

48 

49 
60 

60 

70 

80 

90 

100 


1 000 0000 

2 035 0000 

3 106 2250 

4- 214 9429 

5- 362 4659 

6- 550 1522 

7- 779 4075 
9051 6S67 

10- 368 4958 

11- 731 3932 

13- 141 9919 

14- 601 9616 
10-113 0303 
17-676 9864 

19- 295 6S09 

20- 971 0297 
22-705 0153 
24-499 6913 
26-357 1805 
28-279 6818 

30-269 4707 
32-328 9022 
34-400 4137 
36-666 5282 
38-949 8567 

41-313 1017 
43-759 0602 
46-290 6273 
48-910 7993 
51-622 6773 

64-429 4710 
67-334 5025 
60-341 2100 
63-453 1524 
66-674 0127 

70-007 6032 
73-457 8693 
77-028 8947 
80-724 9060 
84-550 2778 

88-509 5375 
92-607 3713 
96-848 6293 
101-238 3313 
105-781 6729 


110-484 

115-350 

120-388 

125-601 

130-997 

196-516 

288-937 

419-306 

603-205 

862-611 


0314 

9726 

2566 

8456 

9102 

8829 

8646 

7868 

0270 

6567 


1-000 0000 

2- 040 0000 

3- 121 6000 

4- 246 4640 

5- 416 3226 

6- 632 9755 

7- 893 2945 
9-214 2263 

10-582 7954 

12- 006 1071 

13- 486 3514 

15- 025 8055 

16- 626 8377 
18-291 9112 
20 023 5S86 

21-824 5311 
23-697 5124 
25-645 4129 
27-671 2294 
29-778 0786 

31-969 2017 
34-247 9698 
36-617 8886 
39-082 6041 
41-645 9083 

44-311 7446 
47-084 2144 
49-967 5870 
52-066 2863 
56-084 9378 

59-328 3353 
62-701 4687 
66-209 6274 
69-857 9085 
73-652 2249 

77-598 3138 
81-702 2464 
85.970 3363 
90-409 1497 
95-025 6157 


99-826 

104-819 

110-012 

115-412 

121-029 

126-870 

132-945 

139-263 

145-833 

152-667 

237-990 

364-290 

651-244 

827-983 

1237-623 


6363 

5978 

3817 

8770 

3920 

6677 

3904 

2060 

7343 

0837 

6852 

4588 

9768 

3335 

7046 


1-000 0000 

2- 045 0000 

3- 137 0250 

4- 278 1911 
6-470 7097 

6-716 8916 

8- 019 1518 

9- 380 0136 
10-802 1142 

12- 288 2094 

13- 841 1788 
15-464 0318 

17- 159 9133 

18- 932 1094 
20-784 0543 


22-719 
24-741 
26-855 
29 063 
31-371 


3367 

7069 

0837 

5625 

4228 


33-783 1368 
36-303 3780 
38-937 0300 
41-689 1963 
44-565 2102 

47-570 6436 

60- 711 3236 
53-993 3332 

67- 423 0332 

61- 007 0697 

64-752 3878 

68- 666 2452 
72-756 2263 
77-030 2565 
81-496 6180 

86-163 9658 
91-041 3443 
96-138 2048 
101-464 4240 
107 030 3231 


112-846 

118-924 

125-276 

131-913 

138-849 


6876 

7885 

4040 

8422 

9651 


146-098 2135 
153-672 6331 
161-687 9016 
1C9-859 3572 
178-503 0283 

289-407 9540 
461-869 6796 
729-557 6986 
1145-269 0066 
1790-856 9563 


1-000 0000 

2- 050 0000 

3- 152 5000 

4- 310 1250 
6-525 6313 

6-801 9128 

8- 142 0085 

9- 549 1089 

11- 026 5643 

12- 577 8925 

14- 206 7872 

15- 917 1265 
17-712 9828 
19-598 6320 
21-578 5636 


1-000 0000 
2-060 0000 

3- 183 6000 

4- 374 6160 
6-637 0930 

6-975 31S6 

8- 393 8376 

9- S97 4079 
11-491 3160 

13- 180 7949 

14- 971 6426 
16-869 9412 
18-882 1377 
21-015 0659 
23-275 9699 


23-657 

25-840 

28-132 

30-539 

33-065 

35-719 

38-505 

41-430 

44-501 

47-727 


4918 

3664 

3857 

0039 

9541 

2518 

2144 

4751 

9989 

0988 


61- 113 4538 
54-669 1264 
53-402 5828 

62- 322 7119 
66-438 8495 

70-760 7899 
75-298 8294 
80-063 7708 
85-066 9594 
90-320 3074 

95-836 3227 
101-628 1389 
107-709 5458 
114-095 0231 
120-799 7742 

127-839 7630 
135-231 7511 
142-993 3387 
151-143 0056 
159-700 1559 


168-685 

178-119 

188-025 

198-426 

209-347 


1637 

4218 

3929 

C696 

9957 


25-672 

28-212 

30-905 

33-759 

36-785 

39-992 

43-392 

46-995 

60-816 

54-864 

69-156 

63-705 

08-528 

73-639 

79-058 


5281 

8798 

6526 

9917 

5912 

7257 

2903 

8277 

5774 

6120 

3827 

7657 

1116 

7983 

1862 


84-801 6774 
90-889 7780 
97-343 1647 
104-183 7516 
111-434 7709 


353-583 7179 
688-528 6107 
971-228 8213 
1594-607 3010 
2610-025 1569 


119-120 

127-268 

135-904 

146058 

154-761 

165-047 

176-950 

187-507 

199-758 

212-743 

226-508 

241-098 

256-564 

272-958 

290-335 

633-128 

907-932 

1746-599 

3141-075 

5638-368 


8667 

1187 

2058 

4581 

9656 

6836 

6446 

6772 

0319 

5138 

1246 

6121 

5288 

4006 

9046 

1809 

1696 

8914 

1872 

0586 


1 

2 

3 

4 
6 

6 

7 

8 
9 

10 

11 

12 

13 

14 
16 

16 

17 

18 

19 

20 

21 

22 

23 

£4 

25 

23 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

43 

47 

48 

49 
60 

60 

70 

80 

90 

100 


417 
















Table VIII. Present Value of an Annuity: = 


1 — (1 + i)~ n 


1 

2 

3 

4 
6 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

18 

17 

18 

19 

20 

21 

22 

23 

24 

25 

20 

27 

28 
29 
80 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

60 

70 

80 

90 

100 


1 per cent 

1} per cent 

2 per cent 

2$ per cent 

3 per cent 1 

0-990 0990 

1- 970 3951 

2- 940 9853 

3- 901 9656 

4- 853 4312 

0-985 2219 

1- 955 8834 

2- 912 2004 

3- 854 3846 

4- 782 6450 

0-980 3922 

1- 941 5609 

2- 883 8833 

3- 807 7287 

4- 713 4595 

0-975 6097 

1- 927 4242 

2- 856 0236 

3- 761 9742 

4- 645 8285 

0-970 8738 

1- 913 4697 

2- 828 6113 

3- 717 0984 

4- 579 7072 

5- 795 4765 

6- 728 1945 

7- 651 6778 

8- 566 0176 

9- 471 3045 

5- 697 1872 

6- 598 2140 

7- 485 9251 

8- 360 5173 

9- 222 1846 

5- 601 4309 

6- 471 9911 

7- 325 4811 

8- 162 2367 
8-982 5850 

5- 508 1254 

6- 349 3906 

7- 170 1372 

7- 970 8655 

8- 752 0639 

5- 417 1914 

6- 230 2830 

7- 019 6922 1 

7- 786 1089 

8- 530 2028 1 

10- 367 6282 

11- 255 0775 

12- 133 7401 

13- 003 7030 
13-865 0525 

10-071 1178 

10- 907 5052 

11- 731 5322 

12- 543 3815 

13- 343 2330 

9-786 8480 

10- 575 3412 

11- 348 3733 

12- 106 2488 
12-849 2635 

9-514 2087 
10-257 7646 

10- 983 1850 

11- 690 9122 

12- 381 3777 

9-252 6242 
9-954 0040 

10- 634 9553 

11- 296 0731 
11-937 9351 

14- 717 8738 1 

15- 562 2513 

16- 398 2686 

17- 226 0085 

18- 045 5530 

14-131 2640 

14- 907 6493 

15- 672 5609 

16- 426 1684 

17- 168 6388 

13- 577 7093 

14- 291 8719 

14- 992 0312 

15- 678 4620 

16- 351 4333 

13-055 0027 

13- 712 1977 

14- 353 3636 

14- 978 8913 

15- 589 1623 

12- 561 1020 

13- 166 1185 

13- 753 5131 

14- 323 7991 
14-877 4749 

18- 856 9831 

19- 660 3793 

20- 455 8211 

21- ’243 3870 

22- 023 1557 

17- 900 1367 

18- 620 8247 

19- 330 8614 
20 030 4054 

20- 719 6112 

17-011 2092 

17- 658 0482 

18- 292 2041 

18- 913 9254 

19- 523 4565 

16-184 5484 

16- 765 4132 

17- 332 1105 

17- 884 9858 

18- 424 3764 

15-415 0241 

15- 936 9166 

16- 443 6084 

16- 935 5421 

17- 413 1477 

22- 795 2037 

23- 559 6076 

24- 316 4432 

25- 065 7853 
25-807 7082 

21- 398 6317 

22- 067 6175 

22- 726 7167 

23- 376 0756 
24 015 8380 

20-121 0358 

20- 706 8978 

21- 281 2724 

21- 844 3847 

22- 396 4556 

18- 950 6111 

19- 464 0109 

19- 964 8887 

20- 453 5499 
20-930 2926 

17- 876 8424 

18- 327 0315 

18- 764 1082 

19- 188 4546 
19-600 4414 

26- 542 2854 

27- 269 5895 

27- 989 6926 

28- 702 6659 

29- 408 5801 

24- 646 1458 

25- 267 1387 

25- 878 9544 

26- 481 7285 

27- 075 5946 

22- 937 7015 

23- 468 3348 

23- 988 6636 

24- 498 5917 
24-998 6193 

21-395 4074 

21- 849 1780 

22- 291 8809 

22- 723 7863 

23- 145 1573 

20-000 4285 
20-388 7655 

20- 765 7918 

21- 131 8367 
21-487 2204 

30-107 5050 

30- 799 5099 

31- 484 6633 

32- 163 0330 
32-834 6861 

27- 660 6843 

28- 237 1274 

28- 805 0516 

29- 304 5829 
29-915 8452 

25-488 8425 

25- 969 4534 

26- 440 6406 

26- 902 5888 

27- 355 4792 

23-556 2511 

23- 957 3181 

24- 348 6030 

24- 730 3444 

25- 102 7760 

21- 832 2525 

22- 167 2354 
22-492 4616 

22- 808 2151 

23- 114 7720 

33- 499 6892 
34 158 1081 

34- 810 0081 
35-455 4530 
36 094 5084 

30-458 9608 

30- 994 0500 

31- 521 2316 

32- 040 6222 
32-552 3370 

27- 799 4894 

28- 234 7936 

28- 661 5623 

29- 079 9631 
29-490 1599 

, 25-466 1220 

25- 820 6068 

26- 166 4457 
26-503 8495 
26-833 0239 

23-412 4000 
23-701 3592 

23- 981 9021 

24- 254 2739 
24-518 7125 

36- 727 2361 

37- 353 6991 

37- 973 9595 

38- 588 0787 

39- 196 1175 

33-056 4898 

33- 553 1920 

34- 042 5536 
34-524 6834 
34-999 6881 

29- 892 3136 

30- 286 5820 

30- 673 1196 
31 052 0780 

31- 423' 6054 

27-154 1696 

27- 467 4825 
, 27-773 1537 

28- 071 3695 
28-362 3117 

24- 775 4491 

25- 024 7078 
25-266 7066 
25-501 6569 
25-729 7640 

44-955 0384 
50-168 5144 
54-888 2061 
59-160 8816 
63-028 8788 

39-380 2689 
43-154 8718 
46-407 3235 
49-209 8345 
61-624 7037 

34-760 8867 
37-498 6193 
39-744 5136 
41-686 9292 
43-098 3516 

30-908 6565 
32-897 8570 

34- 451 8172 

35- 665 7685 

36- 614 1063 

27-675 5637 

29- 123 4214 

30- 200 7034 
81-002 4071 

31- 698 9053 


% 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

26 

26 

27 

28 

29 

30 

81 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

60 

70 

80 

90 

100 


418 














Table VIII. Present Value of an Annuity: a ^ 


-- ^ — —. ( Continued ) 

i 



3i per cent 4 per cent 41 per cent 


1 

2 

3 

4 
6 

6 

7 

8 
9 

10 

11 

12 

13 

14 
16 

18 

17 

18 

19 

20 

21 

22 

23 

24 
26 

20 

27 

28 

29 

30 

31 

32 

33 

34 
36 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

60 

70 

80 

90 

100 


0-066 1836 

1- 899 6943 

2- 801 6370 

3- 673 0792 

4- 515 0525 

5- 328 5530 

6- 114 5440 

6- 873 9555 

7- 607 6365 

8- 316 6053 

9001 5510 

9- 663 3343 

10-302 7385 

10- 920 5203 

11- 517 4109 

12- 094 1168 

12- 651 3206 

13- 189 6817 

13- 709 8374 

14- 212 4033 

14- 697 9742 

15- 167 1248 

15- 620 4108 
16 058 3676 

16- 481 5146 


16- 890 

17- 285 

17- 667 

18- 035 

18-392 


3523 

3645 

0188 

7670 

0454 


18- 736 2758 

19- 068 8655 

19-390 2082 

19- 700 6842 
20 000 6619 

20- 290 4938 

20-570 5254 

20- 841 0874 

21- 102 4999 

21-355 0723 

21-599 1037 

21- 834 8828 

22- 062 6887 

22-282 7910 

22-495 4503 

22-700 9181 

22- 899 4378 

23- 091 2443 

23-276 5645 

23- 455 6179 

24- 944 7341 
26-000 3966 

26- 748 7757 

27- 279 3156 
27-655 4254 


0-961 5384 

1- 886 0947 

2- 775 0910 

3- 629 8952 

4- 451 8223 

6-242 1369 

6-002 0547 

6- 732 7449 

7- 435 3316 

8- 110 8958 

8- 760 4767 

9- 385 0738 

9-985 6478 

10- 503 1229 

11- 118 3874 


11- 652 

12- 105 

12- 659 

13- 133 

13-590 


2956 

6684 

2970 

9394 

3263 


14-020 1600 

14-451 1153 

14- 856 8417 

15- 246 9631 

15-622 0799 

15- 982 7692 

16- 329 5858 

16-663 0632 

16- 983 7146 

17- 292 0333 


17-588 

17- 873 

18- 147 

18-411 

18-664 

18- 908 
19142 

19- 367 

19-584 

19-792 


4936 

5515 

6457 

1978 

6132 

2820 

5788 

8642 

4848 

7735 


19- 993 0518 

20- 185 6267 

20-370 7949 

20-548 8413 

20-720 0307 

20- 884 6536 

21- 042 9361 

21-195 1309 

21-341 4720 

21-482 1846 


22- 623 

23- 394 

23- 915 

24- 267 

24-504 


4900 

6150 

3918 

2776 

9990 


0-956 9378 

1- 872 6678 

2- 748 9644 

3- 587 6257 

4- 389 9767 

5- 157 8724 

5- 892 7009 

6- 595 8861 
7*268 7905 

7- 912 7182 

8- 528 9169 

9- 118 6808 

9- 682 8524 

10-222 8253 

10- 739 5457 

11- 234 0150 

11- 707 1914 

12- 159 9918 

12- 593 2936 

13- 007 9364 

13-404 7239 

13- 784 4248 

14- 147 7749 

14-495 4784 

14- 828 2090 

15- 146 6113 

15-451 3028 

15- 742 8735 

10- 021 8885 

16- 288 8385 

16-644 3910 

16- 788 8909 

17- 022 8621 

17-246 7530 
17*461 0124 

17-666 0406 

17- 862 2398 
18 049 9902 
18*229 6557 

18- 401 6844 


18-566 

18-723 

18- 874 

19- 018 

19-156 


1095 

5498 

2103 

3830 

3474 


19-288 3707 

19-414 7088 
19-535 6065 
19-651 2981 
19-702 0078 


20- 638 

21 - 202 
21-565 
21-799 
21-949 


0220 

1119 

3449 

2408 

8527 


5 per cent I 6 per cent 


0-952 3810 

1- 859 4103 

2- 723 2480 

3- 545 9505 

4- 329 4767 

5- 075 6921 

5- 786 3734 

6- 463 2128 
7 107 8217 

7- 721 7349 

8- 306 4142 

8- 863 2516 

9- 393 5730 

9-898 6409 

10-379 6580 


10- 837 

11- 274 

11- 689 

12- 085 

12-462 


7696 

0662 

5869 

3209 

2103 


12- 821 1527 

13- 163 0022 

13-488 5739 

13- 798 6418 

14- 093 9440 


14-375 

14-643 

14- 898 

15- 141 

15-372 


1853 

0336 

1273 

0736 

4510 


15-592 8105 

15- 802 6767 
16 002 5492 

16- 192 9040 

16-374 1943 

16-548 8517 

16-711 2873 

16- 867 8927 

17- 017 0407 

17-159 0804 

17-294 3680 

17-423 2076 
17-545 9120 
17-662 7733 
17-774 0091 

17-880 0665 

17- 981 0157 

18- 077 1578 

18-168 7217 

18- 255 9255 

19- 829 2895 

19-342 6766 

19-596 4605 
19-752 2617 
19-847 9102 


0-943 3960 

1- 833 3297 

2- 673 0120 

3- 465 1056 

4- 212 3638 

4- 917 3243 

5- 582 3814 

6- 209 7938 

6- 801 6923 

7- 360 0871 

7- 886 8746 

8- 383 8439 

8- 852 6830 

9- 294 9839 

9-712 2490 

10-105 8953 

10-477 2597 

10- 827 6035 

11- 158 1165 

11-469 9212 

11- 764 0766 

12- 041 6816 

12-303 3790 

12-550 3575 

12- 783 3562 

13- 003 1662 

13-210 5341 

13-400 1643 

13-590 7210 

13-764 8312 

13- 929 0860 

14- 084 0434 

14-230 2296 

14-368 1411 

14-498 2459 

14-620 9871 

14-736 7803 
14-846 0192 

14- 949 0747 
15 046 2969 

15- 138 0159 

15-224 5433 

15-300 1729 

15-383 1820 

15-455 8321 

15-524 3699 
15-589 0282 
15 650 0261 
15-707 5723 

15- 701 8606 

16- 161 4277 

16-384 6439 

16-509 1308 

16-578 6994 

16-617 5462 


1 

2 

3 

4 

5 

6 
7 
8 - 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

20 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

60 

70 

80 

90 

100 
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Table IX 


1 


1 


Periodic Payments of an Annuity: — = — + i 

^»1 


n 


1 per cent 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 
13 

10 

17 

18 

19 

20 

21 

22 

23 

24 

25 

20 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

60 

70 

80 

90 

100 


1-010 0000 
0-507 5124 
0-340 0221 
0-256 2811 
0-206 0398 

0*172 5484 
0*148 6283 
0*130 6903 
0-116 7404 
0*105 5821 

0*096 4541 
0*088 8488 
0*082 4148 
0*076 9012 
0*072 1238 

0*067 9446 
0*064 2581 
0*060 9820 
0*058 0518 
0-055 4153 

0*053 0308 
0*050 8637 
0*048 8853 
0*047 0735 
0*045 4068 

0*043 8689 
0*042 4455 
0 041 1244 
0*039 8950 
0*038 7481 

0*037 6757 
0*036 6709 
0*035 7274 
0*034 8400 
0*034 0037 

0*033 2143 
0*032 4680 
0*031 7615 
0 031 0916 
0*030 4556 


0*029 

0*029 

0*028 

0*028 

0*027 

0*027 

0*026 

0*026 

0*025 

0*025 

0*022 

0*019 

0*018 

0*016 

0*015 


8510 

2756 

7274 

2044 

7050 

2278 

7711 

3338 

9147 

5127 

2444 

9328 

2188 

9031 

8657 


1J per cent 


2 per cent 


1*015 0000 
0*511 2779 
0*343 3830 
0*259 4448 
0*209 0893 

0175 5252 
0*151 5562 
0*133 5840 
0*119 6098 
0*108 4342 

0 * 0 ’ J 9 2938 
0*091 6800 
0*085 2404 
0*079 7233 
0*074 9444 

0*070 7651 
0*067 0796 
0*063 8058 
0*060 8785 
0*058 2457 

0*055 8655 
0*053 7033 
0*051 7308 
0*047 9241 
0*048 2634 

0*046 7320 
0*045 3153 
0*044 0011 
0*042 7788 
0*041 6392 

0*040 5743 
0*039 5771 
0*038 6414 
0*037 7619 
0*036 9336 

0*036 1524 
0*035 4144 
0*034 7161 
0*034 0546 
0*033 4271 

0*032 8311 
0*032 2643 
0*031 7246 
0 031 2104 
0*030 7198 

0*030 2512 
0*029 8034 
0*029 3750 
0*028 9648 
0*028 5717 

0*025 3934 
0*023 1724 
0*021 5483 
0*020 3211 
0*019 3706 


1*020 0000 
0*515 0495 
0*346 7547 
0*262 6238 
0*212 1584 

0*178 5258 
0*154 5120 
0*136 5098 
0*122 5154 
0*111 3265 

0*102 1779 
0*094 5596 
0*088 1184 
0*082 6020 
0*077 8255 

0*073 6501 
0*069 9698 
0*066 7021 
0*063 7818 
0*061 1567 

0*058 7848 
0*056 6314 
0*054 6681 
0*052 8711 
0*051 2204 

0*049 6992 
0*048 2931 
0*046 9897 
0*045 7784 
0*044 6499 

0*043 5964 
0*042 6106 
0-041 6865 
0*040 8187 
0 040 0022 

0*039 2328 
0*038 5068 
0*037 8206 
0*037 1711 
0*036 5558 

0*035 9719 
0*035 4173 
0*034 8899 
0 034 3879 
0 033 9096 

0*033 4534 
0-033 0179 
0-032 6018 
0-032 2040 
0*031 8232 

0*028 7680 
0*026 6676 
0*025 1607 
0*024 0460 
0 023 2027 


2\ per cent 


1*025 0000 
0*518 8272 
0*350 1372 
0*265 8179 
0*215 2469 

0*181 5500 
0*157 4954 
0*139 4674 
0*125 4569 
0*114 2588 

0*105 1060 
0*097 4871 
0*091 0483 
0*085 5365 
0*080 7665 

0*076 5990 
0*072 9278 
0*069 6701 
0*066 7606 
0*064 1471 

0*061 7873 
0*059 6466 
0*057 6964 
0*055 9128 
0*054 2759 

0*052 7688 
0*051 3769 
0*050 0879 
0*048 8913 
0*047 7776 

0*046 7390 
0*045 7083 
0*044 8594 
0*044 0068 
0 043 2056 

0*042 4516 
0*041 7409 
0*041 0701 
0*040 4362 
0*039 8362 

0*039 2679 
0-038 72 S 8 
0-038 2169 
0-037 7304 
0-037 2675 

0*036 8268 
0*036 4067 
0 036 0060 
0*035 6235 
0*035 2581 

0*032 3534 
0-030 3971 
0*029 0260 
0*028 0381 
0*027 3119 


3 per cent 


1*030 0000 
0*522 6108 
0*353 5304 
0*269 0270 
0*218 3546 

0*184 5975 
0*160 5064 
0*142 4564 
0*128 4339 
0*117 2305 

0*108 0774 
0*100 4621 
0*094 0295 
0*088 5263 
0*083 7666 

0*079 6108 
0*075 9525 
0*072 7087 
0*069 8139 
0*067 2157 

0*064 8718 
0*062 7474 
0*060 8139 
0*059 0474 
0*057 4279 

0*055 9383 
0-054 5642 
0 053 2932 
0 052 1147 
0-051 0193 

0-049 9989 
0-049 0466 
0-048 1561 
0*047 3220 
0*046 5393 

0*045 8038 
0*045 1116 
0*044 4593 
0*043 8438 
0*043 2624 

0*042 7124 
0 042 1917 
0*041 6981 
0*041 2298 
0*040 7852 

0*040 3625 
0*039 9605 
0*039 5778 
0*039 2131 
0*038 8655 


0*036 

0*034 

0*033 

0*032 

0*031 


1330 

3366 

1118 

2556 

6467 


n 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 
41 
45 

40 

47 

48 

49 

50 

CO 

70 

80 

90 

100 
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Table IX. 


Periodic Payments of an Annuity: 




( Continued ) 



1-080 oooo 

0-545 4369 
0-374 1098 
0-288 6915 
0-237 3964 

0-203 3626 
0*179 13*0 
0-161 0359 
0-147 0222 
0-135 8680 

0-126 7929 
0-119 2770 
0-112 9601 
0-107 5849 
0-102 9628 

0-098 9521 
0-095 4448 
0-092 3565 
0-089 6209 
0-087 1846 

0-085 0046 
0-083 0456 
0-081 2785 
0-079 6790 
0-078 2267 

0-076 9044 
0-076 6972 
0-074 5926 
0-073 5796 
0-072 8489 

0-071 7922 
0-071 0023 
0-070 2729 
0-060 5984 
0-068 9739 

0-068 3948 
0-067 8574 
0-067 3581 
0-066 8938 
0-066 4615 

0-066 0589 
0-065 6834 
0-065 3331 
0-085 0081 
0-064 7005 

0*064 4148 
0-064 1477 
0-063 8977 
0-063 6635 
0-063 4443 


1-050 0000 
0-537 8049 
0-367 2086 
0-282 0118 
0-230 9748 

0-197 0175 
0-172 8198 
0-154 7218 
0-140 6901 
0-129 5046 

0-120 3889 
0-112 8254 
0-106 4558 
0-101 0240 
0 096 3423 

0-092 2699 
0 088 6991 
0-085 5462 
0-082 7450 
0*080 2426 

0-077 0961 
0-075 9705 
0-074 1368 
0-072 4709 
0-070 9525 

0-069 5643 
0-068 2919 
0-067 1225 
0-066 0455 
0-065 0514 

0-064 1321 
0*063 2804 
0-062 4900 
0 061 7554 
0 061 0717 

0-060 4345 
0-059 8398 
0-059 2842 
0-058 7646 
0-058 2782 

0-057 8223 
0-057 3947 
0-056 9933 
0-056 6162 
0-056 2617 

0-055 9282 
0-055 6142 
0-055 3184 
0 055 0396 
0-054 7767 

0-052 8282 
0-051 6992 
0-051 0296 
0-050 6271 
0-0*0 3831 


1-045 0000 
0-533 9976 
0-363 7734 
0-278 7436 
0-227 7916 

0-193 8784 
0-169 7015 
0-151 6096 
0-137 5745 
0-126 3788 

0-117 2482 
0-109 6662 
0*103 2754 
0-097 8203 
0-093 1138 

0-089 0154 
0-085 4176 
0-082 2369 
0-079 4073 
0-076 8761 

0-074 6006 
0-072 5456 
0-070 6825 
0-068 9870 
0*067 4390 

0-066 0214 
0-064 7195 
0*063 5208 
0-062 4146 
0-061 3915 

0-060 4434 
0-059 5632 
0-058 7445 
0-057 9819 
0-057 2704 

0-066 6058 
0-055 9840 
0*055 4017 
0-054 8557 
0-054 3432 

0-053 8616 
0-053 4087 
0-052 9824 
0-052 5807 
0-052 2020 

0-051 8447 
0-051 5073 
0-051 1886 
0-050 8872 
0 050 6022 

0-048 4543 
0*047 1651 
0-046 3707 
0-045 8732 
0-045 5584 


1-035 0000 
0-526 4005 
0-356 9342 
0-272 2511 
0-221 4814 

0-187 6682 
0-163 5445 
0-145 4766 
0-131 4460 
0-120 2414 

0-111 0920 
0-103 4840 
0-097 0616 
0-091 6707 
0-086 8251 

0-082 6848 
0-079 0431 
0-075 8168 
0-072 9403 
0-070 3611 

0-068 0366 
0-065 9321 
0-064 0188 
0-062 2728 
0-060 6740 

0-059 2054 
0-057 8524 
0-056 6026 
0-055 4454 
0-054 3713 

0-053 3724 
0-052 4415 
0-051 5724 
0-050 7597 
0-049 9984 

0-049 2842 
0-048 6132 
0-047 9821 
0-047 3878 
0-046 8273 

0-046 2982 
0-045 7983 
0-045 3254 
0*044 8777 
0-044 4534 

0-044 0511 
0-043 6692 
0-043 3065 
0*042 9617 
0-042 6337 

0-040 0886 
0-038 4610 
0-037 3849 
0-036 6578 
0-036 1593 


0-054 3148 
0-053 5773 

0-062 8869 
0-052 2396 
0-051 6319 
0-051 0608 
0-060 5235 

0-050 0174 
0-049 5402 
0-049 0899 
0-048 6645 
0-048 2625 

0-047 8820 
0-047 6219 
0 047 1806 
0-046 8571 
0-046 5602 

0-044 2018 
0-042 7451 
0-041 8141 
0-041 2078 
0-040 8080 
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Index 


Abel, N. H., 230, 345 
Abscissa, 109 

Absolutely convergent, 399 
Absolute value, 399 

Addition of algebraic expressions, 18, 19 
of complex numbers, 189 
elimination by, 155, 166 
of fractions, 17, 61 
of negative numbers, 15 
of radicals, 30 
Algebra, defined, 12 

fundamental theorem of, 132, 231 

Algebraic equation, 131 

Algebraic expression, 18, 45 

Algebraic function, 18, 111 

Algebraic irrational numbers, 7 

Algebraic solution, 139 

Alternating series, 399 

American Experience Table of Mortality, 

411 

Amount, 370 
of annuity, 377 
compound, 372 

Amplitude of complex number, 188 
Angle, 194 
negative, 194 
positive, 194 

Annuities, amount of, 377, 378 
present value of, 378 
tables, 416-421 

Annuity formulas, 378, 380, 381 
Antilogarithms, 81 
Apianus, 345 
Apolonius, 110 

Approximation, in logarithmic computa¬ 
tion, 82, 95 

to roots, 260, 267, 268, 269 
Archimedes, 29, 97 
Arithmetic means, 304 
Arithmetic progression, 301 
last term of, 302 
nth term of, 302 
sum of, 302 
Arm, lever, 150 

Associative law, for addition, 15 
for multiplication, 15 
.Asymptote, 117 


Axes, coordinate, 109 
Axis, of imaginaries, 10 
of reals, 10 

Base of logarithm, 76 
change of, 93 
Bernoulli, James, 345 
Bernoulli, Johann, 107 
Binomial coefficients, 334, 345 
expansion, 340 
general terms of, 343 
series, 340 
theorems, 340, 343 

Bounds for roots, upper and lower, 243 

Braces, 21 

Brackets, 21 

Briggs, Henry, 97 

Burgi, 97 

Cancellation, 60 
Cardan, 230 
Cardinal numbers, 3 
Cartesian coordinates, 110 
Cauchy, A. L., 348 
Cavelieri, 111 
Cayley, A., 348 

Change of base of logarithms, 93 
Characteristic, 777 
rule of, 78 

Character of roots of a quadratic equa 
tion, 221 
Chuquet, 29 
Chu Shi-kie, 345 
Circle, 285 
Closed system, 6, 9 
Coefficient, 18, 210 
binomial, 334, 345 
in integral rational equations, 131 
in relation to roots, 221, 231, 232 
variation in sign of, 245, 246 
Cologarithms, 82 
Combinations, defined, 323 
numbers of, 324 
Common difference, 302 
Common divisor, 58 
Common factor, 58 
Common logarithm, 76 
423 


424 


INDEX 


Common multiple, 58 
Common ratio, 306, 307 
Commutative law, 14, 15 
Comparison tesft, 393 
for convergence, 393 
for divergence, 393 
Completing the square, 208, 212 
Complex fraction, 63 
Complex numbers, 9, 187 
addition of, 189 
amplitude of, 188 
conjugate, 187 
difference of, 189 
division of, 191 
equal, 188 
equal to zero, 188 
fundamental operations with, 188 
general form of, 9, 187 
graphical representation, 10 
imaginary part of, 187 
modulus of, 188 
multiplication of, 190 
plane, 10 

polar form of, 188 
powers of, 199 
real part of, 187 
rectangular form of, 188 
roots of, 200 
subtraction of, 189 
trigonometric form of, 188 
Compound amount, 372 
Compound interest, 371 
Computation, approximation 

rithmic, 82, 95 
Conditional equation, 131 
Conditionally convergent series, 400 
Conics, classification of, 283 
standard forms for, 284 
Conjugate complex numbers, 187 
Consistent equations, 154, 160 
Constant, 106 

of proportionality, 179 
terms, 210 
of variation, 179 
Continuous function, 113 
Convergence, absolute, 399 
comparison test for, 393 
interval of, 402 
necessary condit ion for, 398 
ratio test for, 40 
theorems on, 393-399 
Convergent series, 392, 400 
conditionally, 400 
Conversion period, 371 
Coordinates, 110 
axes, 109 
Cartesian, 110 


Coordinates (Cont.), paper, 110 
rectangular, 109 
Cosecant, 195 
Cosine, 194 
Cotangent, 195 
Cramer, Gabriel, 358 
Cramer’s rule, 358 
Critical points, 126 
Cube root, 34 

Cube roots of unity, 200, 274 
Cubes, table of, 407 
Cubic equation, 230, 272 
Curve, 111 


in loga- 


Data, 99 

Decimal repeating, 311 
Degree, of an equation, 131 
of an expression, 51 
of a polynomial, 51 
of a rational fractional expression, 

119 

of a term, 51 
Delta x, 122 
Delta y, 122 

De Moivre’s theorem, 199 
Denominator, 4 

lowest common, 17, 61 
rationalizing the, 40, 42 
Dependent equations, 154, 161, 173 
Dependent events, 333 
Dependent variable, 106 
Depressed equation, 239 
Derivative, 122 

of a polynomial, 125 
Descartes, Ren§, 29, 110 
Descartes’s rule of signs, 245, 246 
Determinant, column of a, 348 
defined, 348 
elements of, 348 
expansion of, 170, 349 
expansion by minors, 353, 354 
minor of a, 353 
of order n, 349 
of order three, 170 
of order two, 158 
row of a, 348 
of the system, 159, 171 
value of a, 349 

Determinants, properties of, 3oU, 30i, 
352 353 

solving systems of ti linear equations 
by, 358 

solving systems of three linear equa¬ 
tions by, 168 

solving systems of two linear equations 

by, 157 

Differentiation, 123 


INDEX 


425 


Digits, significant, 79 
Diphantus, 12, 285 

Discontinuous function, 113 
Discriminant, 210 
Distributive law, 14, 15 
Divergence, comparison test tor, /SUo 
Divergent series, 392 
Division, 16 

of algebraic expressions, 45 
of complex numbers, 191 
defined, 46 
of fractions, 18, 61 
of negative numbers, 16 
of radicals, 31 

with remainder: for polynomials, 46 

synthetic, 237 
in trigonometric form, 192 

by zero, 5 

Double root of quadratic, 221 
Double-valued functions, 281 

e (base of a natural logarithm), 76, 96 
Effective rate of interest, 3<3 
Elements of a determinant, 348 
Elimination by addition, 155, 166 
Ellipse, 285 

Equal complex numbers, 188 
Equations, algebraic, 131 
conditional, 131 
consistent, 154, 160 
cubic, 272 * 
defective, 133 
defined, 131 
degree of, 131 
dependent, 154, 161, 173 
depressed, 239 
derived } 138 
equivalent, 133 
• exponential, 93 
fourth-degree, 205, 230, 250, 278 
with fractions, 137 
general, of nth degree, 131, 231 
graphical solution of, 132, 140, 20/ 
graphing of, 281, 282 
higher-degree, 230 
inconsistent, 154, 161, 173 
independent, 154, 160, 173 
irrational, 218, 259 
linear, 139 
logarithmic, 73 
members, 131 

number of solutions for, 286 
operating on, 132 
properties of graph of, 286 
quadratic, 205 
in quadratic form, 217 
quartic, 278 


Equations (Cont.), redundant, 133 
roots of, 132 
solution of, 132 
systems of n linear, 358 
systems of three linear, 165 
systems of two linear, 154 
transformations of, 254, 256 
Equivalent equations, 133 
Euler, 107, 345 
Events, dependent, 333 
independent, 333 
mutually exclusive, 333 
Expansion, of binomials, 340 
of determinants, 170, 349 
Explicit functions, 153 
Exponent, 25 

fractional. 27, 28, 343 
laws of, 25 
negative, 28, 343 
positive integral, 25, 26, 340 
zero, 29 

Exponential form of an equation, 93 
Expression, addition and subtraction of 
algebraic, 18 

multiplication and division of alge¬ 
braic, 45 

(see also Function) 

Extraneous root, 133 
Extremes of a proportion, 176 

Factor, 52 

highest common, 58, 59 
monomial, 53 
prime, 52 
theorem, 234 
Factorial n, 319 
Factoring, meaning of, 52 

solving quadratic equations by, 205 
Ferrari, 230 
Ferro, 230 

Figures, significant, 79 
Finite series, 301 

Formation of an equation with given 
roots, 222 
Formula, 209, 210 
annuity, 378, 380, 381 
Fourth-degree equation, 205, 230, 250, 
278 

Fractional equations, 139 
Fractional exponents, 27, 28 
Fractional expressions, 114 
Fractional functions, 114 
Fractional roots, 247 
Fractions, 4, 59 

addition and subtraction of, 17, 61 
complex, 63 
division of, 18 


426 


INDEX 


Fractions (Cont.), multiplication of, 18 
partial, 362 
proper, 362 
Fulcrum, 150 
Function, 18, 106, 107 
continuous, 113 
defined, 18 
discontinuous, 113 
double-valued, 281 
explicit, 153 
implicit, 153 
irrational, 51 

rational fractional, 51, 114 
rational integral, 50 
representation of a, 10< 
single-valued, 281 
zeros of the, 113 

Fundamental operations, 3, 9, 14 
Fundamental theorem of algebra, 132, 
231 


Gauss, K. F., 231, 348 
General complex numbers, 9, 187 
form of an equation, 131 
linear equation, 139 
polynomial, 50 
quadratic equation, 205, 209 
quadratic junction, 212 
term of binomial expansion, 343 
term of a series, 387, 400 
Geometric addition of complex numbers, 

189 

Geometric division of complex numbers, 


# 


192 

Geometric multiplication of complex 
numbers, 191 

Geometric progressions, 306 

with infinitely many terms, 310 

last term of a, 307 

means, 309 

nth term of a, 307 

sum of a, 307 

Geometric subtraction of complex num¬ 


bers, 189 
raph, 99, 111 
of a function, 111, 241 

paper, 110 , , , • 

of a quadratic equation in two vari¬ 
ables, properties of, 283 
of a system of quadratic equations, 

properties of, 286 

raphical solution, 141, 161, 20/, 241, 
289, 291, 296 

raphic representation of complex num¬ 
bers, 10 

raphing, 101, 109 
algebraic functions, 111 


Graphing (Cont.), discontinuous func¬ 
tions, 114 

linear equations, 140, 161 
quadratic equations, 207, 281 
statistical data, 102 
Gravitational constant, 105 


Harmonic means, 315 
Harmonic progression, 314 
Highest common factor, 58, 59 
Horner, W. G., 259 
Horner’s method, 259 
Hyperbola, 285 


Identities, 131 
Imaginary axis, 10 
Imaginary number, 9 
Imaginary part of a complex number, 187 
Imaginary roots, 248, 249 
Implicit function, 153 
Inconsistent equations, 154, 161, 173 
Inconsistent systems of equations, 154, 
161, 173 

Increment, 122 
Independent events, 333 
Independent variable, 106 
Index, 29 
Index laws, 30, 31 
of a radical, 29 
Induction, mathematical, 383 
Inequality signs, 117, 225 
Infinite series, 301 
Infinity, 5 

of a function, 114, 117 
Inflexion, point of, 126 
Initial side, 194 
Integers, positive, 3 
Integral rational expression, 50 
function, 50 
polynomial, 50 
Intercepts, 113 
Interest, 369 
compound, 371 
effective rate of, 3/3 
nominal rate of, 373 
rate of, 369, 370 
simple, 369, 370 
Interpolation, 79, 81 
Interval of convergence, 402 
Inversely proportional, 179 


Inversion, 177 
Inversions, 349 
Irrational equations, 218 
Irrational functions, 51_ 
Irrational numbers, 6, 7, 
Irrational roots, Horner’s 
Newton’s method, 268 


8 

method, 259 
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Irrational roots (Cont.), of a quadratic 
equation, 221 
straight-line method, 266 
Irreducible case, 2<o 

Kepler, 111 

Law, associative, for addition, 15 
for multiplication, 15 
commutative, for addition, 14, 15 
for multiplication, 14, 15 
distributive, for multiplication with 
respect to addition, 14, 15 
Laws, of exponents, 25 
of operation, 25, 27 

Least common denominator, 17, 61, 13 7 
Least common multiple, 58, 59 
Leibniz, G. W., 7, 107, 110, 348 
Leonardo, 12 
Lever arm, 150 
Limit, 6 

of an infinite geometric progression, 

310 ' 

of a series, 392 
Linear equations, 132 
graphical solution of, 140 
solution of, 132 
systems of, 155, 165 

Liouville, J., 8 
Location of real roots, 242 
Logarithms, base of, 76 
change of base of, 93 
characteristic of, 77 
common, 76 
computation with, 85 
defined, 69 
how computed, 95 
mantissa of, 77 
natural, 76 
of the nth root, 72 
of the pth power, 71 
of a product, 70 
of a quotient, 71 
properties of, 69* 

Logarithmic computation, approximation 

in, 82, 95 

Lower limit for real roots, 243 

Mantissa, 77 
how to find, 79 
Mathematical induction, 383 
Maximum point, 126 
Maximum value, 126 
Meaningless operations, 5 
Mean proportional, 176 
Means, arithmetic, 304 


Means (Cont.), geometric, 309 
harmonic, 315 
of a proportion, 176 
Members of an equation, 131 
Minimum point, 126 
Minimum value, 126 
Minor, 353 

Minors of a determinant, 353 
Modulus of a complex number, 18S 
Moment, 151 

Mortality, American Experience Table 
of, 411 
Multiple, 58 

Multiplication, of algebraic expressions, 

45 

of fractions, 18, 59 
of negative numbers, 15 
of radicals, 30 
by zero, 5 

Multiplicity of a root, 240 
Mutually exclusive events, 333 
theorems of, 334 

Napier, John, 97 
Natural logarithm, 76 
Negative angle, 194 
Negative exponents, 28, 343 
Negative numbers, 4 
addition of, 15 

Newton, Sir Isaac, 29, 268, 345 
Newton’s method, 208 
Nominal rate of interest, 373 
Number, of combinations, 324 
of permutation, 319, 321 
of roots of an equation, 132, 235 
of solutions for systems of equations, 
286 

Numbers, addition and subtraction, 15 
algebraic irrational, 7 
cardinal, 3 
classification of, 11 
complex, 9, 187 
division, 15 
imaginary, 9 
irrational, 6, 8 
multiplication, 15 
negative, 4 
positive, 3 
prime, 4 

pure imaginary, 9 
rational, 6 
real, 8 

transcendental, 7, 8 
w'hole, 3 
Numerator, 4 

Numerical value, 5, 116, 117 
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INDEX 


Odd integers, 384 

Operating on equations, 132, 133 

Operations, fundamental, 3 

fundamental, with complex numbers, 

188 

meaningless, 5 
rational, G 

Order of a determinant, 349 
Ordinal numbers, 3 
Ordinate, 109 
Origin, 109 
Oscillating series, 393 


Proportional, 179 
Proportionality, constant, 179 
Pure imaginary number, 9 

Quadrants, 109 
Quadratic equation, 205 
properties of roots of a, 221 
systems containing, 281 
Quadratic formula, 209 
Quadratic function, 212 
Quartic equation, 205, 230, 250, 278 
Quintic equation, 131 


p series, 397 
Parabola, 285 
Parentheses, 20 
Partial fractions, 362 
properties of, 362-364 
Pascal, B., 345 
Pascal’s triangle, 344 
Period interest, 370, 371 
Permutation, 317, 318, 320 
number of, 319, 321 
Plane, complex, 10 
Plotting, 110 
Points, critical, 126 
of inflexion, 126 
maximum, 126 
minimum, 126 

Polar form of a complex number, 188 
Polynomial, 50 
degree of, 51 
factored, 236 
Positive angle, 194 
Positive integers, 3 
Positive numbers, 10 
Powers, 25 • 

Power series, 402 
Present value, 372, 378 
Prime factor, 52 
Prime numbers, 4 
Principal, 370 
Principal root, 27 
Probability, defined, 330 
theorems on, 333, 335 
Product of roots, 222 
Progression, arithmetic, 301 
geometric, 306, 310 
harmonic, 314 
last term of, 302, 307 
nth term of, 302, 307 
sum of, 302, 307 
Proper fractions, 362 

Properties, of determinants, 35U, ool 

352, 353 

of roots of a quadratic, 221-222 
Proportion, 176 


Radical equations, 218 
Radicals, 29 

simplest form of, 39 
Radicand, 29 
Rahn, 12 

Rate of interest, 369, 370 
effective, 373 
nominal, 373 
Ratio, common, 306, 307 
and proportion, 176 
Rational, expression, 50, 51, 114 
Rational fractional functions, 51, 114 
Rational fractional roots, 247 
Rational integral function, 50 
Rational number, 6 
Rational operation, 6 
Rational roots, 205, 210, 231 
theorems on, 232 

Rationalizing denominators, 39, 42 


Ratio test, 400 
Real axis, 10 
Real number, 8 
Real roots, 207, 241 
Real zeros, 113 
Reciprocal, 179 
Rectangular coordinates, 109 
Reduced cubic, 273 
Reduced quartic, 278 
Remainder theorem, 233, 234 
Repeating decimals, 311 
Roots, approximate, 2G2 

approximation to, ^60, 267-269 
bounds, upper and lower, 243 


defined, 132 
double, 240 
equal, 207 
of an equation, 132 
extraneous, 133 
imaginary, 20/, 248, 249 
irrational, 221, 259, 206, 20)8, 
location of real, 242 
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multiple, 240 
of multiplicity m, 240 
number of, 235 
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Roots (Cont.)> principal, 27 
product of, 222 
properties of the, 221, 222 
rational, 205, 231 
rational fractional, 247 
real, 207, 241, 242 
redundant, 133 
sum of, 222 

triple, 240 , 

upper and lower bounds of real, a-lo 

Rule of signs, 245 
characteristic, 78 


Scientific notation, 78 
Secant, 195 
Secant line, 122 
Sequence, 301, 306 
Series, alternating, 399 

conditionally convergent, 400 
convergent, 392 
defined, 301, 392 
divergent, 392 
finite, 301 
infinite, 301, 391 
oscillating, 393 
p, 397 
power, 402 
Significant figures, 79 
Signs, Descartes’s rule of, 245, 246 
variation in, 245 
Simple interest, 369 
Simplest form of a radical, 39 
Simplification, of algebraic expressions, 

37 

of fractional expression, 59-64 
of a radical, 30, 31, 32 
Simultaneous equations, involving quad¬ 
ratics, 287 
n linear, 358 
three linear, 165 
two linear, 154 
Sine, 194 

Slope, of a curve, 121 
of a straight line, 121 
of a tangent line, 123 
Solution of equations, graphic, 132, 140, 
207 

linear, 132 
number of, 235, 286 
quadratic, 286 

of systems of linear equations, 154, 165 
of systems of quadratic equations, 285 
Square, completing the, 208, 212 
Square root, 33 

Standard form, of an algebraic equation, 

131 

for conics, 284 



Standard form (Cont.), of a linear 
equation, 139 

of a quadratic equation, 205 
Statistical data represented graphically, 
102 

Straight-line method, 266 
Sturm, J. C. F., 271 
Substitution, 156, 167, 287 
Subtraction, of algebraic expressions, 18 
of complex numbers, 189 
elimination by, 155 
of fractions, 17, 61 
of negative numbers, 15 
of radicals, 30 

Successive approximations, 259, 266, 268 
Sum, of roots, 222 
of terms, 392 
Surd, 6, 29 

Synthetic division, 237 

System, algebraic solution of a, z.88, 290, 

292, 295 

closed 6 9 

graphical solution of a, 289, 291, 296 
of linear equations, 154, 165 
number of solutions for a, 288 
of quadratic equations, 281, 285, 287, 
290, 292, 295 
solution of a, 154, 285 

Tables, American Experience of Mortal¬ 
ity, 411 

Amount of Annuity, 416, 417 
Amount at Compound Interest, 412, 

413 

of Logarithms, 408, 409 

of Natural Trigonometric Functions, 

410 

Periodic Payments of an Annuity, 420, 
421 

Present Value, 414, 415 

Present Value of an Annuity, 418, 419 

Tangent line, 122 
Term, 19 

constant, 210 

general, of binomial expansion, 343 
of a series, 387, 400 
Theorem, binomial, 340 
factor, 234 

fundamental, of algebra, 132, 231 
probability, 333-335 
on rational roots, 232 
remainder, 233 
useful, 244 

Theory of equations, 230 
Theta, 194 

Transcendental numbers, 7 
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Trigonometric form, 188 
Trigonometric functions, 194 
Turning points, 212, 213 

Unit, imaginary, 10 
Unity, cube roots, 200, 274 
Unknown, 131, 154 
Upper limit for real roots, 243 

Value, absolute, 399 
of an annuity, 378 
maximum or minimum, 126 
numerical, 5, 116, 117 
Vandermonde, C. A., 348 
Variable, 106, 154 
Variation, 178 
constant of, 179 
in sign, 245 


Vertex of parabola, 213 
Vinculum, 21 

Wallis, John, 29, 110 
Wessel, Caspar, 10 
Whole numbers, 3 

X-axis, 109 
X-distance, 109 
X-intercept, 113 

Y-axis, 109 
Y-distance, 109 
Y-intercept, 113 

Zero, 4 

of any denominator, 136 
Zeros of a function, 113, 132 



Answers to Odd-Numbered Exercises 


CHAPTER II 


3. 

(f) 

(k) 

7. 

9. 

11 . 

15. 

19. 

21 . 

23. 

27. 

31. 

35. 


Article 19 (page 22) 

(a) -15; (b) -5; (0 36; (d) -180; Je) 9; 

(g) "zih (h) ~ 4J 0) v’> 0) 


4 . 


2i - (1) tt- 3. 4; -6. 





— To i 


(5 + a)x — (2 + 4 a)y + (3a V)z. 

(2 y - 2x)(a - 6); (y 2 ~ z 2 )(« “ &); (6)(-20). 

15b - 14a - 6. 13. 8a: - 40 y + 34. 

15c - 26 - 8a + 27. 3 - 12a:. 

- 33x + 9 j/ - 6. 

llx 2 _ 7x - 3ax; 4ax - 3a - 5a 2 x. 

6a 2 + 5b 2 + 7a - 66 - 12. 25. x + y. 

7a - 13a6 - a 2 - 56. 29. 15x - 2 xy - 6j/ + 3. 

xhy + 5x 3 t/ 2 — a:?/ 2 . 33. 2ax — 2a 2 x 2 . 

13 C _ 45 — 2a — 5a6 — be — 17. 




CHAPTER HI 

i4rtfcZe 22 (/>a^e J4) 



r —4 * 


(d) a 21 ; (e) a 21 ; 

(i) x 2 “; (j) z 9 ‘; 


1. (a) a 10 ; (b) a 4 ; (c) a 

(f) x^ 3 ; (g) z 4a ; (h) ^ 3a “ 3 ; - x . 1# 

(k) 2; (1) 4; (m) 8; (n) 16; (o) *r, (PJ 

(q) Tk; (r) 27; (s) i; (t) (u) i; ( y ) !; 

(w) 1; (x) 1; (y) 1- 

(b) 12; (c) ( d ) 16 5 ( e ) 3 » 


3. (a) —4; 

(f) .00032. 

6. (a) v^ab; 

(e) v / 40; (f) 

(j) V^6; (k) 

7. 9. 

13. — \/3. 

19. 29i \/6. 


.027’ 



a; 


(b) V^a 4 ; ( c ) 'V^243; 

^96; (g) ^15^52; 

( 1 ) yfl. 

9. W- 
15. 15 \/5. 

21. V^O- 

431 





(d) \/a s b 2 ; 

(h) ^3; (i) •v'O; 


11. 9. 

17. ¥ ~ 3 \/6. 

23. -26 v^3. 
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25. 8 V5. 

31. 13 + 4 \/3. 

37. - \/3 + V2. 
43. Vo; a/TT; 


29. 3 - 2 V2. 


27. - \/2x. 

x 

33. 1. 36. -11. 

39. 2x - 2 \fx 2 - y 2 . 41. v 7 3 ; ^2; 

47. (a) 1,728; (b) 14,400; (c) 0.4489; 


(d) 0.300763; (e) 9,409; (f) 658,503; (g) 18; 

(h) 67.08; (i) 3.958; (j) 8.5270; (k) 18.371; (1) 0.2490. 


1 - 

y 

7. xy~M. 
13. x 6 y A . 

19. x 6 . 
25. + 



31. y/a*. 
37. 6 -^48. 

43. y/%. 

49. xK°y Ho . 


55. ^ 

0 

61. 320 Vo. 


67. 


a : 3 ?/ 3 


i / 3 — x* 


73. i V2. 
79. ^ -y/lS. 

85. - \^a. 


91. 


35 + 12 V6 


19 


Article 23 {page 43) 
3. I 

X 

9. a^b-^\ 

15. o. b2 -“ s . 

21. a; 0-1 . 

27. ar 5 . 

33. x 7 + 

39. a-Hb-y*. 

45. x 2 ?/ 4 z 12 \/yz. 


5. x 2 y~ % . 


11 . x~^yy. 

17. 4. 

23. x. 

29. x-Xy'Kz-H. 
35. 4a \/2aH>. 
41. x-yy-Kz-w. 

27 


47. 


8 x 3 y :r 


51. 


63. 


69. 


81. 


1. (a) 

(c) 

(d) 

(e) 

3. 6x 2 


2a!>c 2 Vl&!/2o2i,<: - 

53. 2*V^c H s . 

231a 2 6 3 c 4 Vc. 

59. 30 \/i0- 

?/ 3 — X 3 

65. 

x 3 y 3 

y 3 — x 3 

1 

X 3 

71. -j - r* 

X 3 —1 

(x - ?/) 3 

Yo V30. 

77. % V2. 

-j \/6. 

83. i ^3. 

-2 - v 7 2. 

»• '* irf- 

2 + 5 V2 + 3 \/3 - 4 V6 

yo. - 

23 

Article 24 {page 47) 

- 4x + 2; (b) x 3 

— 2x % + 5x — x 54 + 7 


-2x 5 - 4a: 4 + x 3 + 5 - 5ar 2 + 3x 3 ; 

(5 - a)z 2 + (6 - S)x + (2 - c ); 

(2 + a)x s - (5 + 3a)i 2 + (2 - a)x + (7 + b - b ). 


- llx - 10. 


5. x 2 + 2x2 + z 2 - r- 
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7. 

9. 

11 . 




13. 

15. 

17. 

21 . 

23. 

26. 


27. 

31. 

35. 

37. 

39. 

41. 


3x« — 2x*y — 2x*y* 4- 2xy A — y‘ 4- bx* — 13x*y 4- Sxy 3 

4* Ha6 — ^ ~ + ^ >r " ^ 

rH - 2x H 4- 2x - 2x H + I* 1 . 
l0a * _ i ia 4 6 - I2a 4 6* - 9a V 4- 8a*6 4 4- 4- 86*. 

a H - 5aH 4- 1 la* - 16a* 4- 12 - 9a H . 

__ j* — 3x — 1. 1®* 3jr* — 2x — 5. 

1 * 41 * 1/4 x 5 y 5 4- xy* 4- y 4 . 

x» - 3x*y 4* 5xy s - 10y»; remainder, lory 1 4- 9y . 

It* 4* lx* + fx — HI reminder, — yax 4- H- 

*i _ x - y. 29. x"+l. 

|; remainder. - i 33. x'y + (* - + V- 

|j* 4- ix 4- ^r. remainder — 4- 4t 

x*y - (y* + **)* + V **• . , ‘ „ 

i _ x «-iy + • . • 4- ry*~' — y , remainder, — xy . 

1 4- x*~*y 4* • • • 4- xy*“* 4- y" -1 *. remainder, 2y\ 


3y*. 


CHAPTER IV 



Article 26 {page 56) 


25. (a) 
27. (a) 

29. (a) 
31. (a) 
33. (a) 
35. (a) 

37 


39 

41. 


43. 

45 


z(x 4- 1)(X - l); 
(j - 4)(x 4- 4); 
(x - 5y)*; (b) 


I. 4. 3. (a) 5 ;.(b) 2 ; (c) 2 ; (d) 2 . 6. Ox* - 13x V + &I/ 1 - 

7 . o* + 3at’ — 3a/< — 9i»‘. 9. <u- + I a ' z "• 

II . x* + 4y* 4- 9** — 4xy 4- 6 x 2 — I2yz. 

13. x* 4- 4y* + 9z 5 + 4xy - Cxz - I2yz. 

16. 15x* - lSx^/* - 20 xy 4- 24y*. 

17. e u 4- 2 + r fc . 19 - x1 - 27 * 

21. x* - y* + z’ 4- 2xz. 23. 6 x - v'x - 15- 

(b) (x - y)(x 4 - y 4 * a). 

(b) (x - 2 )(x 4- 2 )(x 5 4- 4). 

(x* 4 - 5y*)*. * 

(x - 3)(x* 4 - 3x 4- 9); (b) (2x 4- 3y*)(4x ? - (ixy^ 4- 9y 4 ). 

(x 4 - 1 )*; (b) (x - 2 )». 

(a - 12)(a 4- 7); (b) (1 - 2x)(l 4- 3x). 

(3x 4- 2y;(2x — 3y); (b) (2x - 3)(x 4* 4). 

(x — y — z)(x — y 4” t)\ (b) (x — y 4" 2 )(x 4~ y z )- 

(x‘4x4 l)(x* - x 4- 1); 

(2x* 4- xy 4- y l )(2x 5 — xy 4- y 5 )- 
(x — y 4- l)*; (b) (x 4- y — 2)*. 

(ax 4- l)(x - a); (b) (ax - l)(x - a); 

V*, (x — a*)(ax 4-1). 

47. (4x* 4- 2xa6* + a s 6 4 )(4x* - 2xa6* + aV). 

49. <3x - 2y r (2x 4- 3y*). 61. 3x s (4x - 9y*)(4x 4- 9y J ). 

53. <xy - 10z)(xy 4- 9z). 65. (3xy - 4z)(2xy 4- oil. 


(a) 

(a) 

(a) 

(b) 

(a) 

(a) 

(c) 
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57. (xHj + 5z 2 ) (x*y + z 2 ). 59. (a + b)(x - y). 

61. (2x — 3z — 2y)(2x — 3z + 2?/). 

63. (x 3ct y) (.x o). 

65. 3(x 2 - 5ab 2 )(x 4 + 5ax 2 b 2 + 25a 2 b 4 ). 

67. (a —- b 4- c)[a 2 + a(b — c) + (b — c) 2 ]. 

69. (2x + 5y 2 ) (2x - 3z/ 2 ). 71. (x - 2?/) 3 . 

75. (x^ - 3)(x^ + 2). 77. (x^ - 2)(x^ + 4). 


79 


• ( 5 +-T- 
\*/ */ 


81. (x -1 4- 3) 2 . 


83. (e x + e ~ x ) 2 . 


85. [(x + 2)^ - l] 2 . 


89. (x + 


1 ) (-!)■ 


87 


■ • ft 


91. (z* - l)(2x^ - 3). 


Article 29 (page 64) 


1 . 


2x + 9 


(x — 3)(x + 2) 

(x — 3)(x + 5) 

o.- - - 


3. - 


1 


x 


9. 252 


13. cl b 4“ x. 


7. 


11 . 


15. 


1 — a 2 

a 2 + b 2 
(a + b) 2 

x + 3 y 
3x + y 

13 


17. H.C.F., 2 2 ; L.C.M., 2 4 • 3 • 5 2 . 

19. H.C.F., 2ax 2 ; L.C.M., 2 2 • 3 2 a 3 x 3 y 2 . 

21. H.C.F., 1; L.C.M., (x - y)(x + y) 2 < 

23. H.C.F., xy\ L.C.M, 3 • 5 ■ 7x 2 ^ 2 (x - y)\x + V) 


25. 


29. 


33 


37. 


41. 


45 . 


16x — 2 5y 
24 

10x 2 - 13x - 30 

6(1 — xj 

lOx + 1 


x 2 


(x — 2)(x — 3)(x + 1) 
— 6ax(x 2 + 2x H~ Q 2 ) 

(x 2 - a 2 ) ( x 2 + a 2 ) 

8x 3 — 24x 2 + 12x + 27 
6x 2 (2x — 3) 

2a + 7b 
5a + 3b 


27, 


31 


35 


2x 3 - 2x - 1 

- * 

x{x — 1) 

x 5 - y ' 5 

x 6 — ?/ 6 
8?/(x 2 - 2xy - 


x 


- 2y) 


(x + 2y)(x — 2 y) 


39. 0. 


43. 


47 . 


13x — 3x 2 

x 2 — 4 

a 4- b 
a 2 + b 2 
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49. 

(X 

- y )• 

51. 

x + 1 
x — 1 

53. 

a, + 6. 

55. 

X 

y 2 

: 2 y 2 
— x 2 

57. 

x + y 

y 

59. 

1. 

Cl 

(x 

- 2){x + 2) 2 

63. 

X 2 + 1 

65. 

(x - 2 y) 2 . 

Dl. 


4x(z + 4) 

X + 1 



X 2 

- 1 

69. 

x + y 

71 

(2x - 7)(2x + 1) 

67. 

X 2 

+ 1 

y 

1 X* 

2(4x 2 — 5x — 7) 




75. 

x 2 — 1 

77. 

x 2 + 1 

73. 

1 ■ 

- X. 

x z 

X 3 

79. 

15 

7 

• 

81. 

a 2 

a 2 — x 2 

83. 

a 2 

a 2 — x 2 


CHAPTER V 


Article 30 {page 74) 


1. 

9. 

17. 

25. 

33. 

41. 

49. 

57. 

61. 

63. 

65. 


3. 


5. 

i 

TS 


10 , 000 . 


8 

IT' 

6 . 


3. 

11 . 

19. 

27. 

35. 

43. 


2 . 

- 2 , 


i 


5 

T- 


2 7 

T- 


5. -3. 

13. 3. 

21. 81. 

29. 3. 
37. i 

45. -2 



51. 4. 53. 2. 

10. 69. log 4 + log 7r + 3 log r — log 3. 

log 5 + £ log 35 — 2 log 12. 

9[8 log 7 + t( 5 log 19 + -f log 13+1 log tt) 
2 log 5 + 2 log 7 T. 67. log 35 


23. \/3. 

31. 1. 
39. -3. 
47. -1. 
65 . 


(3 log 23 + 4 log 17)]. 
log 22. 


69. 6 log 37 + 1(4 log 23 + 5 log 47-8 log 17). 

71. log 2 + log 7r + 1 log l — 1 log g. 

73. log 15 + 1 log 71 - log 201 - 2 log 67. 

75. 3 log 11+1 log 78 — log 7 — 6 log 5 — 1 log 22. 

77. log 8 + log 11 + log 107 + log 205 - log 65 - log 72. 

79. 1(2 log 24 + 5 log 4 — 5 log 7) — 5(3 log 21+1 log 71—1 log 22). 
81. 4 log 27 + 1(2 log 28-3 log 101) - 5 log 61 + 4 log 84. 

83. 1 log 367 - 1 log 231 + 7 log 67 - 7 log 23-1 log 123 + 1 log 431. 



87. x = 


a 2 • d 5 

T 3 • ^Tc 


89. log A = log tt + 2 log r. 91. log V = log 2 + log p - log d. 

93. (a) log Q = log tt + log p + 4 log r + log T — log 8 — log l — 
log n; (b) log T = log Q - log it - log p — 4 log r + log 8 + log l 
+ log n. 
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Article 33 (page 83) 


1. 

(a) 3,000 

m 

f 

(b) 26,500; 

(c) 0.0000672; 

(d) 

0.0265; 

(e) 

30,000; 

(f) 

0.0000000003 ; 

(g) 0.0376; 

(h) 

0.0000035; 

(i) 

60; (j) 

0.00005893 ; (k) 

29,990,000,000 

; (l) 

0.0000455; 

(m) 

0.000000058. 






3. 

(a) 4; 

(b) 

-2; (c) 3; 

; (d) -4; 

(e) 7; 

(f) -l; 

(g) 

0; (h) 

_ e 

2; (i) -7; 

(j) 

i; (k) 

0; (1) -1. 

6. 

(a) 3.5729; 

(b) 0.9253; 

(c) 

0.8048 - 

i; 


(d) 

0.3747 - 

2; 

(e) 0.0212; 

(f) 

3.9031; 

(g) 5 

2.4771 ; 

00 

2.0253; 

(i) 

0.7782 - 2. 





7. 

(a) 0.4278; 

(b) 0.5669; 

(c) 

1.4273; 

(d) 3 

.9530 ; 

(e) 

0.8763 - 

i; 

(f) 0.8129 - 

3; 

(g) 3.301 

7; 


00 

0.8375 - 

2; 

(i) 1.4586. 





9. 

(a) 4.09; 

(b) 70 ; (c) 

794.5 

; (d) 2, 

899; 

(e) 1.806; 

(f) 

0.2819; 

(g) 

4,836; (h) 

0.001006; (i) 

1,834,000. 

11. 

(a) 9.5722 - 

10; (b) 9.4331 - 

10; (c) 

8.5727 - 10; 

(d) 

6.0470 - 

10; 

(e) 0.1237; 

(f) 

2.1871; 

(g) 

6.6983 - 10 

00 

1.1625; 

(i) 

8.5414 - 10. 








Article . 

34 ( page 89) 



1. 

49,270. 


3. 0.3577. 

5. 

24. 

7. 

0.3557. 

9. 

1.536. 

11. 0.04054. 

13. 

1.707. 

15. 

0.06214. 

17. 

0.1702. 

19. 169. 

21. 

5.805. 

23. 

1.790. 


25. 1,635,000. 


The following answers were obtained with a five-place table of loga 
rithms. 


27. 

35. 


43. 

51. 


55. 

59. 


63. 

67. 

69. 




2.3501. 29. 144.38. 

1,861.2. 37. 158.13. 

0.81873. 45. 0.2591. 

4.4394. 

SI,883.00, $1,113.60. 
36,638,000 square feet. 
0.19744 centimeter. 


31. 1.2762. 33. 9,349.2. 

39. 0.40390. 41. 12.182. 

47. 0.58817. 49. 1.5950. 

53. 122,880,000 square feet. 
.57. $14,889, $18,392.80. 

61. $13,603. 

65. 99.295 centimeters. 


(a) $1,806.10, 

0.48828. 
0.04809 henry. 
11,093.3. 


(b) $1,814.00, (c) $1,819.40. 

71. (a) 6,208 H.P., (b) 2.912.7 H.P. 

75. (a) 260.9° F., (b) 7.24 pounds. 

79. 0.40307. 81. 55.906. 


Article 35 (page 95) 


5. 2.57. 
13. 0.3562. 


1. 2.322. 
9. 2.079. 


3. 0.4307. 
11. -1.966. 


7. 0.9031. 
15. 1.131. 
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17. -3. 19- t- 

25. 3.101. 27. 5.22 


21 . - 2 . 
29. 354. 


23. 2.617. 


1. (a) 0.69315; 

3. (a) 1.38629; 

(e) 2.30259. 

5. (a) 4.60518; 


Article 36 (page 97) 

(b) 1.09861; (c) 1.60944; (d) 1.94591. 

(b) 1.79176; (c) 2.07944; (d) 2.19722; 

(b) -2.30259; (c) -4.60518. 


CHAPTER VI 


Article 37 (page 102) 

1 . ( c ) 122.8 X 10® in 1930; 131.7 X 10 6 in 1940. 

3. Rural, 22.4, 23.2; cities, 31.2, 31.1. 

5. (a) 94,089, 91,914, 84,721, 62,104, 51,230; 

73.5, 82.2, 92.8. 



(b) 16.8, 47.6, 61.8, 


7. 1.22; 1.48; 1.80; 3.92; 7.76; 14.2 years; 22.5 years. 


Article 38 (page 108) 


1. —3; 15; 1; —5; a 2 — 5 a + 1. 
6 . 4; 0; — i; » ; — 1. 

9 . 4 x 2 — 1 ; x 4 — 1 ; — 5 — 1 . 

> x 2 


3 . 1 ; — 3y — 1 ; 0 . 

7. 3; -17; - f; 


x — 2 x — 5 

x 2 + 2x + 3 ' x 2 — 4x + 

1 2 x 2 — 8 x + 5 2 x 4 — 
‘4’ 4(x — 2) ’ 4x 2 



2x - 12 
x 2 + 8 

15. x + i; x 2 ■+■ x 2 + 2 + 

x x 2 x 2 


17. x + 2 ; x 2 + 2x + 



x + 2 
x + r 


19. A = /(5, /i) = feA. 


21. 4 = /(r) = tit 2 . 23. 7 = f(r) = Irr 3 . 

25. V = f(r,h) = &rr 2 h. 

27. (a) F = fC + 32°; (b) C = f(F - 32°); (c) 25° C. 


Article 39 (page 111) 

3. (2, 7); (2, —1); ( — 6 , 7 ); (- 6 , -1). 

6 . (- 3 , 2 ), ( 2 , 2 ), (- 3 , - 7 ); (- 3 , 11 ), ( 2 , 11 ), ( 2 , 2 ); ( 6 , 2 ), ( 6 , -3), 
(-3, -3); (-3, 7), ( 6 , 7), ( 6 , 2 ). 7. y-axis; x = 0. 

9. A line parallel to y-axis and 5 units to the right; a line parallel to 
y-axis and 7 units to the left; x — 5; x = —7. 

11. A line bisecting quadrants I and III; x = y. 13. y = 2 x. 

Article 41 (page 128) 

3. —3. 5. — 4x ~ 5 — 8 x ~ 3 + 7. 

9. 2x - 5. 11. — 15x~ 6 - 6 x ~ 4 + 8 x -3 . 


1. 3. 
7. 2x. 
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13. 2x - 2. 16. 2x + 2. 17. -8ar‘ - 9x J + x~». 

19. 0. 21. 6. 23. -4. 

26. 16. 27. (3, -16) minimum point. 29. (-1, 9) maximum point, 

31. (-1, 1) maximum point; (1, -7) minimum point. 33. (2, 10) 
maximum point; (0, 6) minimum point. 

36. (0, 8)'maximum point; (2, -4) minimum point. 

39. 10; 10. 41. 1.250 square feet. 

43. (a) V = Vo - gt ; (b) feet ' 


3. (a) 5; (b) — 1 

6. Yes. 

9. -f. 

13. 

17. No solution. 

21 . I 

26. ■§. 

29. No solution. 

c 


CHAPTER VH 

Article 46 (page 142) 

(c) 2; (d) f 

7. -4. 

11, — T5- 

16. I 


19. No solution. 
23. -10. 

27. — 

31. - 

a 2 — ab + b 2 


33. 


37. 


41. 


a 4- b. 

a 2 + fr 2 

2a 

2 ab 


36. 


6 — a 


ab(a + 6 + 2) 
,5y * a + 2at - 6 


43. 


a + 6 


46. a = l — (ft — l)cf; ft — 


J - a + d 


ab — d 

_ • 

at + c 
£ — a 

ft — 1 


;d = 


47. P = 


1 + in 


. A — P A - P 

; t = —FT—; ft = 


Pft 


s — a , 

49. a — rl — rs + s; r — s _ y 1 


Pi 

rs — s + a 


Article 47 (page 147) 

. 3. 2\ hours. 

1. 9; 36. * ,, 

_ n 7. 48 marbles. 

6. 9 years. 

9. 6f hours; 4^ gallons. 

minutes past four o'clock. 

13. 1:21 p.m.; the fighter plane flies 45 miles. 

.. n<* 17. o Quarts. 

15. 3f gallons. _ 

19. A . 19 days; B , 57 days; C, /6 days. 
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21. Si days. 23. 4:50 p.m. 

29! 12 nickels; 9 dimes, 8 quarters, 3 half dollars, 4 dollars 31. $27. 
33. 2 parts 25-cent coffee; 1 part 40-cent colfee. 36. 180 leaps. 

s st 

37. 34.5 pounds of cream. 


39. 


.. f — ns 

41. - -r years. 

n — 1 

IK 300 (c — b) 

46 - 300 —TT iee 

n(b — c) 


43. 


t + vt + 1 

ab 


a + b 


days. 



n(c — a) 

A ___ 


47 . ~ sl pounds of tea selling at a cents per pound; ■ b _ ^ pounds 

b — a 

of tea selling at b cents per pound. 


1200d 

49. - oranges. 



a 


Article 48 (page 152) 


1 . 6 feet from 80-pound child. 

3. 604 pounds. 

5 . 4 feet from 156-pound boy. 

7 . 3 feet from light end. 

9 . 5 A feet from 60-pound weight. 


CHAPTER Vm 


* 


Article 50 (page 162) 


1 . ( 2 , 3). 

6 . (3, -7). 

9. (- 2 , f). 

13. Dependent equations. 

17. (f, Ttr). 

21. Dependent equations. 
25. ( 2 , 3). 

29. (a, b). 

33. (f, - ¥). 

37. (1, — 1). 


3. (f I). 

7. (- 2 , 5). 

11. (f-JT, ff)- 

15. (— "If)- 

19. (-1, -5). 

23. (£, -gO. 

27. [i(a + b), £ v a - b)]. 
31. [(a + 6 ), (a — b)]. 

35. (•!, i). 


7id 

39 . (a) a = l - (n - 1 )d; s = nl - (n - 1 ) 


(b) a = ^ ~ 


(c) n = 


$ 

n 

l 


(n — 1 )d 1 s , (n — 1 )d 
2 ^ ~ n 2 

a + d (a + l)(l — a + d) 
—; s =- 


d 


2d 
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2s /. j 2 (nl - s) 

(d) a - - L: a = tt* 

K ' n n(n — 1) 

/ N 7 28 A - 2 ( S ~ a71 ) 

(e) l - n a,d n ( n _ i) 


(f) 


n , , n j l — a 

s = 2 a J ^ = n"—”T 


41. 14, 21. 


43. 37, 73. 


45. 


¥ 


47. Son’s age is 5 years; father’s age is 50 years. 49. 12 m.p.h., rate oi 

rowing in still water; 4 m.p.h., rate of current. 

51. of a gallon from the first; fi of a gallon from the second. 

53. 566 adults; 120 children. 55. Dresses, $20 each; coats, $40 each. 
57. 1 hour and 5A minutes. 59. 16f years. 

61. (a) lx + by + 1 = 0; (b) x - 2y - 1 = 0. 


Article 51 (page 174) 

3. (2, 4, 5). 5. (-2, -5, 3). 

9. (2, -3, -1). 11- (f> h !)• 

15. (1,0, 0). 17. (£, -1, - i). 

21. (1, —2, 3). 23. (f, 1, - I). 

27. A, $4.50; B, $3.75; C, $5.25. 

31. (10, 20, 30). 

33. 1 dog, 19 cats, 80 rabbits. 

35. 200 miles level; 90 miles uphill; 60 miles downhill. 

CHAPTER IX 


1 . (- 1 , 2 , 2 ). 

7. (5, -2, 4). 
13. (-3, 2, -1). 
19. (-2, 3, -4). 
25. (6, 10, 15). 
29. (2, 10, 12). 


3. 2. 

11. 7r. 

19. b\ 


1. 

9. -f. 

17. ab. 

25. i 

29. 12 inches; 16 inches. 

33. 1 inch; -f inches; i inches. 
37. 157i miles. 


Article 52 ( page 177) 

5 . 2 . 

13. 12. 

21 . 6 . 


7. i 
16. 15. 
23. 8. 


27. 4- 

31. 8 inches; 16 inches. 
35. 6 inches; 8 inches. 
39. 136 feet. 


Article 53 ( page 182 ) 


3. V = khr 2 . 5. F = kAV\ 


7. R = kL 

A 


9. N = 


k 


VI 


11. 24. 


13. 18-f. 


15. ^ = 


4x 

_ 

y 


17. V = 4.1888r 


19. B.II.P. = 0.4d 2 n. 

23 9 days* 

27. 266f pounds; 457If pounds. 

31. 1029.12 feet; 2315.52 feet. 


21 . 6r 3 ^ centimeters. 

25. 31,250 feet; 7812f feet. 
29. 27A pounds; 40 pounds. 
33. 0.272 inch. 
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36. 16 \/5 feet. 

39. 990 miles. 

43. 333i revolutions per minute, 


37. 5 V2 feet. 

41. 5.2 times as far, 
46. 140 pounds. 


1. (a) 3 — 2f; 

(d) 0 + 2f \/6; 
(h) 0 + Of; (i) 
3. —6 4” Ilf- 
9. -f. 

15. f. 

21. 1 + 3f. 

27. 0. 

63 . 16 . 

33 ‘ 25 + 25 *' 

39. 0. 

45. Yes. 


CHAPTER X 


Article 57 (page 193) 

(c) -7_- iy/S; 

(f) y/l + Of; (g) 1 + 0t 5 


(b) 5 + 2f; 

(e) 8 + Of; 

0 + f. 

6 . — 6 . 

11. -f. 

3 • 

17. ^ 

23. -36 - 9f. 

4 7 . 

29 ‘ 13 13 

35. 1 - + V^ + 2 


8 


8 


41. 0. 


7. 4 - 7f. 
13. — 8f. 

19. 5 - 5f. 

26. 7 + 17f, 


31. 


18 . f 
25 + 25 


37. oo. 
43. Yes. 


1. 4 \/2 + 4f V2. 


7. I 


■I i 




13. — 2 + 2f. 
19. "j “l - ■jf. 


25 


Article 59 (page 203 ) 


3. 6 - 6f a/3. 

5. 2 -f- 2i \/3. 


, 1 V3 . 

9. -4 \/3 - 4f. 

1 128 128 ‘ 

u fe + i. 

17. -2 V3 - 2f 

21. *. 

23. 4 V 3 + 4f. 

\ 1^?. 27. 2; -1 

+ f V 3 ; -i - * 


Vs. 


2 2 ’ 2 

29. + i; -1 + * \/3; - a/3 - f ; i - f V 3 - 

31. 2(cos 18° + f sin 18°); 2f; 2(cos 162° + f sin 162°); 2(cos 234° + 

f sin 234°); 2(cos 306° + f sin 306°). 

33.1; 


l. 


2 t; 2 


». VI + ^ ^ i, - ^ - 52 i, 52 - A 

_ 5 + lv3 
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39. 3 ^ «; 

3 0,3V2 ; . 30 30. 

2 ^ 2 2 2 ’ 

3\/2 3V2; 

2 2 

41. | + ^ i; -3; 

3 3 V3 . 

’2 2 


V2 , \/2 . 

43. - 2 +~2~h 

V2 V5 
~T 2 

* 



CHAPTER XI 



ArfzcZe 60 {page 208) 


1. 2; -1. 

3. 5; 5. 

5. - - f. 

7. —3; -5. 

9. 4; —4. 

11. 0; ■!:. 

13. 1; — 

15. 0; i 

17. -l;f 


Article 60 {page 213) 

• 

1. —3 ± 

, -5 + VI3. 

6 1 

6. 3 + i. 

7 3 + V5 

2 

„ i ± v«. 

y. 4 

.. 2 + i V2 

11. g 

13. 9; -7. 

16. a; -• 

a 

17 - ± V" r 



5 

19. 1; -a. 

21. a; -2. 

23. 4y; - 2#* 

by 

25. -y;~o- 

o 

„„ 5 + i vn 

27. -g y • 

29. 2; — 

31. -5 + a; -6 - 

a. 33. 1; -1 - V3- 

„ 9 + s V® 

35- 24 

37. 7; -2. 

39. a; -• 
a 

41 3 ± 

* 2 

43. 3;| 

46 —• 

40. 3 

47. 

, V , 

49. h = — 2 ; r = ± 

.IE. 

\irA 


IR 

51. X = ± - 

1 + Vi - 4a 2 /t - 
y? 2 ; - -- 2 ^ 

s (»- 

63. a - - 2 

1W . 2(S-na)' 

’ n(n — 1) ’ 



(d - 2 a) + V(2 a - <<)' +8rt.S 

' - 2d . 


n 
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4m 


55. IF - 3 ££2 f 


D = 


4 m 


3JFL 2 


; L = ± 


.<? 1 . 2(s vt ) 4 , _ 

57. » = 7 ~o9t;9 = - 7 ’ c 


2 V3mJFD 

3 TFT) 

—y + "sjv* -|- 2gs 

___ i ~ £ 


t 2*“’* t 2 _ V 

irkrh' , __ irkr^s t + fei 
59. m — i > ‘ rngf ’ \7r/cs 

R1 in 63. 10; 11. 

S’ : o 67. 10 feet by 15 feet. 

65« I f 

69. 40 miles per hour; 25 miles per hour. 

71. $200. 72 ' 360 eggs ' 

75 . 5 feet wide. 77. 11 towns 

79. 3i inches. 81 - ^ 0 ° ° 1 ' .. 

83. # of a mile. 8B - 5 seconds; n of a mile. 

87. No solution. 

- (a + 5) + V« z + 6o6 + f „„. 

-- 4 


91. 


d + Vrf 2 + r 2 * 2 


n 


t 


95 . 2/Q, 

h 


miles per hour. ~ - __ ^ ^ e ^- 

2tf — 5 + vV + 

V I | — “ A 



1. 484. 

9. 3. 

17. 4. 

25. ±4; ±5. 


Article 61 (page 220 ) 

3. 4; 16. 6. -jpg-. 

11. 4. 13. 2. 

19. i; -27. 21. 9; -3. 

27. 1; 2; -2; -3. 


7. 3; 2. 
16. 6. 
23. 1; i 
29. — —4. 


jlrtfde 63 {page 226) 


1. 

M; 12 . 

3. 65; -350. 

6. 


9. 

, 7 

- 1 ; - r 

* 

11. 

3 + A;4- 

13. 

/v 

Real. 

w 

16. 

Real. 

17. 

Real. 


19. 

Real. 

21. 

Imaginary. 


23. 

Imaginary. 

25. 

fc = + 6; fc 

^ —6; A; ^ 6; — 

Q < k 

< 6. 

27. 

fc = i; = 

hk> b 


k < 6. 

29. 

A: = 6, -2; 

k ^ Q, k ^ —2; 

-2 < - 

31. 

fc = 16; k ^ 16; fc > 16. 

i 

* 

33. 

fc = f&; ^ ^ H; k > 



35. 

No values; 

all values; no values. 


37. 

A: = 4; all values; no values. 



39. 

k = ± i) - 

- i £ k ^ i; k < 

— i;k > i. 



t 
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41. 

49. 

57. 

61. 

65. 

69. 

71. 

(c) 

73. 

79. 

83. 


5 . 43. 1. 45. - 6 . 47. 1. 

2*. 61. 3. 63. k < - h 55. - i 

x 2 2x - 3 = 0. 59. x 2 + 3z - 10 = 0. 

abx 2 - (a 2 + b 2 )x + ab = 0. 63. ax 2 - (a 2 + l)x + a 

20x 2 + x - 12 = 0. 67. 2x 2 - 2x - 1 = 0. 

x 2 — 6a; 10 = 0* 

(a) ax 2 — bx + c = 0; (b) ax 2 4~ 2 bx 4“ 4c — 0, 

a 2 x 2 _ (52 _ 2 ac)x 4- C 2 = 0; (d) cx 2 + bx + a = 0. 

a: > 2. 75. -3 < x < 3. 77. -3 < x < h 

x > 3 and x < — t 81. x > 3 and x < -3. 

x > 5. 66* % > 

CHAPTER XII 


= 0. 


87. x < •£. 


Article 68 (page 237 ) 


+1 +2 +4, +5, +10; +20; (b) ±1, +2, +3, +4, +6, 

±V±iv±£ <■> ±i.. ± 2 > ± 3 - ±4 ’ ±6 .' ±12 . ; (d) ±!1 - ±2 ’ 


+ 1; (e) ±1, +% +3, ±4, ±6, ±12, + i, + f; (f) ±1, ±2. 


+ 3, ±6, ± i, ± t, ± h ± 4> - 
3. 0. 2an - 7 ‘ Yes ’ 


9. No. 


11 . — ■§ 


75 252 ) 


1 (al 2 positive, 2 negative, 2 imaginary; (b) no positive, 2 
negative, ^ 6 ? imaginary; (c) 1 positive, 2 negative, 4 .magmary, 
(d) 1 positive, no negative, 2 imaginary. 


3. 2, 5, -2. 

9. 3, -1, -2. 

-1 4-t -y/S 

15. 2, ^ - 


5. 3, 4, -2. 

11. 0, 2, -3, -6. 


7. 1, -3, -4. 
13. 2, 2, -3, -3. 


_3 ? l + i V3. ~ 3 > i 


21 . - 2 , 


V21 


23. 3, 


— 1 i \/5 

___ — i 


1 2 
27. g, 3, - 3 


1 


29. 2, — 2* —3 ‘ 


5 


33. ^ 1» " 

39. i !> +2V2. 
46. 2, 6, -3, -5. 


Vu 


35. — 


V57 


— J 


25. -2, -4, -6. 

y>i 4 3 _o 

31 * 3’ 2’ 

2 2 + t V2 

37. -2, ae ' 


3 


41. i, 1 > 3 


43. 4, -5, - 6 . 

10. 8 ± V68. 


Article 76 (page 258 ) 

... »\ ^3 4- 3r 2 — 22.t — 24 = 0. 

L f' wf 0 = 7. 54a+ — 9*’ + 8.-5-0. 

^ I + ‘ + 5 = 0 . u. 4.r 4 + W + * - 0. 
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13. x 3 + 4x 2 - 3 = 0. 15. x 3 + 3x 2 - 6x + 7 = 0. 

17. 2x 3 + 10.2a: 2 + 15.84a; + 7.776 = 0. 

19. x 3 — 5a: 2 -J- 10x 10 = 0. 

ni o fi ^ —5 23. 3, 4j i 5i. 

26 . 1a -10, 8 + V58- 27. - f ±2 v"3. 29- I, ¥, -5. 


Article 77 (page 271 ) 


1. 2, 3.791, -0.791. 

5. 1.423, 5.247, -0.669. 
9. 0.441, 2.398, —2.838. 
13. -1.649. 

17. - 1, 1.182, 2.873. 

21. 0.680, 4.917, -0.598. 
25. 1.202, 3.128, -1.330. 
29. 1, 1.355. 

33. (a) 16.52 inches; 



3. 1.817. 

7. 3.137, -2.5, -0.637. 
11. 2.180, -4.691, -0.489. 
15. 2, - |, 1.414, -1.414. 
19. 2.201, 2.779, -1.227. 
23. 1.294, 4.100, -3.394. 
27. -2.524. 

31. 1.125. 


(b) 1 foot; (c) 8.554 inches; (d) 


inches in radius. 35. 6.380 feet. 


2.805 


Article 79 (page 277 ) 


1. 3.522, -1.761 ± 0.553*. 

5. -1.651, -0.175 ± 1.547*. 
9. 2, 2, 4. 

13. 3, -1, -2. 

17. 0.680, 4.917, -0.598. 


3. 4.522, 0.761 ± 0.553*. 

7. -1.339, 0.969 ± 0.506*. 
11. 1, 1, -5. 

15. 3.137, -2.5, -0.637. 

19. 2.180, -0.489, -4.691. 


Article 80 (page 280) 


1 . ±*\/ 2 , - 2 , ±*. 

5. 1, 1, -2, -4. 

a 1 + *\/3 3 ± *\/7 
y ‘ 2 ’ 2 


3. 4, 4, i *. 


7. 2, 4, -1 ± a/2. 



”3 ± VT7 -1 ± * \/3 
2 ’ 2 


17. 1, 1, 2 +*. 


16. 1 , 1 , 1 + V2. 

19. + 2i, 1 + i V2. 


CHAPTER XIII 


Article 82 (page 289 ) 


1. (3, 4); (-4, -3). 

6 . (5, 2); (-2, -5). 

9. (0, —4); (V*. f )■ 

13' (I. — i); (—2, 3). 

17. (-5, -3); (-5, -3). 


3. (3, 2); (-5, 6). 

7* (3 3 i ); (3 3 -h t). 

11. (2, 4); (i, -2). 

16. (-5, 3); (-2, |). 

19. (-2, 1); (4, -1). 
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Article 82 (page 292) 

I. (4, 3); (4, -3); (-4, 3); (-4, -3). 

3. (V®, V5); (V®. “ Vs); (- V5, V5); (- V5> - V^)- 

5. (9, 4i V2); (9, -4* V2); (-9, 4t \/2); (-9, -4* V2). 

7. (0, 2); (0, 2); (0, -2); (0, -2). 

9. (V2, V5); (V2, - V5); (- V 2 , V5); (- V 2 , - V®)- 

II. (3, 2); (3, -2); (-3, 2); (-3, -2). 

Article 82 (page 297) 

I. (2. 3); (-2, -3); (V6, a/G); (~ V6. - V6)- 

3. (f vTo, A ViS); (- I VW, - A VTo); (* v^o, A ViO); 

6. (2, 1); (-2, -1); (10, 7); (-10, -7). 

7. (2, 6); (-2, -6); (3, -5); (-3, 5). 

9. (3, -2); (-3, 2); (*t y/l, # V»); (“ ^ ^ V 5 )* 

II. (2, 2); (-2, -2); (3, f); (-3, - I). 

13. (5, -3); (-5, 3); (4, - I); (-4, *)• 

16. (5, 0); (-5, 0); (i VlO, I VTO); (“ i V^, - I V^)- 

17. (2, 1); (-2, -1); (-3, 2); (3, -2). 

Article 82 (page 298 ) 

1. (0, 3); (0,-3); (3, f); (-3, - !)• 3 ‘/T 1 ’ f, _1> ' 

5. (0,0); (0, 0); (— 1, -2); (-2. -!)• 7. (1. D, »)• 

9. (G, 3); (-4, -2); (-6, 2); (*, - i)- 

11. (2, l);(-2,-l);(-S,l);(*. - t)- 

13. (2, 4); (-5, -3). (2 -5)'(-3 4). 

—3). 23. 10 and 11; -16 and -11. 

29: IVrftet ” miW per hour; B’swteSmiles per hour. 31. 

dozen: 27 cents per dozen. > 

“j , 36. 32 rods by 40 rods. 

33. 15 members. oq -i 

37. 36 miles per hour; 20 miles. 39. t*. 

41. A paid 40 cents per pound; 11 paid 25 cents per poun 

CHAPTER XIV 
Article 83 (page 305) 

o / __47 * $ — —392. 

1. I = 73; s = 570. 3. / - , 

6. I = 4i; . = 58i 7. n = 5; d — 


9. a = —80; s = —350. 


„ , 2s 

11 . I = — - a. 
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, $ , (n - 1 )d 

n 2 


15. 30. 


17 9in- 5 050 

S 27*. 25*. 23* 20* ISA, 10*. 14*, H*. «*. 7*- 
„i i 2 s I 7 4 23. n 2 . 

25 ! 49*500. ’ ’ 27. 1,610 feet. 29. 200; $6,010. 


1 . I = 512; s = 1,022. 

5. I as 4 • 10 -9 ; s = 4.444444444. 


9 . r = 0.1; s = 111.111. 

13. 1 - 
17. 16. 

21 . 2 * 2 * 2 *, 2 #, 2 *, 254 , 2 *. 
25. $222,222,222.20. 

29. 4,096. 

33. |. 

37. -—-— 

1 — x 

41. i 

45. 1$$. 

49. 414^ feet. 


Article 85 {page 313) 

3. I = TT3-; S = 

7. a = -$r', s = 218r>f® 

s — a 


102 3 

tit 



11. r = 


L I 

/ 


15. ar 11 , ar 189 , ar 6-1 , ar fc , or" 6 . 

19. 30, 150. 

23. a^b*, aPb*, a)*b* 

27. 1.84 X 10 19 . 

31. 24. 

35. J tr. 

39. f. 

43. .02. 

47. - 5 ^. 



Article 86 (J>age 315) 


1- ■¥•> 2, V - , f- 

5. - i - i - 
S. f, 4, f■ 

13. A, A, 8 


i 

TTi 


1 

TT- 


3 2 4 1 4 

« fj fc* 

f7 6 3 2 

<* TT- TTj 9. 1^- 

5 0 2 o 5 0 2.5_ 


3 


11 . 


its, uir 




7TT 


TTU' 


CHAPTER XV 


Article 88 {page 322) 

3. 840. 6. 243. 

9. 35. 11- 36. 

15. 3 12 . 17- 25. 

19. 3,360; 34,650; 64,864,800. 21. 720. 

23. No. 25. 36. 27. n{n - 1 ){n - 2)(n - 3 )(n - 4). 
29. n(n — l)(n — 2) * * • (n — r + 2). 

40! 


1 . 120 . 

7. 48; 72. 
13. 240. 


31. (n - 3 ){n - 4)(n - 5). 33. 
37. 8. 39. 1 


3 ! 


35. 56. 

41. (n - l)[(n - 1)!] 
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1. 924. 

7. 20,475. 
13. 3,500. 

19. 31. 

23. (a) 140; 

52! 


25. 


(b) 


31. 


35. 


(13 !) 4 

n(n — l)(n 


- 2 ) 


Article 89 (page 328) 

3. 22,100. 

9. 210. 

15. 49,728. 

21 . 21 . 

56; (c) 196. 

27. 40,320. 


6. 560. 

11. 45. 

17. 500(8!). 


29. 8,064,000. 


33. 


(n — 2)(n - 3)(n - 4)(w - 5)(n - 6) 


3! 

(n — 1 )(n — 2) (n — 3) * • * (» — r 4* 1) 

(T^U! 


5! 


1. (a) 
5. (a) 

9. (a) 

3 

ToU 

l 


3 . 

2 . 
1 . 


5 

¥• 


(b) 

(b) 
(b) i 


Article 91 (page 336) 

3. 


1 


13. 3 

17. 1 



2 0 


7. 

11 . (a) 
16. t?Vb- 
19. tVV 

HQ 3 2 5 
8 3 3 * 


A; (b) 


1 

¥ 


1 . 


(c) 

T7> 7 


tfIt 5 


(d) 


2 

T¥ 


29. 14 1 


31. 


(e) 

03 


4 . 


(f) 


A 

T¥ 


27. 

16(39!)(13!) pr 2 b2 v in-n 35.0.93; 0.85; 0.76; 0.63; 0.54. 
52! 


33. 


37. 0.664 ; 0.302. 


39. 0.133; 0.211. 


CHAPTER XVI 


,8 


10 a n . ^a 12 , aU _L OQ 4 - 8 ~ + - 


ie 


Article 94 (page 346) 

1 . 40.3* 6 a 2 X 2 _|_ 4aX 3 + 

3 x 7 14^6 g4x 5 _j_ 280 x 4 + 560x 3 + 672x 4 + 448x + 128. 

g X 12 - 6 x l0 y 2 + 15x 9 ?/ 4 - 20 xV + 15x 4 y s - 6x 2 y 10 + V 12 - 
7. a 10 - 5 a s b + 10a 6 £> 2 - 10a 4 5 3 + 5a 2 6 4 - b s . 9. 1,419,857. 

i9 «13 n 14 

b s ' ~b* 

13. As x 1 V 7 + A z’V 

224x -10 i/ 11 + 128x- u i/ 14 . , 

15. x 5 - 6 x% M + 15 x'-y - 20 xV 4 + 6x »' + _f. , , 

17 . (HxV 12 - 96x‘r 8 + 60xV 4 - 20 + V x-y - \* v + n 1 » ' 


11. ^ + 8n + 28^ + 5 6 ^ + 70^ i + 56j n + 28 6u -r = fcls . b n 


li j.6y-i _|_ j 2^2 4. 70x -2 ?/ 5 + 168 x 6 y 8 + 
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y ~ 10 + y 


x % _ Qx 1 ^ + 15x** — 20 x^ + 15a: ^ — 6 a: ^ + a: 2 . 

21. - li + It *~ 2 “ tt a:" 3 + V- a: -4 “ *~ 5 - 

03 x -e + 6 x - b y~ 2 + 15x“ 4 ?r 4 + 20a r 3 y~ 6 + 15x 2 y 8 + 6 ar 
26* a: 20 + 20x l9 a + 190x 18 a 2 + 1140x l7 a 3 + 4845x 16 a 4 + • • • . 

2 7 ’ x i 2 v -i 2 _ i2x l0 ?/~ 10 + 66 xV 8 - 220 x 6 y~* + 495xV 4 “ ’ ’ * • 
2 g > x 2n + 2nx 2n ~ 1 d + n(2n — l)x 2 n_ 2 a 2 + ^(2^ — l)(2n — 2)x 2 " 3 a 3 
£n’(2n - 1 )(n - 1)(2» - 3)x 2 "~ 4 a 4 + ' * * . 


-12 


+ 


X x 2 . x 3 5a : 4 


31 * 1 + 2 " 8 + 16 “ 


128 


+ 


33. a; - -b -1 - -^a:- 3 - rhr^ 5 - swrsx 7 - • 

36. x “ 2 - 2x~ 3 a* + 3 x~ 4 a - 4a:“ 5 a^ + 5ar 6 a 2 - • • • . 

37. 1 — x + a: 2 — a: 3 + a: 4 — * * * • 

39. a: % — — -g-x _ ^% 2 — ^% 3 — in 2 / '’ a ' — ‘ ’ * • 

4 l’ x - 1 + ia 2 x - 3 + |a 4 x - 5 + Aa 6 x " 7 + *V« 8 x " 9 + * * * • 

43 . 7 920xV. 46. 15,890,700a 6 x 44 . 47. SeOa 3 ^'^. 

49. 51. — tMtx”. 63. x 24 a 2 -. 

66. - ffa 9 x -5 . 67 - 

n(n — 1 ) • ' 



- ^x l0 a 10 , 


69. 


r! 


(n — r + 1) n _ r r 
A--- a n T x r . 


n(n - 1) ■ ' ■ {n-r + 4) a „-,+, x ,-, 

“• (r - 3)! 

63. 194,481. ® 6 - 92,236,816. 

67. 10.10. 69. 4.98. 71. 2.03. 

CHAPTER XVII 
Article 96 (page 359 ) 

1. 1 . 3. 11 . 

6 . (a - b)(b - c)(c - a). 7. 4 a 6 c. 


9. 1 . 
13. 5. 


11. -91. 
16. 114. 


17. (b - a) 3 . 19. I- 

21. (a) (2, -3), (-4, 5); (b) (- i I), (1, - i). 

23. (a) ■§; (b) 1; (c) 1,3. 

26. w = —1; x = 1; y = 2; 2 = —3. 

27. ip = 1; x = 0; y = 0; 2 = —1. 

29. iu = 1; x = 2; 2 / = 2; z = 1. 


31. (a) x + by — 17 = 0; (b) 4x + by + 12 — 0; 

(c) x + 2y + 7 = 0 . 33 . (a) x 2 + y 2 - x + y - 2 = 0 ; 

(b) 13x 2 + 23?/ 2 - 25a: - 19 y 42 = 0; (c) y 2 - 2x + y + 4 = 0; 

(d) x 2 + 6 a: — 4y — 7 =0. 


ft 
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CHAPTER XVIII 


Article 97 (page 367) 


1 . 


5. 


x — 1 
4 


+ 


x - 2 
. 2 


9. 


13. 


2x + 5 3x — 2 
3 . 2 


3. - 


7. 


1 


+ 


2x 4- 1 


x -f 2 x - + 1 


4" 


3 


x 4- 3 (x — 2) 2 


+ 


17. - 


- 4- - 

x 4“ 3 x 
3x 4“ 2 _ 

2x 2 4- 3 (* - 2) 2 

2 . 4 


2 ' (x - 2) 2 
4 


11 . 


4- 


2x - 3 


15. 


2 — x 3x 2 4- 2 

x 4- 2 . x - 5 


+ 


21 . 


3x 4- 1 
3 


+ 


2x - 1 
3 


19. - 


x 2 - 2x + 3 1 (x 2 - 2x 4- 3) 2 

2x - 4 


2x — 3 3x 4" 2 


23. x 2 4" 1 — 


1 2x - 4_ 

x 4- 2 "x 2 4- 1 (x 2 4- l) 2 

2 . 3 


25. 


4" 


29 


x - 2 ' (x - 2) 
2 3 


+ 


x - 2 1 (x - 2) 


x 


1 


33. - 


2 , 2x 4- 3 . 5x — 3 

4- , . — + — 


37. 


X - 1 ' X 2 + 1 ' (X 2 4- l) 2 
2x 4- 3 2 _ 2 


27. 


31. 


35. 


3x 4" 2 2x 3 
2 


(x - 2) 2 x - 2 
3x - 2 2 


x 2 4" x 4~ 1 2x 4" 3 
3x 2.3 


2x 2 4- 1 x - 2 

1 


+ 


(x - 2) 2 

1 


2x 2 - x 4- 1 2x 

3 2.2 

+ 

X* 


41.- \~ -i + Jz • 2x 2 - x 4- 1 


+ 


1 (2x - 

lx — 7 


1 ) 


39. 


43. 


2a (x - a) 2a (x 4- a) 
3 3x 4- 2 2x - 1 


X 


x - 2- x 2 4- 1 (* 2 + *) 2 


CHAPTER XIX 

Article 100 (page 374 ) 


9 

*§■ 


1. (a) ■!; (b) ( c ) 

e'sfesf 70 ' ¥ *1 S % ^ “S. U. SI,231.53. 

L 3 . (a) $6,036.60; (b) $17,246.44. 16. (a) S 

[b) $570.27. 

17. (a) 6.09%; (b) 6.136%; (c) 6.168%. 

19. (a) 5.063%, (b) 5.09o%; (c) , o-qo/• 3 941 %; 1.985%; 

21. (a) 5.913%; 3 . 961 %; K990%; b 26 Hectrieity 

(c) 5.841%; 3.928%; 1-982%. 23. 1,0 P 2g 237g% 

64.27%; gas 29.67 %; steam 16 n ofi^ lo«- 26 67% loss; 900% gain, 
loss; 1.22% gain; 56.86% gain; 10.26% loss, “ ■ 

31. $2,149.02. 33. 11.88 years; 14.21 years, 11.72 5 ear=, 

35. S623.17. 
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Article 101 {page 381) 

The following answers were obtained by using a seven-place table of 

logarithms. 


1. $18,392.80. 
7. $151.55. 

13. $18,000.00. 
19. $136.10. 

25. $112.12. 


3. 

$795.05. 

5. 

$5,386.19. 

9. 

$99.95. 

11. 

$4,555.53. 

15. 

$8,023.58. 

17. 

$274.12. 

21. 

$33.58. 

23. 

$1,840.46. 

27. 

$5,518.71. 




1. 


3. 


7. 


9. 


1 


1 


CHAPTER XX 

Article 102 {Page 387 ) 

1 


n(n + 1) ’ 
1 . 


1 


k(k + 1)’ 
1 


(k -f 1 ){k + 2) 

_ 1. 1 .1 

W-V 2 k + 1* ’ ’W ^ '*ty2 

n(n + 1) . + 1) (fc + 1 )(& + 2) 

(2 n + l)(2n + 3)’ (2/c + l)(2/c + 3)’ (2& + 

x n x k x fc+1 



+ 5) 


2n’ 2k ’ 2fc + 2 
11 . (— 1)*— x A; 2 x fc—1 ; (-1 ) k (k + l) 2 x k . 


~2n-l ^2fc-l Z 2fc+1 

13. (-l) n_1 ^ 2n _ 1)1 ; 1 (2/c - 1)!' ^ (2/c + 1)! 








16. 2 + | + i + Ij- 

1 • 2 2 2 • 3 2 , 3 • 4 2 . 4 • 5 2 

19. V- + FTi + r“i + 


17 1 4- 2 4-1 +i. 

1 ‘ - 2 + 2 s + 2 s + 2 4 




1! 


Q . 12 

21 . -14- + 


3! 

3 ■ 2 2 


2-1 1 2 2 ■ 3 


5! 

3 • 3 2 
' 2 3 • 5 


+ 


7! 

3 • 4 2 


2 4 • 7 


23. 


2 + 24 + 44 + 4 ’ 5 


1 

1-1 t 3'3 2T 3 2 -5 2 1 3 3 • T 
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CHAPTER XXI 
Article 107 {page 403) 

1. Convergent. 3. Convergent. 5* Convergent. 

7. Absolutely convergent. 9. Divergent. 

11. Divergent. 13. Divergent. 15. Convergent. 

17. Convergent. 19. Absolutely convergent. 

21. For all real values of a;; written symbolically — 00 < x < QC * 

23. -l<x<l. 26. -l^x<l. 27. < x < . 

29. —3 < x < 3. 31. — 1 = £ 4 1 • 33. — t < x < Tb 

35. - 00 < x < 00 . 37. — 00 < x < 00 . 39. - 00 < a; < «>. 

41. — 1 g x ^ 1. 43. Convergent. 
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